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Introduction: Discrete Frames

Definition (Discrete Frame)

A set of vectors {q&,-}?il is a discrete frame for a Hilbert space H if there
exist constants 0 < A < B < oo which depend exclusively on A and
{¢i};2, such that

o0
AllFlZ, < ST IF 0P < BIIFI, Vf e H.

i=1
v

Example: Mercedes-Benz Frame for R?.
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Introduction: Discrete Frames

Frames vs. Bases

Recall:

AllF|5 < Z| L0 < B|IfI3 VFf € H.

@ Frames replace linear independence with a stability condition.

o Frame condition number = %

o If the frame is not a basis, the representation naturally contains some
redundancy. (Error can live in the kernel of the reconstruction operator)

@ The vectors are not necessary related. This makes implementation
difficult.
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An Example




Introduction: Discrete Frames

Two Important Frame Constructions

Let ¢ € L?(H) be a fixed function.
1?¢ denotes translation by a and modulation by &.
1, denotes translation by a and dilation by h.

EXS } { " }
h
{ 1/} (a,£)€X1 (/37 (a,h)€X2
—_——— —_——
Gabor Frame Wavelet Frame

Example: For ¢ € L2(R), we have
o Gabor frames: 1)?¢(x) = e2™¢ p(—a + x).
1 7a+x)

o Wavelet frames: 1/, p(x) = T W ( -
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Frames for Signals on R”" (The Discretization Problem)
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Frames for Signals on R”" (The Discretization Problem)

Generalization to Continuous Frames

A continuous frame for a separable Hilbert space H is a collection of

vectors {¢x txex with X a locally compact Hausdorff space equipped with
a positive measure p satisfying

Al < [ I(F, 0P dut) < B ¥F e
for some positive real numbers A and B. Notice that when p is the

counting measure on a countable space X, this agrees with the previous
definition of a discrete frame.
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Frames for Signals on R” (The Discretization Problem)

Key Ideas Coming Up
o Given a square-integrable representation of a group G, we can find a
wavelet.

o Given a wavelet, there exists an isometry into L?(G) known as the
continuous wavelet transform.

@ The continuous wavelet transform can be used to find a continuous
frame.

@ Given this continuous frame, can we find a sampling set
(discretization) to construct a discrete frame?

Remark: We need a ‘Goldilocks zone' of sampling.
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Continuous Unitary Group Representation

Let () denote the group of unitary operators on a Hilbert space H with
operator composition.

Let G be a group.
7. G — U(H) is called a unitary representation if 7 is a group
homomorphism.

7 is a continuous unitary representation if the map m¢ , : G — C defined
e p(x) = (&, m(x)n)3 is continuous for every £, 1 € H.

An jrreducible representation 7 is called square integrable if
3¢,m € H \ {0} such that

/ e (x)|? dx < oo.
G
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Frames for Signals on R” (The Discretization Problem)

Continuous Wavelet Transform (Dufflo and Moore, 1976)

For a square integrable representation 7, there exists ¢ € H such that:

Vy H — L*(G)
§= (& m())

is an isometry.

We call ¥ a wavelet, and V; a continuous wavelet transform (CWT).
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Frames for Signals on R”" (The Discretization Problem)

How CWT leads to a continuous frame.

As V/, is an isometry, we have

(f.8 )28 = (Vuf, Vg ) 126,

/ (fi¥xn >L2(A)< Vx,h & >L2(A) d[x, h]

n

< / (Fotben Yn dlx, h],g> |
Gn 12(A)
In particular, we have

f= /;n< f,/)[X, h]“)[)[X, h]“ d[X7 h],

in the WOT. So the CWT leads to a continuous (Parseval) tight frame!

