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» Matrix parameters a and f (norms, CC measures, etc.)

» Assume there is an increasing function f : R™ - R¥ s.t.

VM a(M) <f(f(M)) |+—dimension-free bound

» If there is also an increasing function g : RT — R™ s.t.

VM (M) < gla(M))

then we say a and f are qualitatively equivalent.

a <«— f}
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» D(M) - deterministic CC of M

» rank(M) - rank of M

log rank(M) < D(M) < rank(M)

D(-) «— rank( -)

» In contrast to the Log-rank conjecture:

1C  logrank(M) < D(M) < <log mnk(M)>C
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» R(M) - (public) randomized CC of M

R(M) < DM)
Jg st. D(M) < g(R(M)) X

Counter-example EQ : D(EQ)=n+1, REQ) = O(1)

D(-) <% R(-)
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a<—p

» Alternative view: a(M) = O(1) < (M) = O(1) VM

» D(M) - deterministic CC of M

min number of monochromatic rectangles

> y(M) - partition number of M - of Mthat partition M

log y(M) < D(M) < O(log? y(M)))
D(-) «— x(-)

can be partitioned into constantly many
monochromatic rectangles

D(M) = 0(1)@(M) = 0(1) <|M has a "nice"” structure
/

(Dimension-free bounds <= Structural result )
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» End goal: fully characterize randomized protocols
» Understand the “easy” randomized protocols

» A barrier for the open problem of [BFS86, GPW18]:
BPP““ c PN

H:DCC

» If Conjecture | is false, then there is a separation between these

classes.
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constant d.



CONJECTURE I: ONE-SIDED ERROR

Theorem [HHH21]: Let M be a Boolean matrix of size n X n.
If R'(M) < ¢, then M has a monochromatic rectangle of size
o.n X o.n, where 0. depends on c.

Proof idea:

» Forbid a submatrix that is hard for one-sided error
randomized protocol.

Recall: Rl(EQk) = O(k) (if the protocol doesn’t make an error
on ('s).
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Theorem [HHH21]: Let M be a Boolean matrix of size n X n.
If Ry(M) < ¢, then M can be partitioned into 6.
monochromatic rectangles, where 6. depends only on c.

Dimension-free relation:
VM loglog rank(M) < Ry(M) < rank(M),

which implies

GS19

Ry(-) <= rank(-) «— rank,(-) <= D(-) <= RP"(-) «— x(-)
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Theorem [HHH21]: Let M be a Boolean matrix of size n X n.
If Ry(M) < ¢, then M can be partitioned into 6.
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Proof idea:

» Forbid a submatrix that is hard for zero error randomized
protocol.
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CONJECTURE |- PROOF BARRIER

Barrier theorem [HHH21]: For all sufficiently large n, there exists ann X n

Boolean matrix M s.t.

(1) Every n'* x n'"* submatrix F of M has R.(F) = O(1).

(2) M doesn't contain a monochromatic rectangle of size n"?? x n%°.

R(M) > CQ(logn), M is a random graph.

» [HHHZ21]: Barrier theorem refuted the Probabilistic Universal Graph
Conjecture of Harms, Wild, and Zamaraev [HWZ21].

» [HH21]: Barrier theorem + counting argument refuted the Implicit
Graph Conjecture [HWZ21].
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ldea: Study randomized CC via matrix norms

k
1. Trace norm, ||M]||,, := 2 | 4;], where A, are eigenvalues of M
i=1

2. WU -norm <— v -norm <— ¥, - norm (Schur norm)

» Approximates of these norms lower bound R(M)

» ||M||, . = min{||M]], : V(x,y) |M(x,y)—M'(x,y)| < eand M'is real-valued}
: Iy
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CONJECTURE I: TRACE NORM

”M”tr,e . .
R.(M) > log M is n X n-sized
n
| IMll,,,, |
Strong Conjecture I: < ¢ => M has a mon. rec. of size .n X é.n
n

: M|
Conjecture ll: ” < ¢ = M has amon.rec. of size §,n X 5.n
n

Theorem [HHH21]: Conjecture Il holds for matrices of form F(x, y) = f(y~'x),

where f: G — {0,1} and G is any finite group.
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Matrix Bipartite graph
Vv

u ®

:\0 Y
u 1 : :
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CONJECTURE Il: GRAPH THEQRY

M
Conjecture ll: 11, < ¢ = M has a mon. rec. of size §.n X o.n
n
Matrix Bipartite graph
Trace norm Graph energy
Monochromatic rectangle — Complete bipartite subgraph*
has a large mon. rect. satisfies Strong Erdés-Hajnal property

Conjecture Il (graph theoretic): If a bipartite graph has small graph
energy, then it satisfies the Strong Erdés-Hajnal property.
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CONJECTURE I: 1.~-NORM

Recall: ||M][, = min{z la; | : M = ZaiRl-},
i i

where R; are rank-1 matrices and a; € R.

RM) = Q(log [|M||,..) and R(M) = O(||M];..)

R(-) «—= [ ll,e

Conjecture | (Equivalent): ||M||W,§ ¢ = M has a mon. rec. of size §.n X 6 n.
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/

__» Blow-up of identity matrix

It [[M]|, < ¢ = M can be written

111 1/000O0O0O0O0O0OGO0OO0O
111 1/000O0O0O0O0O0OGO0OO0O
111 1/000O0O0O0O0O0OGO0OO0O
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0O000O0OOOOOOOOOT 1T 11

0O000O0O0OOOOOOOOT 1T 11

0O000O0OOOOOOOOOT 1T 11

as a linear combination of k. blocky matrices.
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Equivalentversions:  [|M]|,=0(1) = br(M)=0(1)
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Conjecture Ill [HHH21]: If |[M]|, < ¢ => M can be written

as a linear combination of k. blocky matrices.

