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Symmetric function theory

Q[z1, . . . , zN ]SN

Bases are indexed by partitions

(6, 5, 2, 2, 1) ←→

Simple bases: mλ, pλ, eλ, hλ
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Calogero-Sutherland model

N identical particles on a circle with a pairwise interaction

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

H =
N∑
i=1

∂2

∂x2
i

+ β(β − 1)
∑
i<j

1

sin2(xi − xj)
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Calogero-Sutherland model

H = α

N∑
i=1

(zi∂zi )
2 +

∑
1≤i<j≤N

(
zi + zj
zi − zj

)(
zi∂zi − zj∂zj

)

Jack polynomials J
(α)
λ :

H J
(α)
λ = ελJ

(α)
λ and J

(α)
λ = mλ + smaller terms
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Symmetric function theory

J
(α)
λ

sλ
?

α→1
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Symmetric function theory

M
(q,t)
λ

J
(α)
λ

sλ

?

q=tα

t→1

?

α→1
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Symmetric function theory

M
(q,t)
λ COMBINATORICS

J
(α)
λ PHYSICS

sλ combinatorics

?

q=tα

t→1

?

α→1
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Symmetric function theory

I Macdonald polynomials: Macdonald positivity, diagonal
coinvariants, Catalan combinatorics, Cherednik algebras,
Elliptic Hall algebra, torus knots, etc...

I Jack Polynomials: Calogero-Sutherland model, Virasoro
algebras, CFT, AGT conjecture, generalized Pauli principle,
etc...
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Macdonald positivity

M
(q,t)

= t s + (1 + qt)s + q s

1 2 3
1 2
3

1 3
2

1
2
3
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1 q + q2 + q3 q2 + q4 q3 + q4 + q5 q6

t 1 + qt + q2t q + q2t q + q2 + q3t q3

t2 t + qt + qt2 1 + q2t2 q + qt + q2t q2

t3 t + t2 + qt3 t + qt2 1 + qt + qt2 q

t6 t3 + t4 + t5 t2 + t4 t + t2 + t3 1
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L. Butler and L. Butler!!
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Symmetric function theory in SUPERSPACE!!!!!

Luc Lapointe

Symmetric functions in superspace



Supersymmetry

2 types of particles in nature

bosons (integer spin: 0, 1, 2, . . .)

fermions (half integer spin: 1/2, 3/2, . . .)

Ψ −→ Ψ Ψ −→ −Ψ
exchange of two bosons exchange of two fermions

(Pauli’s exclusion principle)

Unification of bosons and fermions in a graded algebra

H = HB ⊕HF
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A symmetric function theory in superspace

Q[z1, . . . , zN , θ1, . . . , θN ]SN with θiθj = −θjθi and θ2
i = 0

N = 2: (z1 − z2) θ1θ2 = (z2 − z1) θ2θ1

Power sums: p1, p2, . . . ,p̃0, p̃1, . . .

pr = z r1 + z r2 + · · · and p̃k = θ1z
k
1 + θ2z

k
2 + · · ·

p̃i p̃j = −p̃j p̃i and p̃2
i = 0
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Superpartitions

Λ = (Λa; Λs)

{
Λs is a usual partition
Λa has no repeated parts

(4, 2, 0; 3, 2, 1, 1) ←→ (4, 3, 2, 2, 1, 1, 0) ←→

•

•

•

p4,2,0;3,2,1,1 = p̃4 p̃2 p̃0 p3 p2 p1 p1
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Supersymmetric Calogero-Sutherland model

Hsusy = H − 2
∑

1≤i<j≤N

zizj
(zi − zj)2

(θi − θj)(∂θi − ∂θj )

Extra operator:

Isusy = α

N∑
i=1

ziθi∂zi∂θi +
∑

1≤i<j≤N

ziθj + zjθi
zi − zj

(∂θi − ∂θj )

Common eigenfunctions are Jack polynomials in superspace

J
(α)
Λ (z , θ)
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Symmetric function theory in superspace

J
(α)
Λ

s1
Λ

?