WOT: Weak Operator Topology CWT: Continuous Wavelet Transform
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Frames for Signals on R”

(The Discretization Problem)

Our Group

Let G, = M,(R) x GL,(R) be the group of affine transformations, which
is a locally compact group with group product defined as

[x1, m][x2, ho] = [x1 + h1x2, h1ho).

e We think of A= M,(R) as an abelian group.
e We think of GL,(R) as acting on A.
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Frames for Signals on

(The Discretization Problem)
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Frames for Signals on R” (The Discretization Problem)

Key Ideas of Bernier and Taylor

@ In general, start with the group G, = M,(R) x H C GL,(R)
o Define p: Ax H — H(L%(A)).

plx, h] : L2(A) — L2(A) for [x,h] € Ax H by

plx, b g(y) = |det(h)|72g(h™H(=x+y)), Vye€A

o Let () = Pp(-)PL, then m: A x H — H(L2(A)) is an equivalent
representation on the dual.

o If 7 or p is a square-integrable representation, then 3 g € L?(A) such
that g is a wavelet.
@ Use a discretization (‘'Tiling System') of Fourier space to discretize
the CWT to construct a discrete frame.
Remark: We have defined everything in the context of the affine group,

but these techniques generalize to many other semidirect product groups.
In particular, we use induced representations for semidirect product groups.
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Frames for Signals on R” (The Discretization Problem)

Our Method

We build on the work of Bernier, Ghandehari, Syzdykova, and Taylor.

Definition (Tiling System)

Let P be a countable subset of GL,(R), and F be an open relatively
compact subset of GL,(R). The pair (F, P) is called a tiling system for
GL,(R) if the following two conditions are satisfied:

(i) AL, (F-p () F-q) =0 for every distinct pair p,q € P,

(i) Ao, (GLa(R)\ Upep F-p) =0,
where AgL, denotes the left Haar measure of GL,(R).

Take F C F, C R, with R a hypercube with ONB J and F, an open set.

Define M := sukaG P ‘ f~me0-k;é@H.
P
pe ONB: Orthonormal Basis
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Frames for Signals on R” (The Discretization Problem)

Theorem (Main Result [M.Ghandehari, , 2021] J Math Anal Appl)

Let (F,P) be a tiling system for GL,(R). Let g € L2(M,(R)) be such that
1 <g <1F,.

Then the collection of vectors { p[\,p] *g | (A, p) € J x P} is a discrete
frame in L2(M,(R)) satisfying

_ 2
IRIIFIE < DD [(F ol K e dizpuamyl ™ < MIRIIFIS.
keP ~eJ

Note: R, F,, and M as defined in the previous slide.
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Frames for Signals on R” (The Discretization Problem)

A Simplified Proof (of Main Result) — Setup

Our Representations

Our group consists of the affine transformations on R™.

p - (Mn(R) x GLy(R)) = U(L*(M4(R))),
plx, hlg(y) = |det(h)|~"2g(h~*(—x + y))

7 - (Mp(R) x GLa(R)) = U(L2(M,(R))),
7lx, hE(x) = |det(h)|2 x(x) &(h" - x)
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Frames for Signals on R” (The Discretization Problem)

Assumptions

M
Il
=
)
’:\>
=
|

[0,1]" ~T™, g :=1F, A=M = U F - k, P discrete.
keP )
112 = 171252 = / ool de =Y [ [Fle)f de
keP
= Z |detk]"/ |f ka ’2 db
keP
2
Be:T™ = C = ldet kI"l|BelZ, ey
Br(b) = F(xbr)E(xb) keP
= | det kI"IIF Bill 7, 2y
keP
=" |detk|” > [(FBi)U)I?
keP jEZ"z
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Frames for Signals on R” (The Discretization Problem)

Discretization (Continued)

IF1 =" [detk]” Y [(FBe)U)

keP

jezr*

= > jdetl” 3 | [ X0 FOn)B00) o]

keP

=22

kEPjEZ"2

=2

kEPjEZ"2

=2

kEPjGZ"2

=2 2

kereZ"2

jezr

[ 1des KGO (xenExs) |
[ 7l 7o EOxe) |
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(xlj, KIF. )|
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That's great! But ...

how do we construct a tiling system for GL,(R) exist?
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Frames for Signals on R”" (The Discretization Problem)

Our Tiling System

Define the set F and discrete set P as

Wi Wiyi2
Wy

F = { sk
2M 22 5
22

pP={2*
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W1Y1.n—1 W1VY1i.n
W2Yy2 n—1 W2Y2.n
W3Y3,n—1 W3Y3 n
Wn—1 Wn—1Yn—1,n
Hn—l -1
i=1 Wi
2fn l/ll.nfl 2};”/’1./7

