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An EM wave in a dielectric

E(t) — applied field, P (t) — polarization field

Causal impulse response function

P (t) =

∫ +∞

−∞
χ(t − τ)E(τ)dτ, χ(s) = 0 if s < 0.

Complex susceptibility function

P̂ (ω) = χ(ω)Ê(ω).

LTI, causal, real, passive, pasma limit

χ(ω) =

∫ ∞
0

dσ(λ)

λ− ω2
, σ ≥ 0, A =

∫ ∞
0

dσ(λ) < +∞
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Kramers-Kronig relations?

χ′(ω) =
2

π
P.V .

∫ ∞
0

sχ′′(s)

s2 − ω2
ds, χ′′(ω) = −2ω

π
P.V .

∫ ∞
0

χ′(s)

s2 − ω2
ds

But lim
ω→x

Im(ω)>0

∫ ∞
0

dσ(λ)

λ− ω2
does not make sense pointwise!

Implicit physics → more mathematical structure

χ ∈ H2(H+)

sup
ω′′>0

∫ ∞
−∞
|χ(ω′ + iω′′)|2dω′ =

∫ ∞
−∞
|χ(ω′)|2dω′ < +∞.
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Relaxation time

∃τ > 0 :

|χ(t)| ≤ Ce−t/τ , if t ≥ 0

χ(t) = 0, if t < 0

τ > 0 ⇒ χ(ω) is analytic in Hh = {ω ∈ C : ω′′ > −h}, h =
1

τ

The space of admissible functions Kh
0

f ∈ H2(Hh), Hh = {ω ∈ C : ω′′ > −h}
f (ω) = f (−ω)

Im(f (ω)) > 0 if ω′ > 0 and ω′′ > −h

∃A > 0: f (ω) ∼ − A

ω2
, ω →∞
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Least squares problem

inf
f ∈Kh

0

∫ 1

0
|f (ω)− fexp(ω)|2dω

Theorem. The least squares problem has a unique solution in Kh:

Kh =

{
f (ω) = α +

∫ ∞
0

L(ω, u + ih)dµ(u)

}
,

α ≥ 0,

∫ ∞
0

udµ(u)

u2 + 1
<∞.

L(ω, q) =
1

q + ω
+

1

q − ω
, q′ > 0, q′′ > h

is called the Lorentzian.
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From Kh
0 to Kh

f ∈ Kh
0 ⇐⇒ f (ω) =

∫ ∞
0

L(ω, u + ih)dµ(u),

dµ(u) = Im(f (u − ih))du ∈ L2(0,+∞) ∩ L1(0,+∞)

Lemma. ∃c ,C > 0 : ∀f ∈ Kh
0

c‖f ‖L2(0,1) ≤ ‖µ‖M ≤ C‖f ‖L2(0,1), ‖µ‖M =

∫ ∞
0

udµ(u)

u2 + 1
.

Proof of Theorem

Minimizing sequence Kh
0 3 fn ⇀ f in L2(0, 1).

fn(ω) =

∫ ∞
0

{
L(ω, u + ih)− 2u

u2 + 1

}
dµn(u) +

∫ ∞
0

2udµn(u)

u2 + 1

fn(ω) ⇀ f (ω) = α +

∫ ∞
0

L(ω, u + ih)dµ(u) in L2(0, 1)
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Extrapolation via least squares works!
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Is extrapolation an ill-posed problem?

U(ε) =

{
(f , g) ∈ Kh

0 :
‖f − g‖L2(0,1)

max(‖f ‖, ‖g‖)
≤ ε
}
, ‖f ‖ = ‖f ‖H2(Hh)

∆ω(ε) = sup
(f ,g)∈U(ε)

|f (ω)− g(ω)|
max(‖f ‖, ‖g‖)

, ω > 1.

Can ∆ω(ε) be large?

Theorem. lim
ε→0

∆ω(ε) = 0, for all ω > 1.

What is going on here?
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Recasting the problem

U(ε) =

{
(f , g) ∈ Kh

0 :
‖f − g‖L2(0,1)

max(‖f ‖, ‖g‖)
≤ ε
}
.

