Non-linear equations described by

Sato, Segal-Wilson theory

Shinichi KOTANI

Nanjing Univ., Osaka univ.

Shinichi KOTANI (Nanjing Univ., Osaka uni \NOT1-




Integrable non-linear PDE

KdV

1
oru = Zaiu + %uaxu

Boussinesq

2y — _gag (320 +202)

Non-linear Schrédinger

1
et = Eaiu T4|uf’u

Sawada-Kotera

0ru = 02U + 45u°0,u — 150, ud2u — 15ud3u

Benjamin-Ono

d:u = —H (05u) — ud,u (H: Hilbert transf.)

Sine-Gordon

02u = d2u —sinu

Lund-Regge

sinu/2
B%U — 8§u+ e /2 ((at‘,y _ (axv)z)

0, U0V — 0 UV

02v = 02v +2

sinu
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The above integrable systems are known to have the Lax pairs:

Lax oair: | L= 0+ @202+ + @10+ qo
P\ P differential operators s.t. the order of [P, L] <v —2

Then, setting
[P, L] =1, 20" 2+ f, 30" 3 +--- 0, + £,
with f; universal polynomials of {a{(qk}, one has

Example: For the KdV equation v =2 (/ = dy)

L=095+q

P:8§+§qax+§q’
12, 34

Pll=2qg"+Zqd
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Sato, Segal-Wilson theory 1 -KdV-

@ Let C ={z € C; |z| = r} and define the Hardy spaces H. by

Hy = {,; ajzf}, H- = {,g ajzf}

Q@ A={a;a(A)=(a1(A),a (1)) bounded on C}. For a € A define
(au) (A) = a1 (A) () + a1 () w (~2)

Then W, = aH; C L2 (C) satisfies z22W, C W,.
© Define projections on L? (C) by

2 _ 1/“(/\)
L (C)Bu%piu(z)—imﬂ_ C/\_ZdAEHi, (z € Dy),

and Toeplitz operator T (a) on H; by
T (a)u=yp4 (au) forue Hy.

Q@ T(a):Hy — Hy, A™ = {a; T(a)! exists}
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Sato, Segal-Wilson theory 2 -KdV-

oI = {g — el hanal. in a nhb of D+} = gA C Abut gAinVSZ A"

@ For erx(z) = %77 €T, a € Aassume ¢;ya € A™ for Vx, t € R
namely

Py e;)}Wa (z Wetla> — H;isltol
(aT (e;ia) 11) (z) € W, satisfies
f = exttz’ (14 o1 r(t,x)z77) € erx (1+ H-)
fIl = exettz’ (2+nz+n+2r+0(z71))

= e (f'—2f-2rf)=0(z") €H_
Q@ Since f"' — z

' —z

Q f(t,xz)=

2f —2r{f € W,, applying p. one has
2f —2rf =0 = —02f +2r{f = —2z*f (Schrédinger)

© Comparing the coefficients of z~J, one has

2rj/+1 + ,:l_// - 2r{fj =0= I is determined by {rl(k)}lgkgj
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Sato, Segal-Wilson theory 3 -KdV-

© Take derivatives 9;, 9 in f = X +tZ° (1+nzt+nz?2+-)

o:f = e« (23 +nz’24+nz+n+0 (2*1))
fl=ex(z+n+0(z1h))
" =ex (22 +nz2+nz+n+3rz+3r,+3r + 0 (z71))
= 0f — " +3nf —3(r+r —nr)f €e H-
= 0¢f — " +3nf" —3(n+r —nr)f =0.
Computing the coefficient of z~! gives
o:n — (3rs+3n +r1")+3r (n+r)—3(n+rn —nr)n=0
1 1

3
—— atrl = Zrl — 5 (r]/_)2

1
Q@ u=-23 = du= ZUW + guu’ (KdV)
Q ey (z) = &7 (odd n) gives the KdV hierarchy {KdV,} 44 ,
O u(t x) = —29log Ta (erx) with Ta (g) = det (g—l T (ga) T (a)"
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Sato, Segal-Wilson theory 4 -Boussinesg-

@ (v = 3) The underlying operator: L = 93 + q19x + qo
@ A={aja(A)=(a1(A), a2 (A), a3(A)) bdd on C}. w = ¥™/3
(au) (A) = a1 (A) u(A) + a (A) u(wA) + a3 (A) u (w?A)
Wo =aH, = 22W, C W,
Q@ f=a (T (etf)}a)fl 1) (Z) = €t x <]_ + ) I’JZJ) (et,x — exz+t22)
r>1

Lf =Z23f withqo=3(rn—r'—r)), g1 = =3
def — 02f +2rf = 0

Q The coefficients {r;, r» } satisfies

oen =2 +r' —2rn
der =2nry—r = 21" +2(r)* +2(rf —rin)n

1 1
0°r = (—3r{” +2 (r{)2> = 0%q; = -3 (qf + 2q%)” (Boussinesq)

Q exz“z even mteger n) generates the Boussmesq hierarchy




Sato, Segal-Wilson theory 5 -Non linear Schrédinger-

Q@ Hi=HyxH: CL*(C), A=
{A (A) = (alj (/\))lgi,j§2; ajj bdd on C}
WA:AH+:>ZWAC WA
@ Group: TZ{G(g)Z(g g91 );gze”er}

0 e.x (z) = (=T%°) | —the identity 2 x 2 matrix

F=AT (G (eex) " A) = G () </ +Y Rjzj>

j=1
Q Diracop..L =i —0x 0 + 0 @ with
p.: Y o 0
1L @
Ri==
' 2(q1 *)
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Sato, Segal-Wilson theory 6 -Non linear Schrédinger-

1
QO R = > ( :1 (f > satisfies g1 = 2n, g»p = 2n

. 1
i0¢q1 = Eaf(ch — G}

) 1
i0tqa = —535% + q1q3

Q For A= ( % [; ) — q» = q1 —>de focussing NLS
L =L" (self-adjoint)
Q For A= ( % _bg ) = q» = —qi; =—>focussing NLS

JLIJ= L (J-self-adjoint) (J = ( (i (1) ) C)
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Open problems

@ KdV: L = —92 + g =Weyl functions m..

_ —my (—22) if Rez>0
m(z) = { m_ (—22) if Rez<0

Q@ A™ > A= (1,m(z) /z) enables us to extend the theory to unbdd.
C and more general initial data including smooth ergodic ones.
@ de focussing NLS: Set ¢ = I_T_J with the Weyl function m.
i+m
1 4) inv e

A= $ 1 € A" = Extend to general initial data ?
@ Boussinesq eq., focussing NLS the underlying L is non-self adjoint
© Costruct the theory for the other integrable systems.
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Thank you for attention !
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