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Pseudodifferential Operators with Double-Characteristics

@ Let 0 < h <1 be a semiclassical parameter (Planck’s constant).

@ If a=a(x,&; h) is a symbol on the classical phase space R?" = R” x RE, we
denote the semiclassical Weyl quantization of a on R” by

O (@)ul) = s [ [ et a (K12 ki) ) ay e

@ Consider semiclassical pseudodifferential operators on R” of the form

P(h) = Op} (po + hp1),

where pg, p1 € C*°(IR?") belong to a suitable symbol class, py is independent
of h, and p1 = p1(x,&; h) is a well-behaved h-dependent subprincipal part.

@ Assume that
o Repy > 0 with (Repy)~1(0) = {0}, and
o Impo(0) = V(Im po)(0) = 0.
@ Note that V(Re pg)(0) = 0 and hence po(0) = Vpo(0) = 0.
@ Example: P(h) = —h?A + V/(x), where V € C>°(R") is such that Re V >0
with (Re V)~1(0) = {0} and Im V(0) = V(Im V)(0) = 0.
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Symbol Classes and P(h) as an Unbounded Operator

@ A measurable function m : R?" — (0, oo) is said to be an order function if
3C >0, IN € R, such that m(X) < C(X — Y)VNm(Y) for all X, Y € R?".,
Here (X) := (1 + |X|*)Y/2.
Associated to m is the symbol class:

S(m) ={a € C®(R*"):Va € N*", 3C = C, > 0 such that

|0%a(X)| < Cm(X) for all X € R?"}.

We assume that there exists an order function m on R2" with m > 1 and
m € S(m) such that pg, p1 € S(m).

We also assume that Re py is elliptic at infinity in the sense that 3C > 0
such that

1
Re po(X) > Em( ), |X|>C.

We may view P(h) as a closed, unbounded operator on L2(R") with domain
the semiclassical Sobolev space

D(P(h)) = Hn(m) := Opj (m)~" (L*(R")).
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Low-Lying Eigenvalues and Eigenfunctions

For 0 < € < 1 sufficiently small,
Spec(P(h)) N{Rez < €}
is discrete consisting entirely of eigenvalues. By G&rding's inequality, there is
C > 0 such that
Spec(P(h)) N {Rez < €} = Spec(P(h))N{—Ch < Rez < €}.
We say z(h) € C is a low-lying eigenvalue of P(h) if 3C > 0 such that
z(h) € Spec(P(h)), |z(h)| < Ch, 0 <h< 1.
Hitrik-Pravda-Starov '13: If p; ~ Zj'ioh"pu in S(m) and the quadratic
approximation g to py at 0 € R?" satisfies a partial ellipticity condition, then

3 a complete semiclassical asymptotic expansion for the low-lying
eigenvalues z(h) of P(h).

Not as much is known about the corresponding low-lying eigenfunctions! For
example, it is unknown if they possess WKB expansions.

In this talk: discuss the problem of obtaining optimal LP-bounds for
low-lying eigenfunctions in the case py and p; extend holomorphically to
neighborhood of R2" in C2", 6



The Singular Space of the Quadratic Approximation to pg

o Let
1

a(X) = SA(0)X X, X e’
be the quadratic approximation to py at 0 € R?".
@ Note that Repg >0 = Reqg > 0.

@ There exists a unique F € Mj,x2,(C), called the Hamilton matrix of g,
such that

a(X;Y)=0o(X,FY), X,Y €R?>".

Here g(;-) denotes the unique C-bilinear polarization of g and o = d¢ A dx.

Definition (Singular Space of q)
Let g be a complex-valued quadratic form on R?" with non-negative real part
Re g > 0 and let F be the Hamilton matrix of g. The singular space of g is
2n—1 ]
S= () ker[(Re F)(Im FY] N R>".

Jj=0

<



Spectral Results for Quadratic Differential Operators

@ Hitrik-Pravda-Starov '08: Let ¢ = q(x, &) be a complex-valued quadratic
form on R?" = R x R¢ with Re g > 0. If g is elliptic along its singular
space S, i.e.

