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Symmetric function theory
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Symmetric function theory

(@[21, . ,ZN]SN

Bases are indexed by partitions

(6,5,2,2,1) +—
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Symmetric function theory

(@[21, . ,ZN]SN

Bases are indexed by partitions

(6,5,2,2,1) +—

Simple bases: my, px, ex, hy
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Calogero-Sutherland model

N identical particles on a circle with a pairwise interaction
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Calogero-Sutherland model

N identical particles on a circle with a pairwise interaction
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Calogero-Sutherland model

N .
H=a«o Z (Z,'azl.)2 + Z (ZI i ZJ) (z,-@z, - Zjazj)

) .. Zi — ZJ
i=1 1<i<j<N
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Calogero-Sutherland model

N .
H=a) (20,7 + > C J_r Z) (20, — 20y,)
i=1 !

1<i<j<N
(a).

Jack polynomials J|

H J(ﬂ) J(ﬂ) and J/(\”') = m)y + smaller terms
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Symmetric function theory

Luc Lapointe
Symmetric functions in superspace



Symmetric function theory
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Symmetric function theory

N COMBINATORICS
=
S PHYSICS
a—1
5;\ combinatorics
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Symmetric function theory

» Macdonald polynomials: Macdonald positivity, diagonal
coinvariants, Catalan combinatorics, Cherednik algebras,
Elliptic Hall algebra, torus knots, etc...
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Symmetric function theory

» Macdonald polynomials: Macdonald positivity, diagonal
coinvariants, Catalan combinatorics, Cherednik algebras,
Elliptic Hall algebra, torus knots, etc...

» Jack Polynomials: Calogero-Sutherland model, Virasoro
algebras, CFT, AGT conjecture, generalized Pauli principle,
etc...
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Macdonald positivity

Mﬁjt) = tsD:D—i-(l—i-qt)sBj—l— qsﬁ
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Macdonald positivity

Mﬁjt) = tsD:D—i-(l—i-qt)sBj—l— qsﬁ

12] 11
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L. Butler and L. Butler!!
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Supersymmetry

2 types of particles in nature
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Supersymmetry

2 types of particles in nature

bosons  (integer spin: 0,1,2,...)
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Supersymmetry

2 types of particles in nature
bosons  (integer spin: 0,1,2,...)

fermions  (half integer spin: 1/2,3/2,...)
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Supersymmetry

2 types of particles in nature
bosons  (integer spin: 0,1,2,...)
fermions  (half integer spin: 1/2,3/2,...)
v— Vv v — -V

exchange of two bosons exchange of two fermions
(Pauli’s exclusion principle)
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Supersymmetry

2 types of particles in nature
bosons  (integer spin: 0,1,2,...)
fermions  (half integer spin: 1/2,3/2,...)
v— Vv v — -V

exchange of two bosons exchange of two fermions
(Pauli’s exclusion principle)

Unification of bosons and fermions in a graded algebra

H=HgDHF
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@ Donald J. Trump & (" Folow )
@realDonaldTrump p o’
Lapointe is right. Trillions in taxpayers'
money wasted on looking for FAKE
supersymmetry at CERN. SAD!

6:13 PM - 1 Nov 2017

25,918 Retweets 75406Lkes B )@@ QG & _

Q 52K T 26K Q 1K &
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A symmetric function theory in superspace

Qlz1,...,zn,01,...,08]°Y  with 6,0, = —60:0; and 62> =0
J J i
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A symmetric function theory in superspace

Qlz1,...,zn,01,...,08]°Y  with 6,0, = —60:0; and 62> =0
J J i

N=2: (Zl — 22)9102 = (22 — 21)52Q1
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A symmetric function theory in superspace

Qlz1,...,zn,01,...,08]°Y  with 6,0, = —60:0; and 62> =0
J J i

N=2: (Zl — 22)9102 = (22 — 21)5291
Power sums: p1, p2,...,p0, P1,---
pr=2z1+z5+--- and Pr = 0125 + Opz5 4 - -
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A symmetric function theory in superspace

