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Axisymmetric Euler flows

o fluid velocity: u(x,t) : RY x [0, T] = R9, d >3

@ Euler (incompressible, inviscid):
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Axisymmetric Euler flows

fluid velocity: u(x,t) : RY x [0, T] = R9, d >3

Euler (incompressible, inviscid):
Ou+(u-Vu=-Vp, V-u=0, ul—e=1°

axisymmetric, swirl-free: v = u'(r, z, t)e, + v*(r, z, t)e,

(X1»--~>Xd—1’0) >
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r s ez_ed

_ 2 — 5
r=xi+-:--+x3_, Z=X4, € =

scalar vorticity formulation:  w(r, z,t) = 0,u* — O,u"

(Or+u-V)45 =0, wl—=uw’

“anti-parallel vortex rings”: o w® > 0forz>0 (wW°# 0)

e w’oddinz
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further assume:  w®, 4= € L(RY); rw’, z-

2/9



Growth rates
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for some C = C(u°), T = T(u°).

[Choi-Jeong 21]:  R(t) = (1+ l‘)%fa ford =3

@ R(t) growth = ||w||» growth for, eg, (smoothed) vortex patches

rougher flows can blow up in d = 3 ([Elgindietal],...)

the upper bounds are relatively simple; we focus on the lower bounds
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Biot-Savart law

u -0, .
° [ o } = le [ az ]w, 1 = (r, z, t) stream function
r
@ recover stream function from scalar vorticity:

vrz 1) = f[O,oo)xR]:(S) () '@

§ = (=P'+(=2)

rr >

where @ = w(7.Z, t)drdz,

(s) = 7 sin’"'(0) cos(0)do.

= Jo [2(]—cos(9)+s]%—1
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Monotonicty of the horizontal moment

@ following [Choi-Jeong], consider the horizontal moment:
Z(t) = [,z w(rf,fz’t) dx = f[O,oo)Z zw drdz
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@ can check:
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2

@ conclusion: |[Z <0, so‘0<Z(t)<Z(0),§1‘
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Monotonicty of the radial moment
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Monotonicty of the radial moment

@ recall:
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@ compute (by above formulas, integration by parts, and oddness in z)

7Cf[0 [ )] (Z+Z)( )czifzww >0’ EZM

rr

so in particular ‘ R(t) > R(0) =1 ‘

@ finer estimate:

—F'(s) ~ ( ! Y 1+ S~ 7(r+7)2:;(2+§)2 and so
s(1+s) 2

(rP)" " (2432) ww
+(z+2)][(r+7)2+(2+2)2]

0~ ooy i

d
2
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Kinetic energy
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Kinetic energy

@ kinetic energy is conserved:

E=E(t) = [palu(x,t)]*dx = E(0)
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@ kinetic energy is conserved: E = E(t

@ compute:

E=cfy

JFG) -

)= fRd |u(x, t)]?dx = E(0)

FS)] (i) ww
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Kinetic energy

@ kinetic energy is conserved: E = E(t

@ compute:

@ upper bound:

= cf[o F(S) -

)= fRd |u(x, t)]?dx = E(0)

F(9)] (1) ww

E< f[O,oo)" e Wi,

e =

—\(,=\d—1 7
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(=7 P+ 2+ (=27
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Kinetic energy

@ kinetic energy is conserved: E = E(t

@ compute: = ¢ Jip.00) F(S) -

)= fRd |u(x, t)]?dx = E(0)

F(S)] (r7)f wiw

@ upperbound: |E S f[o ooyt € W,

e =

—\(,=\d—1 7
(zz)(r7) log (2+ ey )

(=7 P+ 2+ (=27

@ idea for growth of R(t): try to bound

N (z47) ww

TSESR fpoy

PR (2T (2]

but the (z — Z) in the denominator is an obstacle (as is the log factor).
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Kinetic energy upper bound

(22)(r7) " log (2+%)
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Jooor ety -
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_d_
d+1

o using Holderand Z(t) S 1: [5. e < {5*(d+1)R§ R]
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R(t) lower bound by ODE
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R(t) lower bound by ODE

d+1
d+1

@ combine the above: 1~ E@ < [f): e] N < e ([@HNRIR < RIR,

2
n= { 2+(d7‘1)(d+1)
d

d=3,4
d>5
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R(t) lower bound by ODE
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R(t) lower bound by ODE

d+1

@ combine the above: 1~ E < [fZg e] N < e ([@HNRIR < RIR,
B z d=3,4
n= { 2+(d73)(d+1) d>5
o would yield: 4R >1 = R(t) 2 (1+ )b,
3/5 d=3
| O
d*—2d—2 =
@ the log factor creates extra work, and causes b+ b—
@ with a slightly different argument, we improve g — % ford =3
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