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Sums of polynomials

Let F, be the finite field of size |F,| = ¢ of odd characteristic.

Let A, B C M, C F,[T] be arbitrary subsets of monic polynomials.

We expect that the of sumsets
A+B={A+B:A¢c€ A BcB5},

have similar properties to those of M,,.

In particular, what can we say about the of A+ B by only
knowing the sizes |A|, |B|?



Sum of polynomials
Let A, B C M, be arbitrary subsets.

For a polynomial F € IF,[X], let
D(F) = max{degP : P | F, P is irreducible}.

We expect, that
DA+B):Ac A/ BeB

cannot be all small.

For integers, see works of , , , -



The result

Let
D(F) = max{degP: P | F, P is irreducible}.

and for A, B c M,
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Theorem

Let A, B ¢ M, and assume, that (| A||B|)'/> > ¢®/7+2)" Then, there exist
> |A||B|/n polynomials A € A, B € B such that

DA+ B) >n

Trivial upper bound: D(A + B) < n.



The result

Let
D(F) = max{degP: P | F, P is irreducible}.

and for A, B c M,

o=0(A,B)=
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Corollary

Let A,B C M, and assume, that | A|, |B| > ¢", then there are polynomials A € A,
B € B, such that
DA+B)>n

The result is sharp apart from constants:
Let A,BCF,[T]aresetss.t. T |A,BforallA e A,Be B. ThenD(A+B) <n—1.



The method

The proof uses the Hardy—Littlewood circle method.

For F € F,[T], define |F| = g9°¢ " (with the convention |0| = 0).
Let

F(T7") =Ke=96=> 5T x;€FpkeZy.
i<k
We extend | - | to K, in a natural way. Then K, is complete with respect to | - |.
Define the unit interval

—1
T:{§:|§]<l}:{ Z xiTi,xiEFq}.

i=—o00
We define the measure 1 on T by
1
p€:xy=r_1,...,x=ry) = ?

Then u(T) = 1.



The method
For ¢ € Ky (i.e. £ = Yo, aiT") let

2mi
o(6) = exp (2, (0-1)).
p
where p = char(F,) and trg, : F, — [, is the trace.
Then e : K., — C* is an additive character.

We have the orthogonality

1 ifA=o0,
Ad@mma—{oﬁA#o

forA € F,[T].



The method

Write
fa(©) =D e(A8) fs(¢) =) e(BE).

AEA BeB
Then
fa@©fs(©) = D e((A+B)) = > uce(GE),

A€ A,BEB GeM,

where ug > 0iff G € A+ B.
Let j be a positive integer, put

S={SeM,:DS)=n—j}
and define

fs(©) =D e(s6) = Y vee(Ge),

Ses GeM,

where vg > 0iff D(G) = n —j.



The method
By the orthogonality

- / Fa(€)fi(€)fs (—€)du(€)
T

- /T SO D e((A+ B - 9)8)du(€)

A€EABEB SeS

33 wowel(6 - meaue)

T GeM, HeEM,

g UGVG-

GeM,

If 7 > 0, then thereisa G € A+ B such that D(G) =n — .

Main part: investigate fs on minor and major arcs.



Further problems
We have shown D(A + B) > n — for A € A,B € Bif (|A||B])!/? > ¢ql6/7+e)n,
» Smaller A, B?

Let z = min {log|A|/logg,log|B|/logq} , and estimate max D(A + B) in terms
of z.

» Multiplivative version: maxD(AB + 1) for A € A, B € B (ongoing).

» |s it true, that
D((AB +1)(AC+ 1)(BC+ 1)) — o0

as max{degA, deg B, deg C} — oc0?
For integers, see Hernandez and Luca (2003) or Corvaja and Zannier (2003).

Thank you!