Qlz1,...,zn,01,...,08]°Y  with 6,0, = —60:0; and 62> =0
J J i

N=2: (Zl — 22)9102 = (22 — 21)5291
Power sums: p1, po,...,po, p1,
pr=2z1+z5+--- and B = 0125 + 025 + -

pipj = —Pjpi and p; =
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Superpartitions

A= (A% 1) { A® is a usual partition

A? has no repeated parts
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Superpartitions

s "
A= (A% 1) { A® is a usual partition

A? has no repeated parts

(4,2,0;3,2,1,1) «— (4,3,2,2,1,1,0) <«

o117
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Superpartitions

s "
A= (A% 1) { A® is a usual partition

A? has no repeated parts

(4,2,0;3,2,1,1) «— (4,3,2,2,1,1,0) <«

o117

P4,2,0:3,2,1,1 = P4 P2 Po P3 P2 P1 P1
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Supersymmetric Calogero-Sutherland model

Hsusy =H-2 Z ZIZJ 8 —b; )(89,' - (99].)
1</<J<N zi
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Supersymmetric Calogero-Sutherland model

Hsusy =H-2 Z ZIZJ 8 —b; )(89,' - (99].)
1</<J<N zi

Extra operator:

N
~ zi0; + z;0;
lusy = @y 20i0,05, + > —Z—=(0p, — )

: o Zi — Zj
i=1 1<i<j<N
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Supersymmetric Calogero-Sutherland model
Hsusy =H-2 Z ZIZJ 0 —b; )(89,- - 89]‘)
1</<J<N zi

Extra operator:

N . Z,'HJ' + ZJ'H,'
lsusy = azzieidz,-ae; + Z ————(9%, — 99;)

: o Zi — Zj
i=1 1<i<j<N

Common eigenfunctions are Jack polynomials in superspace

JSN(z,6)
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Symmetric function theory in superspace
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Symmetric function theory in superspace

s PHYSICS
J a—1
sh NO combinatorics
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Symmetric function theory in superspace

» Jack polynomials in superspace: super Virasoro, super CFT,
AGT, generalized Pauli principle

Luc Lapointe
Symmetric functions in superspace



Symmetric function theory in superspace

s PHYSICS
J a—1
sh NO combinatorics
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Symmetric function theory in superspace

(q.t)
M7
q=t%
t—1
Y
S PHYSICS
a—1
Y
sh NO combinatorics
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Symmetric function theory in superspace

R COMBINATORICS
"’titf
S PHYSICS
a—1
sh NO combinatorics
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Symmetric function theory in superspace

(g:t)
My
Y
q=t=0 J/(\a) " q=t=00
a—1
» Y Al
5/\ 5/1\ S/C\>C
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Macdonald positivity conjecture in superspace

M/(\q‘t) = Z Kan(g,t) 83 with  Koa(q. t) € N[q, t]?77
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Macdonald positivity conjecture in superspace

M9 = N7 Koa(g, t) s with  Kon(q, t) € N[q, t]?7?
A Q

Kaa(1,1) = dimension of 7777

Luc Lapointe
Symmetric functions in superspace



l;lj].

EE.

Bj' t t | 1+qt| q | g
=g

Eo
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l;lj].

EP.

Bj' t t | 1+qt| q | g
=g

Eo
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l;lj].

EP.

Bj' t t | 1+qt| q | g
=g

Eo
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o m | R

1 g |9+¢* | ¢ |

gt 1 | q+q¢°t|¢t| ¢

t2 gt | t+qt> | 1 | gt

3 t2 t+ t2 t 1

l;lj].

EP.

