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Let f(X) € Q[X] of deg(f) > 0 nonsquare polynomial

What can we say about the set T = xeQ:fny=0})?
Qualitative smallness: 7 # Q; moreover, #Q  T) = oo
Quantitative smallness: #(T'n {1.....N}) =

Group Theoretic (GT-)SmallneSS: Z ~ T contains an
“arithmetic progression

Infinite extensions:

* #(Q%\ {x € QY : flx) € (Q")?}) = oo;

KO se @ € @D =

* What about Q*%(a), @ —a—1=0?




Let f Y — Al” be a ﬁnlte sur]ectwe morplusm of degree > = w1th Y 1rreduc1ble

Any T & U f (Y (@)) U Z(@) C @” Z Zar1sk1 closed is called a thln set
- | | H1lbert s 1rreduc1b1l1ty theorem (H1lbert 1896) @” 1s not th1n——QuaIItatlve smallness
Connect1on to 1rreduc1b1l1ty The set la = Al”(@) f 1(cz) is Q—reduable} is thin

' ;—A:»SD Cohen 1981; #TN (L. LN = - O™ 1) Qua“t'tat"’e =malinecs

f’;"’,.g’E1chler 1939 Z” \ T conta1ns a finite index coset of Z”—GT smallness

. 'K'uyk 70°-Ab'elian extension Weissauer 80: Galois extension+epsilon Haran 99: Diamond
.j_._theorem, LBS Fehm W1ese 16 Galo1s representat1ons—Inflnlte extensmns

. The theorem has an abundance of appl|cat|ons in Galois theory,

,f-_:'__"f‘.;number theory, arlthmetlc geometry, and algebra







X(K ) ¢_ U f (Y(K )) » Z(K )for f Y — X deg f > 2 Y 1rreduc1b1e

- ‘.Let X/ K be an 1rreduc1ble varrety over a ﬁeld K It 1s of H11bert Type (HT) 1f X(K ) 1s”'

- ; '*Anot th1n (Qualltatlve Smallness)

K 1s Hllbertlan 1f Al 1s HT (1f any Varlety over K is HT then SO 1s A )

- -'-".f'—Abehan Varletles over number ﬁelds are not HT due to the weak Mordell We11

f-t,i—Theorem E(K ) =U; (c + 2E(K )))

| H—-"_.'NO GT—smallneSS r = (4") C ([5 is Zar1sk1 dense bUt also Lcr={ = @*}

‘A':;.'»:'Ramlflcatlon obstructlon. Corva]a Zannrer 2017 1f X 1s HT and normal
O 'j.-_f_ipro]ectlve over a number ﬁeld then X is 51mp1y Connected =

- “'Correctlon ramlflEd thln Set and Weak Hllbert Type (WHT)




- 'not th1n (Qualltatlve Smallness)

K 1s Hllbertlan 1f Al is HT (1f any var1ety over K is HT then SO 1s A )

""L1near groups over a H11bert1an f1e1d (Colhot—Thelene Sansuc LBS Fehm—Petersen)

_- —Abehan var1et1es over number ﬁelds are not HT due to the weak Mordell Weil
- '_.ffTheorem E(K ) =4 (¢; + 2E(K )))

»—T_'No GT—smallness F = (4”) C G is Zar1sk1 dense but also Pt 1| = @*}f =

VA‘:;.'?RamIflcatlon obstructlon. Corva]a Zannrer 2017 if X is HT and normal
- | '_'_v_:‘-‘___pro]ectlve over a number ﬁeld then X is s1mp1y Connected |

'Correctlon ramlflEd thln Set and Weak Hllbert Type (WHT)




Qualltatlve SmalIness—Theorem(Zanmer 2010 Corva]a—Demelo—]avanpeykar— ’
= 'Lombardo—Zannler 2020) Let A be an abehan var1ety over a number f1e1d K W1th A(K ) '
Zar1sk1 dense Then A is WHT

* Question:iAre’iab'el-ianf-.varieties.rare' wHT over @"f??ﬁ —

| ""f_ff".,f'Inflnlte extenSIons—Theorem (LBS Fehm—Petersen 2()22) Let E/ @ be an elhptlc
— twve Then, E@ab is WHT | -

= _».::_lThe theorem generahzes to an abehan Var1ety A over a f1n1te1y generated field K of
& :j.characterlstlc 0 and to any abelian extension L/K, as long as we assume that any
= i*-:i*nonzero homomorphlc |mage AO of A has infinite rank over L

- 3 In partlcular, 1f we assume the Frey ]arden con]ecture—every abelian var1ety over @ab has f
| -7'?71nf1n1te rank—we get that any A/ K 4 has WHP ‘ - e

— _A;'-,;_The proof necess1tates the development of new method wh1ch is based on We11 decent




| Let G be : a Cennected lmear-group“ over a ntlmber ﬁeld K
| F— (Q) c G(K) Zar1sl<1 dense subgroup with a finite
- _symmetrlc generatmg set Q (e E Q and ;/ E Q => }/_1 E Q)

| TExamples to have m mmd G SL szn, An ><| SL

. ‘-Note that F may be contamed in a thm set E. o,
F PSL (Z) is thin in PGL (@) (as the 1mage of the
. 1sogeny SL — PGL )

'-Qualltatlve / GT (Corva]a 2007 L1u 2019) F is not




{e connected linear group
= Let a)k be the random Walk on the Cayley graph of F Q f1 hit e Sy mm e t r 1 C

= Assume G/R (G) is e1ther tr1V1a1 or semlslmple R (G) the unlpotent rd1ca1

= Theorem (LBS Garzon1 2022) Let T C G(K ) be a ramlﬁed thm set Then hm Prob(a)k = T)

- n—ooo
| .;k/c =

| ) s,

1f G semlslmple

?“-.»-»_"‘i-:'Example of an apphcatlon Theorem (R1V1n 2008 ]ouve Kowalsk1 Zywma 2013 Lubotsky-

;_.Rosenzwe1g 2014) Lety, = det(xl wy) be the character1st1c polynomlal and let II(G) be a =

. _-"'-ispec1f1c exten31on of the Weyl group W(G) Then Prob(Gal( )(k/ K) # H(G)) < e"k/ s

7 For example H(SL ) =3 H(szn) = C2 ! S

-8 Our proof as Well as ]KZ and LR one uses sreves and the expander property The main
_a;-,:‘_dlfference is that we do not use any more group theory except the Prasad- Rapmchuk
'_{"—calculatlon of the generlc Ga101s group of the characterlstrc polynom1a1 =







Many excting open probl

For mstance Quantltatlve GT Vers1on for
non—semlslmple

concrete open problem: let |

= ((2,3)) < G, and let f(x,y,2) € Z[x,y,1]
irreducible with deg, f > 1. Assume
ramiﬁcation. Is , .
Jim .rob(N > k > 1 : f(2,3",y) irreducible) = 1?

N—>oo