α→1
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Symmetric function theory in superspace

J
(α)
Λ PHYSICS

s1
Λ NO combinatorics

?

α→1
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Symmetric function theory in superspace

I Jack polynomials in superspace: super Virasoro, super CFT,
AGT, generalized Pauli principle
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Symmetric function theory in superspace
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Symmetric function theory in superspace
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Symmetric function theory in superspace

M
(q,t)
Λ

J
(α)
Λ

s0
Λ s1

Λ s∞Λ

pppppppppppppppppppppp�
q=t=0

p p p p p p p p p p p p p p p p p p p p p p pU
q=t=∞

?

?

α→1
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Macdonald positivity conjecture in superspace

M
(q,t)
Λ =

∑
Ω

KΩΛ(q, t) s0
Ω with KΩΛ(q, t) ∈ N[q, t]???

KΩΛ(1, 1) = dimension of ????
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•
•

•
•

•

•
•

•

•

•

•
• 1 q q + q2 q2 q3

•
• qt 1 q + q2t q3t q2

•

•
t t 1 + qt q q

•
•

t2 qt3 t + qt2 1 qt

•

•

t3 t2 t + t2 t 1
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Macdonald positivity conjecture in superspace

M
(q,t)

• = t s • + s • + qt s
•

+ q s

•

M
(q,t)

= t s + (1 + qt)s + q s

Refinement of the original problem!!
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Macdonald positivity conjecture in superspace

M
(q,t)

• = t s • + 1 · s • + qt s
•

+ q s

•

M
(q,t)
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Macdonald positivity conjecture in superspace

M
(q,t)

•
=t2 s • + qt s

•
+ (t + qt2)s •

+ (1 + q2t2)s
•

+ (q + q2t)s

•

+ qt s • + q2 s

•

Not refined enough...

More supersymmetries????

◦
•

Luc Lapointe

Symmetric functions in superspace



Macdonald positivity conjecture in superspace

M
(q,t)

•
=t2 s • + qt s

•
+ (t + qt2)s •

+ (1 + q2t2)s
•

+ (q + q2t)s

•

+ qt s • + q2 s

•

Not refined enough...

More supersymmetries????

◦
•

Luc Lapointe

Symmetric functions in superspace



Macdonald positivity conjecture in superspace

M
(q,t)

•
=t2 s • + qt s

•
+ (t + qt2)s •

+ (1 + q2t2)s
•

+ (q + q2t)s

•

+ qt s • + q2 s

•

Not refined enough...

More supersymmetries????

◦
•

Luc Lapointe

Symmetric functions in superspace



Macdonald positivity conjecture in superspace

M
(q,t)

•
=t2 s • + qt s

•
+ (t + qt2)s •

+ (1 + q2t2)s
•

+ (q + q2t)s

•

+ qt s • + q2 s

•

Not refined enough...

More supersymmetries????

◦
•

Luc Lapointe

Symmetric functions in superspace



Symmetric function theory in superspace

I What is known: eigenoperators, norm, evaluation, duality,
Pieri rules (Jack, Schur)

I What is conjectured: symmetry, Pieri rules (Macdonald)

I What is unknown: A lot!!
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of e1J
(α)
Λ are quotients of linear factors in α

·
•

•

•

•
•

•
•

-

3α(5α + 2)

(3α + 2)2(5α + 3)
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of e2J
(α)
Λ are quotients of linear factors in α.

Sometimes there is a quadratic factor

·
•

•

•
•

•

•

-

− 2α3(3α2 + α− 1)

(6α + 5)(7α + 5)(α + 1)(α + 2)(3α + 1)(2α + 1)

Sum of 2 terms
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of e3J
(α)
Λ are quotients of linear factors in α.

Sometimes there is a degree 6 factor!!!!!!!!