Blocky rank: pr(M) = min {r M = Z a;B; {, where B; is a blocky matrix
i=1

Equivalent versions:  [|M]|, = O(1)
?
IM||, =0(1) — br(M)= 0(1)

[M]],, = O(1)
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> Graph theory - equivalence graphs
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> Graph theory - equivalence graphs

> Complexity theory - fat matchings
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: BLOCKY MATRICES

CONJECTURE I1I

> Graph theory - equivalence graphs

> Complexity theory - fat matchings

> Operator theory - contractive idempotents

Blocky rank

r
1

Z al-Bl-}, where B; is a blocky matrix

l

br(M) = min {r M

111 1/0000O0O0O0O0OO0O0GO
111 1/000O0O0O0O0O0OO0O0OGO
111 1/000O0O0O0O0O0OO0OO0OGO
111 1/000O00O0O0O0COO0COGO
0000111 000O0O0O0O0OO0O
0000111 00O0O0O0O0O0OO0O
0000111 000O0O0O0O0O0OO0O
000O0OO0O0O1T100O0OO0OOO0DO
000O0OO0O0O1T100O0O0OO0OO0DO

000O0OO0OOO0OO0O1T11/00O00

00O0O0OOOOO1T11/00O00O0
00O0O0OOOOO1T11/00O00O0
00O0O0OOOOO1T11/00O00O0
00O0O0OOOOOOOOO(T 1T 11

0O000O0OOO0OOOOOOO(T 1T 11

0O000O0OOO0OOOOOOO(T 1T 11

Question: Is there a n X n matrix M that has R(M) = O(1) and D*¢(M) = Q(logn)?
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> Graph theory - equivalence graphs

> Complexity theory - fat matchings

> Operator theory - contractive idempotents

Blocky rank:

br(M) = min {r M = Z al-Bl-}, where B; is a blocky matrix
i=1

O O O OO OOl A0 O O O O o o
O O O OO OOl A0 O O O o o o
O O Ol = = A0 OO0 OO O o o o
O O Ol =~ »~ A0 OO0 OO0 O o o o
O O Ol = = A0 OO0 OO O o o o
- 2 20 O 0O O 0O OO0 O o oo o o
- =2 20 O O OO OO0 OO o o o o
- =2 20 O 0O O 0O OO0 O o o o o o
- 2 A0 O OO0 OO0 OO O o o o

O O O O O O O O O O O Ol A 2 A
O O O O O O O O OO O O 2~
O O O O O O OO O O O O A~ A~
O O O O O O O O OO O O A~ 2
O O O OO0 O 0O ool -~ A0 O O o
O O O OO0 OO oo~ A0 O O O
O O O OO0 O 0O O o~ A0 O O o

Question: Is there a n X n matrix M that has R(M) = O(1) and D*2(M) = Q(log n)?
Answer [HHH21, HWZ21]: Hypercube [HHH21, HWZ21]
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> Graph theory - equivalence graphs

> Complexity theory - fat matchings

> Operator theory - contractive idempotents

Blocky rank:

br(M) = min {r M = Z a;B; , where B; is a blocky matrix
i=1

O O O OO OOl A0 O O O O o o
O O O OO OOl A0 O O O o o o
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O O O OO0 O 0O O o~ A0 O O o

Question: Is there a n X n matrix M that has R(M) = O(1) and D*2(M) = Q(log n)?
Answer [HHH21, HWZ21]: Hypercube [HHH21, HWZ21]

1/21og, br(M) < DF2(M) < br(M)
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Question: Is there a n X n matrix M that has R(M) = O(1) and D*2(M) = Q(log n)?
Answer [HHH21, HWZ21]: Hypercube [HHH21, HWZ21]

1/21og, br(M) < DF2(M) < br(M)
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Conjecture Ill [HHH21]: If |[M]|, < ¢ => M can be written

as a linear combination of k. blocky matrices.
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Question: Is there a n X n matrix M that has R(M) = O(1) and D*2(M) = Q(log n)?
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Conjecture Ill [HHH21]: If |[M]|, < ¢ => M can be written

as a linear combination of k. blocky matrices.
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Equivalent versions: |- ||,
? br( -)
-1l «—>

-1l

D*e( )



CONJECTURE Il

Conjecture Ill [HHH21]: If |[M]|, < ¢ => M can be written

as a linear combination of k. blocky matrices.

Blocky rank: pr(M) = min {r M = Z a;B; {, where B; is a blocky matrix
i=1

Equivalent versions: |- ||,
? br( -)
-1l «—>

-1l

Theorem [HHH21]: Conjecture Ill holds for matrices of form F(x, y) = f(y~'x),

De(-)

where f: G — {0,1} and G is any finite group.
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CONJECTURE IlI: OPERATOR THEORY

Conjecture Il [HHH21]: If [|[M||, < ¢ = M can be written as a linear

combination of k. blocky matrices.

Conjecture %: The idempotent Schur multipliers are exactly those Boolean
matrices that can be written as a linear combination of finitely many contractive

idempotents.
Matrix Algebra of Schur multipliers
Boolean matrix p— Idempotent
Blocky matrix Contractive Idempotent

Theorem [HHH21]: Conjecture Il is equivalent to Conjecture .
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