
Symmetry of Narayana Numbers
and Rowvacation of Root Posets

Sam Hopkins

Wednesday , October 28th , 2020

BIRS 2020 Online Workshop
on Dynamical Algebraic Combinatorics
see slides t write - up on my webpage

(this talk is being recorded)
'

ALTERNATETALK.TL
"
Order polynomial product| formulas + poset dynamics "



W Weyl group , ¢ root system
The W - Catalan number

"

Cat (W) = IT ht di
j = i
DF

is
. . .

F t) # vertices of W- associatedrow
*
= # facets of cluster complex6£ ( Simion , Fomin ,Zelevinsky , Reading

.
- o

2) #
"

noncrossing partitions
"

#

-

.

= # Ee , c) ans
Reiner Athanasiadis

,

Brady -Watt, Bes is ,
r -

-

- -
- -
- -

-
- -
- - - - -

3) #
"

ntkg partitions
"

= # antichains of ftp.stuikov

41 #W-orbits of Qllhttlf, main

51 # dominant regions of
Shi arrangement

Shi



In Type A , we get familiar objects . .
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The W - Narayana number
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Curious symmetry of Narayana #'s :

Narlw.kt-Narlw.tk/Ehmmmnmmmnuthth
1) For W - associatedron , follows from

Dehn-Sommerville relations

2) For noncrossing partitions, follows

from Self - duality of the lattice

3) For nonnesting partitions , . . .
? ? ?

Danyusher 's Problem:
-
- -

Explain ?? ? bijectively !
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Eqnjecture ( Parry usher , " ad - nilpotent ideals . . . " )
There's a " natural

"

involution

f : A Colt ) →A Colt) for which

# At #HAI - r t A EA ( ft) .
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Pony usher could not define 4

in general , but did give a

definition for Type A ,
which

turns out to be equivalent to

the Lalanne- Kreweras involution

on Dyck paths (subject of Mike's talk).

Types B/C follow easily from A

via
" folding ' ' (a.k.a- symmetry) .



But in a follow - up paper . . .

Conjecture (Panyu Sheu , " orbits of anti chains . . . ")
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Conj .#2 was proved by Armstrong -Stump-Thomas .

It initiated alot of recent PAC (homomesy
,
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Rowmotion t Row vacation:
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Recall (Cameron- Fon- der -Flaass, Striker-Williams)
Row : TCP)→ JCP) = to ti tz -

- - trop
,
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where P is a graded poset of rank RCP)

and t order ideal toggle at
all elem .'s of rank - i
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Anti chain versions of Row , Rvac :
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Eonjecture For ④ of classical type AB ,
CorD
,
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Row v a ovation is Panyushev's involution P.
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types Fy
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[what's going on here ? !
Can it be fixed ? !



To resolve conjecture , helpful to review

Armstrong - Stump-Thomas IAST) results .
. .
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It's a self - duality of lattice NOW) .

Eg. , Typed: kneweras comp . of nonorossiny partitions
6 6 ?7

'
6 .

.
,

iii: iii. it
4
"

j

6. ?
'

et
. 7

' 6. ?
'

I. 7 '
5! .

I 5 ! .
I

HIT," → so i

4
'
.

- 2 4
'
.

- 2

4
'

j , ;
I
'

4
'

j , 5.2
'

= rotation of non crossing matchings



Answering a conjecture of Bessis -Reiner . . .

Theorem (AST) There's a unique bijection
→i. Allot) -7 Naw) sit .
• ( base case) mmmm

key property
x

• (equi variance) f. Row - Krew of

• ( parabolic induction ) Mmm
-

Good Bad
-

• not uniformly proved
• uniformly stated

"

%::
" icing:*:

• classical type proofs
• involves interesting are via special models

dynamics and are complicated !
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theorem For AST bijection ACOTHNCCWI
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Idea: with a precise understanding of
AST bij . ① in TypeD ,

could use this to

resolve rowvaluation conjecture .



Thank you !
and

a Special Thanks
to the Organizers!



Secret bonus slide : NC (W) for W -- BID
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