∆ω(ε) = sup
(f ,g)∈U(ε)

|f (ω)− g(ω)|
max(‖f ‖, ‖g‖)

,

φ = f − g

U∗(ε) =

{
φ ∈ H2(Hh) :

‖φ‖L2(0,1)

‖φ‖
≤ ε
}
. ∆∗ω(ε) = sup

φ∈U∗(ε)

|φ(ω)|
‖φ‖

,

Theorem. lim
ε→0

ln ∆∗ω(ε)

ln ε
= lim

ε→0

ln ∆ω(ε)

ln ε

Passivity plays no additional regularizing role
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Can a well-posed problem be ill-posed?

Theorem. ∆∗ω(ε) ∼ εγ(ω)
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The variational problem


|φ(ω0)| → max

‖φ‖H2 ≤ 1

‖φ‖L2(−1,1) ≤ ε
φ(ω) = φ(−ω),

Know how to solve
|φ(ω0)| → max

‖φ‖H2 ≤ 1

‖φ‖L2(−1,1) ≤ ε
⇐⇒


<e(φ(ω0))→ max

‖φ‖H2 ≤ 1

‖φ‖L2(−1,1) ≤ ε
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Making objective functional linear

|φ(ω)| = max
|λ|=1

<e(λφ(ω)).


<e(λφ(ω0))→ max

‖φ‖H2 ≤ 1

‖φ‖L2(−1,1) ≤ ε
φ(ω) = φ(−ω),

The restriction operator R : H2 → L2(−1, 1), K = R∗R

‖φ‖2
L2(−1,1) = (Kφ, φ), (Kφ)(ω) =

1

2π

∫ 1

−1

iφ(x)dx

ω − x + 2ih
.

K (ω, z) =
i

2π(ω − z + 2ih)
is the reproducing kernel of H2(Hh).
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Eliminating symmetry constraint

(Sφ)(ω) =
φ(−ω) + φ(ω)

2
.

Key observations

1 SK = KS .
2 λφ(ω0) = λ(φ,K (·, ω0)) = λ(Sφ,K (·, ω0)) =

(Sφ, λK (·, ω0)) = (φ,S(λK (·, ω0))) = (φ, pλ)

Symmetry constraint is eliminated:
<e(φ, pλ)→ max

(φ, φ) ≤ 1

(Kφ, φ) ≤ ε2

pλ = S(λK (·, ω0)).

(φ, pλ) = (Sφ, pλ), ‖φ‖2 = ‖Sφ‖2 + ‖(1− S)φ‖2 ≥ ‖Sφ‖2,

(Kφ, φ) = (KSφ, Sφ) + (K(1− S)φ, (1− S)φ) ≥ (KSφ,Sφ).
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The method of Lagrange multipliers

max
φ
{2<e(φ, pλ)− µ(φ, φ)− ν(Kφ, φ)}

pλ = µφ+ νKφ ⇒ φ = (µ+ νK)−1pλ.

‖(µ+ νK)−1pλ‖2 = 1, (K(µ+ νK)−1pλ, (µ+ νK)−1pλ) = ε2

ν2 = ‖(η +K)−1pλ‖2, ν2 = ε−2(K(η +K)−1pλ, (η +K)−1pλ)

η =
µ

ν
, Ψ(η) :=

(K(η +K)−1pλ, (η +K)−1pλ)

‖(η +K)−1pλ‖2
= ε2.

Ψ(η) ↑↑, Ψ(0+) = 0, Ψ(∞) =
(Kpλ, pλ)

‖pλ‖2
> 0.

∃!η∗(ε) : Ψ(η∗(ε)) = ε2, η∗(ε) ∼ ε2.

φ =
u

ν
, (ε2 +K)u = pλ.
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Taking both roads at the fork

φ =
u

ν
, (ε2 +K)u = pλ.

ν2 = ‖(ε2 +K)−1pλ‖2 = ‖u‖2

ν2 = ε−2(K(ε2+K)−1pλ, (ε
2+K)−1pλ) = ε−2(Ku, u) = ε−2‖u‖L2(−1,1).

If φ =
u

‖u‖
, then ‖φ‖ = 1, ‖φ‖L2(−1,1) =?.

If φ =
εu

‖u‖L2(−1,1)
, then ‖φ‖L2(−1,1) = ε, ‖φ‖ =?

Taking both roads at the fork

φ = min

{
1

‖u‖
,

ε

‖u‖L2(−1,1)

}
u.