·
•

•
•

•
•

•
•

•

•

-

1

1152

α4(2α + 3)(3α + 4)(416α6 + 2000α5 + 3484α4 + 2608α3 + 559α2 − 256α − 108)

(4α + 3)(5α + 4)(7α + 6)(2α + 1)(α + 1)10

Sum of 6 terms???????
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of e3J
(α)
Λ are quotients of linear factors in α.

Sometimes there is a degree 6 factor!!!!!!!!

·
•

•
•

•
•

•
•

•

•

-

1

1152

α4(2α + 3)(3α + 4)(416α6 + 2000α5 + 3484α4 + 2608α3 + 559α2 − 256α − 108)
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Sum of 7 terms!!!!!!!!!!!!!
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Why 7???

 1 0 0
0 1 0
0 0 1

  1 0 0
0 0 1
0 1 0

  0 1 0
1 0 0
0 0 1

  0 1 0
0 0 1
1 0 0


 0 0 1

1 0 0
0 1 0

  0 0 1
0 1 0
1 0 0

  0 1 0
1 −1 1
0 1 0


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Alternating Sign Matrices

1, 2, 7, 42, 429, . . .


0 1 0 0 0
1 −1 0 1 0
0 0 1 −1 1
0 1 0 0 0
0 0 0 1 0


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Square Ice
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Square Ice

H O H O H O H O H

H H H H

H O H O H O H O H

H H H H

H O H O H O H O H

H H H H

H O H O H O H O H
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Square Ice
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H H H H

H O H O H O H O H

H H H H

H O H O H O H O H

H H H H

H O H O H O H O H
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H O H z

H

O

H

z−1

H O

H
or

H

H O

az − (az)−1

a− a−1
= [az ]

O H

H

or
H

O H

z − z−1

a− a−1
= [z ]
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Partition function of the square ice model

z → zij = xi/yj

There is a closed form formula for the partition function:

Zn(x , y ; a) =

∏
i xi/yi

∏
i ,j [xi/yj ] [axi/yj ]∏

i ,j [xi/xj ] [yi/yj ]
det

(
1

[xi/yj ] [axi/yj ]

)
i ,j
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There is a closed form formula for the partition function:

Zn(x , y ; a) =

∏
i xi/yi

∏
i ,j [xi/yj ] [axi/yj ]∏

i ,j [xi/xj ] [yi/yj ]
det

(
1

[xi/yj ] [axi/yj ]

)
i ,j
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of enJ
(α)
Λ are quotients of linear factors in α

times the partition function of the Square Ice model

·
•

•
•

•
•

•
•

•

•

-

1

1152

α4(2α + 3)(3α + 4)(416α6 + 2000α5 + 3484α4 + 2608α3 + 559α2 − 256α − 108)

(4α + 3)(5α + 4)(7α + 6)(2α + 1)(α + 1)10
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How to go beyond??

Can the Macdonald positivity conjectures be further refined?
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Extra supersymmetries

Q[z1, . . . , zN , θ1, . . . , θN , φ1, . . . , φN ]SN

with

θiθj = −θjθi , φiφj = −φjφi θiφj = −φjθi

Power sums: p1, p2, . . . ,p̃0, p̃1, . . ., p̄0, p̄1, . . ., p̂0, p̂1, . . .

pr = z r1 + z r2 + · · · p̃k = θ1z
k
1 + θ2z

k
2 + · · ·

p̄r = φ1z
r
1 + φ2z

r
2 + · · · p̂k = θ1φ1z

k
1 + θ2φ2z

k
2 + · · ·
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Extra supersymmetries

J
(α)
Λ are eigenfuntions of a N = 2 supersymmetric model

Combinatorics seems to be much more mysterious...
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One circle of each type

M
(q,t)
Λ ←→ St{m+1,m+2,... } E

(q,t)
η

•
•

•
◦
•
•
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One circle of each type

M
(q,t)
Λ ←→ St{m+1,m+2,... } E

(q,t)
η

•
•

•
◦
•
•
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One circle of each type

M
(q,t)
Λ ←→ St{m+1,m+2,... } E

(q,t)
η

2
5

1
3
4
6

Luc Lapointe

Symmetric functions in superspace



One circle of each type

I After some serious tweaking we get Macdonald positivity
conjectures!!

