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The derivative nonlinear Schrodinger equation

iqt+q"+i(|q|2q)/:0, teR, xeR (DNLS)
q(0,x) = qo(x) € H*(R)

It arises as a model for the propagation of large-wavelength Alfvén
waves in plasma.

Well-posedness

-Existence of solution

-Uniqueness of solution

-Continuous dependence on initial data



Getting started
» (DNLS) enjoys the scaling symmetry

q(t, x) —= qa(t,x) = VA g(\°t, Ax).

The L? norm is preserved under the scaling. L2-critical



Getting started
» (DNLS) enjoys the scaling symmetry

q(t, x) —= qa(t,x) = VA g(\°t, Ax).

The L? norm is preserved under the scaling. L2-critical

» The L? norm is also preserved under the flow.



Getting started
» (DNLS) enjoys the scaling symmetry

q(t, x) —= qa(t,x) = VA g(\°t, Ax).

The L? norm is preserved under the scaling. L2-critical

» The L? norm is also preserved under the flow.
In fact, (DNLS) has an infinite family of conserved quantities:

@)= [ laP ox

H(q) = / (qq' — aq') + |q|* dx

/!q\z 3i1q13( aq’) + 1|q|® dx

It is completely integrable.



Previous results

» Local well-posedness: in H®, s % (Tsutsumi-Fukuda '81,
Takaoka '99)

» |ll-posedness: uniformly continuous dependence on initial data
breaks down below s = 1 (Biagioni-Linares '01)



Previous results

» Local well-posedness: in H®, s % (Tsutsumi-Fukuda '81,
Takaoka '99)

» |ll-posedness: uniformly continuous dependence on initial data
breaks down below s = 1 (Biagioni-Linares '01)

From Local to Global
The time of existence given by the local well-posedness results

above depends on ||qo||H%
One would hope that the conservation laws of (DNLS) could be
exploited to obtain global well-posedness.

Problem: lack of coercivity!
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47 = M(q,) for the algebraic soliton, g,(t,x) = e/*qo(x — t).
It is the threshold where the conservation laws lose their efficacy.
Rescaling the algebraic soliton, we get a family of solutions

Gar(t, x) = VA qa(\2t, Ax), A >0

that have the same values for all the conserved quantities, but is
unbounded in H*® for all s > 0!
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1
In H2: Bahouri—Perelman '22



Our main results

The enemy is concentration of the L? norm in one or more
locations in space.

The key is an equicontinuity result.

Q C L2 is equicontinuous if

q(x + h) — g(x) in L? as h— 0, uniformly for g € Q.

Theorem (Killip-N.-Visan)

Let Q C L? be an equicontinuous set satisfying

sup{llqoll> : 90 € @} < 4.

Then the totality of states reached by (DNLS) orbits originating
from @
Q. ={eYVHg:qoe Qandt c R}

is also L%-equicontinuous.



Our main results

Theorem (Killip—N.-Visan)
Fix0<s< % and let Q be a bounded subset of H® satisfying

sup{llqoll> : g0 € Q} < 4.

Then

sup [[q]lws S C( sup llaolZ, sup ol )
qEQ« qeQ q€eQ

Moreover, if Q is H*-equicontinuous, then so is Q.

Theorem (Killip—N.—Visan)
Fix % <s< % The (DNLS) evolution is globally well-posed for all

qo € H°  with ||qol?> < 4.
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Our main results

Theorem (Harrop-Griffiths—Killip-Visan)

Let Q C L2. If Q is equicontinuous, then Q, is also equicontinuous.

Corollary
Fix % <s< % The (DNLS) evolution is globally well-posed in H®.

Theorem (Harrop-Griffiths—Killip—N.-Visan)
The (DNLS) evolution is globally well-posed in L.



Complete Integrability

» Infinitely many conservation laws:

/ gl dx

H(q) = — /(qq—qq)+!q!4dx

> Lax pair

L(q(t)), P(q(t))
)

8tL( ) =[P(t), L(t)] < q(t) solution

“The spectral properties of L are preserved under the flow.”

» Inverse Scattering Transform



Lax operator and perturbation determinant
K — 8 \/Eq
— >
() [_iﬁq (s +a)}  rzl

-0 0 ] (for g = 0).