Gg(X)=0, X€S = X =0,

then the quadratic differential operator OpY'(q), viewed as an unbounded
operator on L%(R") equipped with its maximal domain, has a discrete
spectrum consisting entirely of eigenvalues of finite algebraic multiplicity.
Furthermore,

Spec(Op¥(q)) = > (rx +2ky)(—iX) : ky €N B |
AESpec(F)
—IAECLUE(ql5)\{0}
where F is the Hamilton matrix of g, ry is the dimension of the space of
generalized eigenvectors of F belonging to the eigenvalue A € C, and

Y(qls) =q(S) and C; = {z € C: Rez > 0}.
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Spectral Results for Operators with Double Characteristics

@ Hitrik-Pravda-Starov '13: Let P(h) = Opy'(po + hp1), where pg and p; are
as before, and assume

oo
pL~ Y Wpijin S(m),
j=1
for some p;j € S(m), j € N. If the quadratic approximation

1
a(X) = SPEOX X, X R,

to pp at 0 € R?" is elliptic along its singular space S, then, for any C > 0,
there exists hg > 0 such that for all 0 < h < hg the spectrum of P(h) in
D(0, Ch) is given by eigenvalues of the form

2z ~ h(Ax + p1,0(0) + hl/Nk)‘k,l + W2 NN o ),

where A, are the eigenvalues of Op{'(g) in D(0, C), and Nj is the dimension
of the space of generalized eigenvectors of Op;’(q) corresponding to Ay € C.
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Precise Assumptions on the Symbol of P(h)

@ If mis an order function on R2", we define Sp.i(m) as the set of all
a:R?" x (0,1]s — C for which there exists a bounded open neighborhood
W of 0 in C?" and a function 3 : (R?*" + W) x (0, 1], — C extending a such
that

3(; h) € Hol(R®" + W), 0< h<1,
and

3C >0:13(Z; h)| < Cm(Re Z), Z € R*" + W.

@ Regarding the symbols py and p;, we assume that:

e Jan order function m on R?"” with m > 1 and m € S(m) such that
po, P1 € Stol(m),

Po is independent of A,

Re po > 0 with (Re pg)~*(0) = {0},

Im po(0) = V(Im pg)(0) = 0,

3C,c > 0: Repo(X) > cm(X) whenever |X| > C.
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LP-Bounds for Low-Lying EF's in the Analytic Case

Theorem (White '21)

Let P(h) = Opy/(po + hp1), where po and py are as above, and suppose that
u(h) € L2(R"), 0 < h < 1, is such that

{P(h)u(h) =0,
lu(h)]l=z =1,

0< h<l1.

If the quadratic approximation q to py at 0 € R?" is elliptic along its singular
space S, then there exists 0 < hyg < 1 such that for every 1 < p < oo there is
C > 0 such that

lu(h)||e < ChZ ™3, 0 < h< h. (1)

@ Partially extends the work of Krupchyk-Uhlmann '18, which established the
bounds (1) for 2 < p < oo when pg, p1 € C*°(R?") and Req > 0.

@ The bounds (1) are saturated by the eigenfunctions of P(h) = —h2A + |x|?,
e.g. (P(h) — nh)u(h) = 0 for u(h) = h="/*e=<"/2h ||u(h)||,» = Ch 4.
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Schrodinger Operators with Holomorphic Potentials

o Let
P(h) := —h*A + V(x) on R",
where V € C¥(R") satisfies
Re V > 0 with (Re V)~1(0) = {0},
(Im V)(0) = V(Im V)(0) =0,
det V"(0) # 0,
ds > 0 such that

1
Re V(x) > e Ix|°, |x|>C,

for some C > 0, and ;
Ja holomorphic extension V € Hol(R" + i(—¢, €)") of V such that

‘\7(2)’ < C(Rez)®.
for some C > 0.
o Hitrik-Bellis '18: q(x, &) = |¢]* + 1 1V"(0)x - x has trivial singular space.
@ Any low-lying EF u(h) of P(h) satisfies ||u(h)|» < Ch# 4, 1< p < co.
12
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Semiclassical FBI Transforms on R”

Definition (Fourier-Bros-lagolnitzer (FBI) transforms)

An FBI phase function is a holomorphic quadratic form ¢ = ¢(z,y) on
C? =C7 x CJ such that

detpy, #0, Imyj, > 0.

