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® & = Essential Variety

® Degreeis10: #& N L < 10 for random linear space L
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AVERAGE DEGREE OF THE
ESSENTIAL VARIETY

® & = Essential Variety

® Degreeis10: #& N L < 10 for random linear space L
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Theorem [Breldlng F—Santarmero—Shehu 22]

#(% N L) = 3077 VOI(K)

LNl// |
— K = essential zonoid



THE PLAN

® What is the Essential Variety?

® Using the Co-area formula to see =1 ~0(9) (NL)=4

® Experiments and bounds for the essential zonoid

® Further directions



L

»
-

(c) Reconstruct cam-
(a) Input images (b) Image matching eras and 3D points (d) Output

Figure 1: 3D reconstruction pipeline (courtesy of Tomas Pajdla).




(a) Input images (b) Image matching eras and 3D points (d) Output

Figure 1: 3D reconstruction pipeline (courtesy of Tomas Pajdla).



















THE ESSENTIAL VARIETY

® ForapointcorrespondenceC;x=u G(CX=V

® We can writeu!Ev = 0

® \Where Essential matrices are of the form
E=[tl,R te R’ ReSO3)



THE ESSENTIAL VARIETY

o &

ﬂ({EE

XN E = [t],Rand R € SOB)and t € |

3})c_




THE ESSENTIAL VARIETY

st={E-[LR e
® [Demazure ‘88] Dimension 5, degree 10

e Cut out by 10 cubic equations:
det(E) =0, 2EE'E —tr(EE")E =0






PROOF TECHNIQUES FOR O(9)

® & = Essential Variety

o [, G(3,P%) and L ~ O(9) means that
L=U-L, for Uuniformin O(9)

Theorem [Breiding—F.—Santarsiero—Shehu '22]



PROOF TECHNIQUES FOR O(9)

® & = Essential Variety

o [, G(3,P%) and L ~ O(9) means that
L=U-L, for Uuniformin O(9)

Proof (1) [Integral Geometry Formula (Howard’93] |

vol(&)

[EL~0(9)#(g M L) — W



PROOF TECHNIQUES FOR O(9)

® & = Essential Variety

o [, G(3,P%) and L ~ O(9) means that
L=U-L, for Uuniformin O(9)

Proof (1) [Integral Geometry Formula (Howard’93)] |

vol(&)

[EL~0(9)#(g M L) — W

suffices to show vol(&) = 4vol(P?)



PROOF TECHNIQUES FOR O(9)

suffices to show vol(&) = 4vol(P?)

& = Image{(R,t) » E}

vol(&) = J \/det(JJT) dRdt, where JisJacobianof (R,t) —» E
SO(3)xS?



PROOF TECHNIQUES FOR O(9)

Prof (3) Key components %

(1) Need ./ independent of R, t

vol(&) = J \/ det(JJT) dR dt = vol(SO(3))vol(SW det JIT = 3223/ det JJT ;

' (2) SO(3)xS?

(3)



PROOF TECHNIQUES FOR O(9)

; (1) Need ./ independentof R, t

: (2) Compute explicit basis elements TI3S O3) X Telgz

(3) {(137 62)7 (]-37 83)7 (F1,27 el)) (F1,37 el)a (F2,37 el)}



PROOF TECHNIQUES FOR O(9)

Prof (3) Key components =

(1) NeedJindependentof R, t

vol(&) = [ \/ det(JJT) dR dt = vol(SO3))vol(SP)/ det JJT = 32731/ det JJT
SO3)xS?

(2) Compute explicit basis elements T]3SO(3) X Telgz {(13,€2), (13, e3), (F1,2,€1), (F1,3,€1), (F23,€1)}

(3) Compute directly derivative with respect to this basis -

-1 0 -1 0 0

0 1 0 1 0
J=—11 0 0O 0 O
V210 -1 0 0 o0

0 0 0 0 V2






WHAT HAPPENED TOTHE 5
POINT PROBLEM?

® 5 point correspondences (uj, Vj)
® [ ={EecP?ulEv,=--=usEvs =0} € G3,P°

e Now want to sample L ~ y where y
samples Wy, vy, ..., Us, Vs uniformly i.i.d in
I]j)Z

Theorem [Breiding—F.—Santarsiero—Shehu '22] |

E, ,H(ENL) = 307z°vol(K)



WHAT HAPPENED TOTHE 5
POINT PROBLEM?

#(& N L) = 3()7r V()l(K)

Proof key components

L~1//

(1) Same use of Coarea formula, but now J € R>**Y, more complicated
ichange of basis to get expected value of determinant of a random matrix

(2)



b-r-sinf
b-r-cosf
z= |a-s-sinf|, a,b,r,s~ N(0,1), 6~ Unif([0,27)), all independent.

a-S-cost
rs







mean value = 4.064 mean value = 3.994




[ to bo reconstructed | minimal data | degree |
[ essentialmatrix | 5pomtpars | 10 |

relative pose of 2 calibrated 6 point pairs 15
cameras with unknown
common focal length -l
absolute pose of 1 3 world-image
calibrated camera point pairs
(P3P, image registration)

| planar homography 4 point pairs 1]
| trifocal tensor 9 line triples - 36 |

calibrated trifocal tensor 3 point triples 216
+1 line triple

relative pose of 2 projective 8 point pairs 16 |
6

cameras with unkown
radial lens distortion
world point under noise known cameras with:
(triangulation, e 1 point pair

reprojection error) e 1 point triple



mean value = 4.064 mean value = 3.994




THANK YOU!



