Representations of p-adic groups - with a twist

Jessica Fintzen

University of Cambridge and Duke University

November 2021




Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex )
representations of G.

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F;-)
representations of G. (¢ a prime # p)

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F;-)
representations of G. (¢ a prime # p)

A

Building blocks = (irreducible) supercuspidal representations
or cuspidal representations

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F;-)
representations of G. (¢ a prime # p)

A

Building blocks = (irreducible) supercuspidal representations
or cuspidal representations

Constructions of (super)cuspidal representations are known for:

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F;-)
representations of G. (¢ a prime # p)

A

Building blocks = (irreducible) supercuspidal representations
or cuspidal representations

Constructions of (super)cuspidal representations are known for:

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F;-)
representations of G. (¢ a prime # p)

A

Building blocks = (irreducible) supercuspidal representations
or cuspidal representations

Constructions of (super)cuspidal representations are known for:

GLp, classical groups (p # 2),

Jessica Fintzen Representations of p-adic groups 1



Representations of p-adic groups

Notation: F/Q, finite or F = Fq((t)), F > O o p, residue field F,
G (connected) reductive group over F, e.g. GL,(F),SL,(F),
SO,,(F), Sp2n(F)7 e

Motivation / longterm goal

Want to construct all (irreducible, smooth, complex or F;-)
representations of G. (¢ a prime # p)

A

Building blocks = (irreducible) supercuspidal representations
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Constructions of (super)cuspidal representations are known for:

GL,, classical groups (p # 2), inner forms of GL,
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Construction of supercuspidal representations

Constructions of supercuspidal representations for general G:

1994/96 A. Moy and G. Prasad (L. Morris: 1993/99)
1998, 2001 J. Adler, J.-K. Yu
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Construction of supercuspidal representations

Constructions of supercuspidal representations for general G:
1994/96 A. Moy and G. Prasad (L. Morris: 1993/99)
1998, 2001 J. Adler, J.-K. Yu

2007 J.-L. Kim: Yu's construction yields all supercuspidal
representations if p is very large and char F =0
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Constructions of supercuspidal representations for general G:
1994/96 A. Moy and G. Prasad (L. Morris: 1993/99)
1998, 2001 J. Adler, J.-K. Yu

2007 J.-L. Kim: Yu's construction yields all supercuspidal
representations if p is very large and char F =0

2014 M. Reeder and J.-K. Yu: epipelagic representations

2017, 2021 J. F. and B. Romano (special case), J. F. (general
case): input for Reeder—Yu exists also for small p
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Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p 1 |W/|, then
Yu's construction yields all supercuspidal representations.
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Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p 1 |W/|, then
Yu's construction yields all supercuspidal representations.
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Results

Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p { |W/|, then
Yu's construction yields all supercuspidal representations.

Theorem 2 (F., May 2019)

A construction analogous to Yu's construction yields all cuspidal
[Fy-representations if pt |W| (and G is tame).
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Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p { |W/|, then
Yu's construction yields all supercuspidal representations.

Theorem 2 (F., May 2019)

A construction analogous to Yu's construction yields all cuspidal
[Fy-representations if p 1 |[W| (and G is tame).

The condition p t |W| is optimal in general®*. (F., Jan 2018)
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Results

Theorem 1 (F., 2021 (arxiv Oct 2018))

Suppose G splits over a tame extension of F and p { |W/|, then
Yu's construction yields all supercuspidal representations.

Theorem 2 (F., May 2019)

A construction analogous to Yu's construction yields all cuspidal
[Fy-representations if pt |W| (and G is tame).
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Results continued

Proposition 3 (F., 20217 (arxiv Aug 2019))

There exists a counterexample to the key ingredient of Yu's proof
(Yu's Prop 14.1 and Thm 14.2, which were based on a misprint).
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Results continued

Proposition 3 (F., 20217 (arxiv Aug 2019))

There exists a counterexample to the key ingredient of Yu's proof
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Results continued

Proposition 3 (F., 20217 (arxiv Aug 2019))

There exists a counterexample to the key ingredient of Yu's proof
(Yu's Prop 14.1 and Thm 14.2, which were based on a misprint).

Theorem 4 (F., 20217 (arxiv Aug 2019))

Yu's construction yields indeed supercuspidal representations.

Theorem 5 (F.—Kaletha—Spice, June 2021) — vague version

We can twist Yu's construction such that Yu's Prop 14.1 and Thm
14.2 are satisfied for the twisted construction.
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Applications
Applications of Theorem 5

@ Formula for Harish-Chandra character of these supercuspidal
representations

o Candidate for local Langlands correspondence for non-singular
representations (Kaletha, Dec 2019)

@ Character identities for the LLC for regular supercuspidal
representations

Approach to construct (super)cuspidal representations

© Construct a representation px of a compact (mod center)
subgroup K < G (e.g. K = SL,(0O) inside G = SL,(F)).