The semiclassical FBI transform associated to an FBI phase function ¢ is the
linear transformation 7, : S'(R") — Hol(C") given by

Tou(z) = coh™% / @MUy dy, ue S'(R),

n

where ¢, = 27"/27737/4(det Im 92, ¢) ~1/* |det 2, ¢|.

@ T, is unitary L2(R") — L2(C", e=2*(@)/h [(dz)) N Hol(C"), where L(dz) is
the Lebesgue measure on C”, and ®(z) = max,cr-(—Im¢(z,y)), z € C".

@ The weight @ is a strictly plurisubharmonic quadratic form, i.e. 92,® > 0.
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Bounding || ul|.»

@ Since Op}/(po + hp1)u = 0 where (Re pp)~1(0) = {0} and Re py is elliptic
at infinity, we have

/ |Tou(z)| e L(dz) = O(h*°) for any ¢ > 0.
|z|>6
@ Because 7, is unitary, we have

u(x) = T Tpu(x) = c,h™ % / e I u(2)e”#% L(dz), x € R".

n

By the triangle inequality,

u(x)| < coh™ % / eSO T u(2)| e
(Cn

where x(z) € R” is an R-linear function of z € C".

@ Thus, forany 1 < p < o0, d >0, and N > 0, there is C > 0 such that

lullee < coh™ / e HO@R |, | T u(z)] e 5 L(dz)

¥ L(dz), x€R",

< Ch?p_T/ 1 Tou(z)| e % L(dz) + ChV.
|z]<6 15



Bounding [|ul[» Cont'd

@ After making a prudent choice of the FBI phase ¢, we can show that there
exists a strictly plurisubharmonic function ®* € C¥(neigh(0; C"); R) and
0 >0 and ¢ > 0 such that

1Totullfi. (1121<s1) = / s 1 Tou(z)]? e 2 /P [(dz) = O(1), h— 0T,
z|<
and
®(z) — ®*(2) > c|z|?, |z| < 4.
@ Consequently, if N > 1 is taken sufficiently large, we have

lull < Chz"pi"/ Tou(a)] 00" Ldz) +
z|<

3n

< chEE / Tou(z)] e ()/he=(OE=0"(N/h [ (d7) 4 CAY
|z| <o

< Chﬁ_¥/ 1 Tou(z)| e=® @/ he=clzl*/h [ (dz) + CAV
|z| <&

n

< ClTptll . (11 <sp b % + CHY = O(1) %4,
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Constructing the Weight ®*

Let K, : C2" — C2" be the complex linear canonical transformation given
implicitly by ke : (v, =9,¢(z,y)) = (2,0:0(2,y)), (z,y) € C*".
Let Ay = graph (29,%) = k,(R?") C C?" and let
Po = po © n;l € Hol(Ae + W), where W is a small open neighborhood of 0
in C2,
Write C*" = C2 x C, let Hp, = 9¢cpo - 9, — Dzpo - J¢ be the complex
Hamilton vector field of pp, and let

ke(Z) = exp (LHep), Z € No+ W, teC,

where ﬁt; = Hyipy + Hypy, be the complex time Hamilton flow of po.

If U is a small open neighborhood of 0 in C", then
2
K/t(/\d)) NUx U= /\q;t = graph <,6zq>t> 5 |t| < ].,

where (¢t)|t\<<1 is a family of strictly plurisubharmonic functions defined in
a neighborhood of 0 € C”, depending analytically on t.

We can find tp € C with 0 < |tp] < 1 so that ®* := &, has the desired
properties. 17



Thank you for your attention!
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