I The conjectures embed naturally into one another
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1 q + q2 + q3 q2 + q4 q3 + q4 + q5 q6

t 1 + qt + q2t q + q2t q + q2 + q3t q3

t2 t + qt + qt2 1 + q2t2 q + qt + q2t q2

t3 t + t2 + qt3 t + qt2 1 + qt + qt2 q

t6 t3 + t4 + t5 t2 + t4 t + t2 + t3 1
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• •
•

• •

•

•

• 1 q3 q + q2 q2 + q4 q4 + q5 q3 q6

•
t 1 qt + q2t q + q2t q + q2 q3t q3

• t q2t 1 + qt q + q2t q2 + q3t q q3

• t2 qt t + qt2 1 + q2t2 q + q2t qt q2

•

t3 t t2 + qt3 t + qt2 1 + qt qt2 q

•
t3 qt3 t + t2 t + qt2 qt + qt2 1 q

•

t6 t3 t4 + t5 t2 + t4 t + t2 t3 1
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◦
•

•
◦

◦
• ◦

•

◦

•

•

◦ ◦
•

◦
•

1 q2t q q2 q q3t q3

•
◦

q2t 1 q q2 q3t q q3

◦
• qt qt2 1 q2t q qt q2

◦
•

t t2 qt2 1 qt qt2 q

◦

•

t qt3 t qt 1 qt2 q

•

◦
t3q t t qt qt2 1 q

◦
•

t3 t4 t4 t t2 t3 1
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1 2 3
4

1 2 4
3

1 3
2 4

1 2
3
4

1 3
2
4

1 4
2
3

1
2
3
4

◦
•

1 q2t q q2 q q3t q3

•
◦

q2t 1 q q2 q3t q q3

◦
• qt qt2 1 q2t q qt q2

1 2
3
4

t t2 qt2 1 qt qt2 q

◦

•

t qt3 t qt 1 qt2 q

•

◦
t3q t t qt qt2 1 q

◦
•

t3 t4 t4 t t2 t3 1

Luc Lapointe

Symmetric functions in superspace



• 1 2 3
4

1 2 4
3

•
•

1 3
2 4

1 2
3
4

1 3
2
4

1 4
2
3

1
2
3
4

• 1 q3 q + q2 q2 + q4 q4 + q5 q3 q6

•
t 1 qt + q2t q + q2t q + q2 q3t q3

• t q2t 1 + qt q + q2t q2 + q3t q q3

• t2 qt t + qt2 1 + q2t2 q + q2t qt q2

1 2
3
4
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1 2 3 4
1 2 3
4

1 2 4
3

1 3 4
2

1 2
3 4

1 3
2 4

1 2
3
4

1 3
2
4

1 4
2
3

1
2
3
4

• 1 q3 q + q2 q2 + q4 q4 + q5 q3 q6
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M 1 2
3
4

= t3s 1 2 3 4 + qt3s 1 3 4
2

+ t s 1 2 3
4

+ t2s 1 2 4
3

+ t s 1 2
3 4

+ qt2s 1 3
2 4

+ s 1 2
3
4

+ qt s 1 3
2
4

+ qt2s 1 4
2
3

+ q s 1
2
3
4

No more freedom!!
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Collaborators: P. Desrosiers, P. Mathieu, O. Blondeau-Fournier, M. Jones,

L. Alarie-Vézina, J. Gatica, C. Gonzaléz, S. Fishel, M.E. Pinto
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THANK YOU!!

Collaborators: P. Desrosiers, P. Mathieu, O. Blondeau-Fournier, M. Jones,

L. Alarie-Vézina, J. Gatica, C. González, S. Fishel, M.E. Pinto
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