@ Build a representation of G from the representation pk
(keyword: compact-induction).
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Example of a (super)cuspidal representation

k =C orFy, G =SLy(F),
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Example of a (super)cuspidal representation

_ . (l1+p p
k—(CorIFg,G—SLz(F),K—(O 1+p>x{i1}

pk : K — GLy(k) = k*,
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Example of a (super)cuspidal representation
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o+ K — GLy(k) = k*, pi : {£1} — 1€ k*
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Example of a (super)cuspidal representation

T = . _(1+p p
k—(CorIFg,G—SLz(F),K—(O 1+p>><{i1
o+ K — GLy(k) = k*, pi : {£1} — 1€ k*
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Example of a (super)cuspidal representation

/?z(CorI_Fg,G=SL2(F),K=(1+p P )X{il}

O 1+p
o+ K — GLy(k) = k*, pi : {£1} — 1€ k*
GXA,O.S GX,O.S / GX7OA5+

(i+e op ) (T+p P /1+p p?
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(Super)cuspidal representation:

| o | fhe) = p(h)f(g) Vg€ G, he K
s . 8) = Pk g) V&< L,
cindgpk = {f- Gk ‘ f compactly supported

G-action: g.f(x) = f(x- g)
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Results continued continued

Proposition 3 (F., 20217 (arxiv Aug 2019))

There exists a counterexample to the key ingredient of Yu's proof
(Yu's Prop 14.1 and Thm 14.2, which were based on a misprint).

Theorem 4 (F., 20217 (arxiv Aug 2019))

Yu's construction yields indeed supercuspidal representations:
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Theorem 5 (F.—Kaletha—Spice, June 2021)
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(Yu's Prop 14.1 and Thm 14.2, which were based on a misprint).

Theorem 4 (F., 20217 (arxiv Aug 2019))

Yu's construction yields indeed supercuspidal representations:
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c-indg, PKy,-

o

Theorem 5 (F.—Kaletha—Spice, June 2021)

There exists a character € : Ky, — {%1} such that Yu's Prop 14.1
and Thm 14.2 are satisfied for the twisted representation ep, of
Kyy. In particular, c—indﬁYuepKYu is supercuspidal.
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The quadratic character ¢

Theorem 5' (F.—Kaletha—Spice, June 2021)

Let G be adjoint, M a twisted Levi subgroup of G that splits over
a tamely ramified extension of F (given by a generic element),
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The quadratic character ¢

Theorem 5' (F.—Kaletha—Spice, June 2021)

Let G be adjoint, M a twisted Levi subgroup of G that splits over
a tamely ramified extension of F (given by a generic element),
p#2 xeBM,F)c B(G,F).

There is an explicitly constructed sign character

ef/M : My —> My /My o — {£1} with the following property:

For every tame maximal torus T ¢ M with x € B(T, F) the
restriction of ef/M to T(F) n My equals a given quadratic

character (eﬁG/M . ebG(/)M . ebGI/M . ebGéM . ef/M).
b 9 9 )
G/M
e/ (7) = I1 sgni, (a(7)) I1 sgny (a(7))
QER(T,G/M)asym/ (I x{£1}) a€R(T,G/M)sym,unram/T
seord, (o) seord, (o)
G/M
60 (V)= I1 sghy,, (a(v)) - I1 sgn (7))
QER(T,G/M)asym/ (T x{+1}) QER(T,G/M)symunram /T
O[()ER(ZM,G/M)sym,yam aOGR(ZM7G/M)sym.ram
2fe(a/cxg) 2te(a/ao)
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The quadratic character ¢
Theorem 5' (F.—Kaletha—Spice, June 2021)

Let G be adjoint, M a twisted Levi subgroup of G that splits over
a tamely ramified extension of F (given by a generic element),
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The quadratic character ¢
Theorem 5' (F.—Kaletha—Spice, June 2021)

Let G be adjoint, M a twisted Levi subgroup of G that splits over
a tamely ramified extension of F (given by a generic element),
p#2 xeB(M,F)c B(G,F).

There is an explicitly constructed sign character

ef/M : My —> My /My o — {£1} with the following property:

For every tame maximal torus T ¢ M with x € B(T, F) the

restriction of ef/M to T(F) n My equals a given quadratic

G/M G/M G/M G/M G/M
character (¢, -€,'0" €1 "5 & ).