Then ‖φ‖ ≤ 1, ‖φ‖L2(−1,1) ≤ ε.
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Main result

∆∗z(ε) ≤ 3

2
max
|λ|=1

min

{
|S(λu)(ω0)|
‖S(λu)‖

,
ε|S(λu)(ω0)|
‖S(λu)‖L2(−1,1)

}
,

where u solves

∫ 1

−1
K (ω, x)u(x)dx + ε2u(ω) = p0(ω)

K (ω, z) =
i

2π(ω − z + 2ih)
, p0(ω) = K (ω, ω0).

Solution by diagonalization

Ken = λnen, ‖en‖L2 = 1, un = (u, en)L2 , πn = (K (·, ω0), en)L2

un =
πn

ε2 + λn
, u(ω0) =

∞∑
n=1

unen(ω0) =
∞∑
n=1

|πn|2

λn(ε2 + λn)
.

en(ω0) = (en,K(·, ω0)) =
1

λn
(Ken,K(·, ω0)) =

1

λn
(en,K(·, ω0))L2 =

πn
λn
.
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Power law from exponential decay

λn ∼ e−αn, |πn|2 = e−βb, β < α < 2β.

u(ω0) ∼
∞∑
n=1

e(β−α)n

ε2 + e−βn
.

f (η) =
∞∑
n=0

an

η + bn
, η → 0+, 0 < b < a < 1,

F (η) =
∞∑
n∈Z

an

η + bn
= f (η) + g(η), g(0) =

b

a− b
.

1

η
= b−

ln η
ln b = b−p(η), F (η) =

ap(η)

η

∞∑
n∈Z

an−p(η)

1 + bn−p(η)

f (η) ∼ F (η) = ηγ
∞∑
n∈Z

an−{p(η)}

1 + bn−{p(η)} ∼ η
γ γ =

ln a

ln b
− 1.
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Exponential decay of eigenvalues of K

(Ku)(x) =
i

2π

∫ 1

−1

u(y)dy

x − y + 2ih

Displacement structure of the integral operator

MK −KM∗ =
i

2π
1⊗ 1, (Mu)(x) = (x + ih)u(x).

Theorem(Beckermann-Townsend, 2017) If K has a
displacement structure above then

λn(K) ≤ Zn(σ(M), σ(M∗))

Zn(A,B)—nth Zolotarev (1877) number of disjoint closed set
{A,B} ⊂ C.
Theorem(Gonchar, 1969) If A and B are connected compact
continua, then Zn(A,B) ∼ ρ−n, where ρ is the Riemann invariant
of C∞ \ {A ∪ B}
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Beckerman-Townsend upper bound for K

ρ = e−2πK(1−m)/K(m),

K (m)E (x(m)|m)−E (m)F (x(m)|m) =
π

2h
, x(m) =

√
K (m)− E (m)

mK (m)
.



Introduction LSQ Mathematical analysys

Mechanism of flexibility: the annulus

Aρ = {ρ < |z | < 1}, ρ < r < 1, Γr = {|z | = r}, r < |z0| < 1.

∆(ε) = max
‖φ‖

L2(Γr )
≤ε

‖φ‖
H2(Aρ)

≤1

|φ(z0)|

The maximizer is

M(z) = ε2−γ(z0)
∞∑
n=1

(zz0)n

ε2 + r2n
, γ(z0) =

ln |z0|
ln r

.

The maximal relative error is ∆(ε) ∼ εγ(z0)
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Upper bound on γ(ω0) for susceptibility

1 Map conformally C∞ \ {Γ ∪ Γ#} to the standard annulus
Aρ = {ρ−1/2 < |z | < ρ1/2}, where Γ = [−1, 1],
Γ# = [−1, 1]− 2ih–reflection of Γ with respect to ∂Hh.

Ψ : C∞ \ {Γ ∪ Γ#} → Aρ

|Ψ([−1, 1])| = ρ−1/2, |Ψ(R− ih)| = 1

2 Use “the mechanism” to build a test function

φ(ω) =
ε2−γ̃(ω0)

(ω + 2ih)2

∞∑
n=1

(Ψ(ω)Ψ(ω0))n

ε2 + ρn
, γ̃(ω0) =

ln |Ψ(ω0)|
ln
√
ρ

3 Our upper bound is γ(ω0) ≤ γ̃(ω0) =
ln |Ψ(ω0)|

ln
√
ρ

.
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Comparison between γ(ω) and γ̃(ω)

If h ≥ 0.7 there is no observable difference between γ(ω) and γ̃(ω).
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