Lor) = [ 0 —(k+0)
Perturbation determinant:
det [Lo (k) L(K)] ~ - -+~ det[L — ikAT] == a(k; q),
A(ri q) = (k= 0)"2q(x+0) 2, [(iq) := (5 +0)"2q(x—9) 2.
We also consider

alk; q) = — logdet(1 — ikAT) = 3 1t {(m/\r)f}
>1
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-0 0 ] (for g = 0).

Lo(r) = [ 0 —(x+0)
Perturbation determinant:
det [Lo (k) L(K)] ~ - -+~ det[L — ikAT] == a(k; q),
(ki q) == (k—0)"2q(k+0) "7, T (ki q) := (s +0)2G(k — ) 2.

We also consider

alk; q) = — logdet(1 — ikAT) = 3 1t {(m/\r)f}

>1

Preserved under (DNLS) (Klaus—Schippa)
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Equicontinuity and «

Q is equicontinuous in L2 if
g(x+ h) = g(x) in L2 as h— 0, uniformly for g € Q

= 16(€)|?°dé — 0 as N — oo, uniformly for g € Q
€I>N

- ¢
a(k; q) = 2521 %tr {(m/\l’) }
» «(k; q) is conserved under (DNLS)
» For £ =1: Imtr(ixAl) fR 4){24_62 (&)]2d¢

B(r: q) = llqllZ: — 2Ima(x; q)
» ((k;q) is conserved under (DNLS)
> The quadratic term of 3(x) is B8 (k; q) = [5 %giigm(g)ﬁdg.

Q is equicontinuous in L2
— BP(k;q) = 0 as kK — oo uniformly in Q



Commuting flows
a(k; q) admits the asymptotic expansion
ok q) = §M(q) + &H(g) + O(x~2)
This leads to

H.(q) := 4xRea(k; q) = H(q) + O(k™1).
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a(k; q) admits the asymptotic expansion
ok q) = §M(q) + &H(g) + O(x~2)
This leads to

H.(q) := 4xRea(k; q) = H(q) + O(k™1).

» H and H, define commuting flows.

» The equicontinuity and the H® bounds results discussed above
also hold for the H,, flows.

> It is fairly easy to prove that they are well-posed in H*, s > 0.

» The hard part is showing that the H, flows converge to
(DNLS) in H® as k — oo. This is where the assumption
s> % becomes necessary!



Towards critical well-posedness

We saw that the H, flows are globally well-posed in L2.
All we need to adapt our commuting flows argument in the L2
setting is the convergence of the H, flows in L.

Problem
This would require additional regularity on q...
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setting is the convergence of the H, flows in L.

Problem
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Solution

Local smoothing!

“Locally in space, on average in time, we can gain half a
derivative.”



Local smoothing

Theorem (Local smoothing for (DNLS))

Let @ C L%(R) be bounded and equicontinuous and 1) € S(R).
Then for each T > 0 solutions to (DNLS) with initial data
q(0) € Q satisfy

.
| 1wa@R, , de Sor IO
-T Hz (R)

Theorem (Local smoothing for the difference flow)

Let @ C L%(R) be bounded and equicontinuous and 1) € S(R).
Then for each T > 0 solutions to the flow induced by H — H,, with
initial data q(0) € Q satisfy

.
| Iwa@R, , de Sor g
-T H2 (R)



Local smoothing

Equicontinuity is important!
Rescaling a stationary soliton gs(t,x) = e’tqo(x), we get a family
of solutions gs (¢, x) with the same L? norm, but

1
[ 1wl dexx

HZ (R)

L? boundedness alone is not enough to control the local smoothing
norm.



Local smoothing

Idea

To prove local smoothing, we rely once again on the conservation
of a(s; q).

We can write a(3; q) = [ p(5¢ g, x) dx and we have the
microscopic conservation laws

0tp(5) + Oxjpnis(¢) =0 for DNLS,
=0

Otp(5¢) + OxjH—H, () for the difference flow.

Then

T

/TT /j(%; q(t), x)(x) dx dt = /p(%; Q(t),X)@Z(x) dx

-7

Although the general idea is the same for both flows, proving local
smoothing for the difference flow is much harder.



Thank you!