2fn 1//2‘17 1 2H”/’2ﬂ

| 250113
2fn—1 28 p1.n
2?{,7

Discrete Frames

s,w; € [1,2),
Yij S [071)7
ke O,

)\, Riy i j € Z,

n—1
RKp = — E Kj
i=1
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Frames for Signals on R” (The Discretization Problem)
Our Tiling System

Define the set F and discrete set P as

s,w € [1,2),
F— sk(W VVV"yl y€[0,1), 5,
ke O,
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Theorem ([M.Ghandehari, , 2021] J Math Anal Appl)

For F and P as in the previous slide, we have
@ Mo, (F-pNF-q)=0 for every distinct pair p,q € P,
Q@ oL, (GLy(R)\U{F-p : pe P})=0.

That is, they satisfy the definition of a tiling
system. By the main result, we have

— 2
IRUIFIZ < Xker Xres [(Froly K g hizquumy| ™ < MIRIIFIZ.

Therefore our frame condition number is

IRIM _ pg
R — 7
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Frames for Signals on R” (The Discretization Problem)

Frame Stability

Proposition [M.Ghandehari, , 2021] (J Math Anal Appl)

For F, P, and F, as before, and 0 < € < % we have

. n(n—1)
M=sup|{keP | F-pNnFy-k#0}| <3 z .
peP

Corollary: For n=2, M < 36.

Huge Improvement: The previous construction by Ghandehari,
Syzdykova, and Taylor has a frame condition number of about 1700, and
did not provide a construction for n > 2.
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Frames for Signals on R” (The Discretization Problem)

Remark: Tiling systems also generalize beyond the affine group.

Definition (lwasawa Decomposition)

Let G be a semisimple Lie group, then the Iwasawa decomposition of G is
G = KAN,

where K, A and N are closed subgroups, K is compact, A is abelian, and
the map
(k,a,n) — kan

is an analytic diffeomorphism.

For our matrix groups, this corresponds to the well-known
QR-decomposition, with R further decomposed by LU-decomposition.
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Frames for Signals on R” (The Discretization Problem)

Work in Preparation

Theorem (] 2022+])
By showing the overlap of tiles is bounded by

(2 + 6)2n—2 _ 22n—2
for some constant c, depending on the dimension, one can find classes of
signals for which

B _ [R[+1(¢)

A IR
with f(e) — 0 as e — 0.

Our goal now is to find more natural descriptions of this set of functions.
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Frames for Signals on R” (The Discretization Problem)

Work in Preparation

Let H* (for s € Z=0) denote the Sobolev space
H (M, (R)) := { f € [2(My(R)) ' F1 [(1 + |2w§|2)5/2ff} € L2(M,(R)) }

Theorem ([S.Cogar, , 2022+])

Let (F, P) be a tiling system for GL,(R), with R, F,, and J as before. Let
g € H?(M,(R)) be such that 1z < g < 1F,. Then the collection

{olXpl"g | (Ap)eJxP}

is a discrete frame for H*(Mp,(R)) if and only if s = 0.

v

In the future, we hope to provide a modified method to construct sampling
sets in these spaces as well.
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Frames for Signals on R” (The Discretization Problem)

Current Work

@ Raja Milad and Keith F. Taylor.
A Two Plus One Dimensional Continuous Wavelet
Transform.

@ Raja Milad and Keith F. Taylor.
Harmonic analysis on the affine group of the plane.

Let G be the group of invertible affine transformations of R?.

Theorem ([Milad, Taylor 2022+](Preprint))
Let 1 € L?(R? x R) be a wavelet. Then, for any f € L?(R? x R),

f:/ / Vi flx, Al x4 %ﬁ“‘)ﬁ““) weakly in L2.
GLy(R) JRR2 B

Working jointly with K.F. Taylor and M. Ghandehari we have begun work
on discretizing this new CWT.

Kris Hollingsworth (UMN) Discrete Frames July 18, 2022 27/28



(The Discretization Problem)

Frames for Signals of

Thank you for your attention! Any questions?
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Mahya Ghandehari, Aizhan Syzdykova, and Keith F.
Taylor.

A four dimensional continuous wavelet transform.

In Commutative and noncommutative harmonic
analysis and applications, volume 603 of Contemporary
Mathematics, pages 123-136. AMS, Providence, RI,
2013.
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