Construction of €

G/M
EX/ = €1 € €3

61(g) = Sghg, det g| @ @ gr.ao(F)x,t/gr‘ao(F)x,tJr
2ER(Zn, G )sym ram/T te(O,ﬁ)
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The quadratic character ¢ continued

Construction of ¢

e1(g) = sgny, | det | gl @ @D rao(Flut/orao(Fxer

@ER(ZM, G )sym,ram /T tE(0, 25(110 )
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The quadratic character ¢ continued

Construction of ¢

EXM—El €2 - €3 M _)MX/MXO-"-_ M( )_){+1}

e1(g) = sgny, | det | gl @ @D rao(Flut/orao(Fxer
1

(JLOER(ZM,G)
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The quadratic character ¢ continued

Construction of ¢

ES/M_El €2 - €31 My _’MX/Monr_ M( )_){+1}

e1(g) = sgny, | det | gl @ @D rao(Flut/orao(Fxer
1

(IOER(ZM,G)

€5 is constructed via the Galois hypercohomology of the complex
X*(M) 2 X*(M) from explicit 1-hypercocycles via
HY([, X*(M) — X*(M)) — Hom(M(Fq), F5 /(F5)?)
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The quadratic character ¢ continued

Construction of ¢

EXM—El €2 - €3 M _)MX/MXO-"-_ M( )_){+1}

e1(g) = sgny, | det | gl @ @D rao(Flut/orao(Fxer
1

(IOER(ZM,G)

€5 is constructed via the Galois hypercohomology of the complex
X*(M) 2 X*(M) from explicit 1-hypercocycles via
HY([, X*(M) — X*(M)) — Hom(M(Fq), F5 /(F5)?)

€3 is constructed using the spinor norm:
My — O(W, pw)(Fq) = Fy [(Fy)? — {£1}
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The quadratic character ¢ continued

e1(g) = sgng, | det | gl @ @D rao(Fxt/0rao(Fxer
@0ER(ZM,G)sym,ram/T te(O,ﬁ)

€2 is constructed via the Galois hypercohomology of the complex
X*(M) EN X*(M) from explicit 1-hypercocycles via
HH (T, X*(M) = X*(M)) — Hom(M(Fq), Fy /(F;)?)

€3 is constructed using the spinor norm:
My — O(W, ow)(Fq) = Fy /(F5)? — {£1}
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The quadratic character ¢ continued

e1(g) = sgng, | det | gl @ @D rao(Fxt/0rao(Fxer
@0ER(ZM,G)sym,ram/T te(O,ﬁ)

€2 is constructed via the Galois hypercohomology of the complex
X*(M) EN X*(M) from explicit 1-hypercocycles via
HH (T, X*(M) = X*(M)) — Hom(M(Fq), Fy /(F;)?)

€3 is constructed using the spinor norm:
My — O(W, pw)(Fq) == Fy /(FF)? — {£1}

1— pp » Pin(W,pw) > O(W,pw) — 1 leads to
1 - pz(Fq) = Pin(W, ow)(Fq) — O(W, ow)(Fg) ——
- Hl(Gal(anFq)aﬂz) R
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The quadratic character ¢ continued

e1(g) = sgng, | det | gl @ @D rao(Fxt/0rao(Fxer
@0ER(ZM,G)sym,ram/T te(O,ﬁ)

€2 is constructed via the Galois hypercohomology of the complex
X*(M) EN X*(M) from explicit 1-hypercocycles via
HH (T, X*(M) = X*(M)) — Hom(M(Fq), Fy /(F;)?)

€3 is constructed using the spinor norm:
My — O(W, pw)(Fq) == Fy /(FF)? — {£1}

1— pp » Pin(W,pw) > O(W,pw) — 1 leads to
1 = pp(Fq) — Pin(W, ow)(Fq) — O(W,pw)(Fq) ——
— HY(Gal(Fq,Fq), o) = F/(FF)? — ...
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The quadratic character ¢ continued

e1(g) = sgng, | det | gl @ @D rao(Fxt/0rao(Fxer
@0ER(ZM,G)sym,ram/T te(O,ﬁ)

€2 is constructed via the Galois hypercohomology of the complex
X*(M) EN X*(M) from explicit 1-hypercocycles via
HH (T, X*(M) = X*(M)) — Hom(M(Fq), Fy /(F;)?)

€3 is constructed using the spinor norm:
My — O(W, ow)(Fq) = Fy /(F5)? — {£1}

1— pp » Pin(W,pw) > O(W,pw) — 1 leads to

1 - p2(Fq) = Pin(W, ow)(Fq) > O(W, ow)(Fg) T
— HY(Gal(Fy,Fy), p2) = IF;/([F;V o

Jessica Fintzen Representations of p-adic groups [¢]



The quadratic character ¢ continued

e1(g) = sgng, | det | gl @ @D rao(Fxt/0rao(Fxer
@0ER(ZM,G)sym,ram/T te(O,ﬁ)

€2 is constructed via the Galois hypercohomology of the complex
X*(M) EN X*(M) from explicit 1-hypercocycles via
HH (T, X*(M) = X*(M)) — Hom(M(Fq), Fy /(F;)?)

€3 is constructed using the spinor norm:
My — O(W, ow)(Fq) == F /(F5)? — {£1}
W= @aoeR(zM,G)sym,,am/r 9r.a0(F)x,0/8r.a0 (F)x,0+

1— pp » Pin(W,pw) > O(W,pw) — 1 leads to

1 - p2(Fq) = Pin(W, ow)(Fq) > O(W, ow)(Fg) T
— HY(Gal(Fy,Fy), p2) = IF;/([F;V o
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The end of the talk,
but only the beginning of the story ...