Bj' t t | 1+qt| q | g
=g

Eo
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Macdonald positivity conjecture in superspace

M(Bq:f) =tST7. —|—SH. + qtsl;|3+ qu
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Macdonald positivity conjecture in superspace

M(Bq:f) =tST7. —|—SH. + qtsl;|3+ qu

/\/I(Eqﬁ) = tsD:D+(1+qt)sBj+qs@
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Macdonald positivity conjecture in superspace

M(qvt)

BE :tsm+l-sB3+qtsE]+qu

M(éﬁ) = tSD:D+(1+qt)SB:I+ QS@

Refinement of the original problem!!
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Macdonald positivity conjecture in superspace

M) 2 S[TTJe T At 1+ (t+ qt2)sBj.

+(1+ q2t2)SBg +(q+ qu)SB] + qtsﬁ. +q? 5@
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Macdonald positivity conjecture in superspace

M) 2 S[TTJe T At 1+ (t+ qt2)sBj.

+(1+ q2t2)SBg +(q+ qu)SB] + qtsﬁ. +q? 5@

Not refined enough...
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Macdonald positivity conjecture in superspace

M) 2 S[TTJe T At 1+ (t+ qt2)sBj.

+(1+ q2t2)SBg +(q+ qu)SB] + qtsﬁ. +q? 5@

Not refined enough...

More supersymmetries????

Luc Lapointe
Symmetric functions in superspace



Macdonald positivity conjecture in superspace

M) 2 S[TTJe T At 1+ (t+ qt2)sBj.

+(1+ q2t2)SBg +(q+ qu)SB] + qtsﬁ. +q? 5@

Not refined enough...

More supersymmetries????

|

o
L]
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Symmetric function theory in superspace

» What is known: eigenoperators, norm, evaluation, duality,
Pieri rules (Jack, Schur)

» What is conjectured: symmetry, Pieri rules (Macdonald)

» What is unknown: A lot!!
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Pieri rules for Jack polynomials in superspace

J(a)

Expansion coefficients of e;J,™’ are quotients of linear factors in o
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of elJ,(\a) are quotients of linear factors in «

3a(5a + 2)
(3 + 2)%(5 + 3)
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of ng,(\a) are quotients of linear factors in a.
Sometimes there is a quadratic factor

HEE e

203(3a% + o — 1)
(6cr +5)(7Ta + 5)(a + 1) (@ + 2)(Bar + 1) (2 + 1)

Sum of 2 terms
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of e3J,(\O‘) are quotients of linear factors in a.

1 oa*(2a 4 3)(3x + 4)(416a° + 20000° + 34840 + 26080° + 5590 — 256 — 108)

1152 (4a + 3)(5a + 4)(Ta + 6)(2c + 1)(cx + 1)10
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of e3J,(\O‘) are quotients of linear factors in a.

1 oa*(2a 4 3)(3x + 4)(416a° + 20000° + 34840 + 26080° + 5590 — 256 — 108)

1152 (4a + 3)(5a + 4)(Ta + 6)(2c + 1)(cx + 1)10
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Why 7777
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Alternating Sign Matrices

1,2,7,42,429, ...
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Alternating Sign Matrices

1,2,7,42,429,...
0 1 0 0 0
1 10 1 0
0 0 1 -1 1
0 1 0 0 0
0 0 0 1 0
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Square lce
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Square Ice
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Square Ice
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Partition function of the square ice model

z = zjj = xi/y;
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Partition function of the square ice model
z = zjj = xi/y;

There is a closed form formula for the partition function:

L1 xi/yi Hi,j[xf/yj] [axi/yj] q

1
Zn(x,y;a) = T1;,0xi/x1 i/l . (WYJ’][‘?X:'/YJ]);J
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Pieri rules for Jack polynomials in superspace

Expansion coefficients of enJ,(\a) are quotients of linear factors in «
times the partition function of the Square lce model

o]

1 a*(2a +3)(3a + 4)(416a° + 2000a° + 3484a* + 26080 + 5590 — 2560 — 108)
1152 (4o + 3)(5cc + 4)(Taw + 6)(2c + 1)(ex + 1)10
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How to go beyond??
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How to go beyond??

Can the Macdonald positivity conjectures be further refined?
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Extra supersymmetries

Q[Zl,...,ZN,Hl,...,HN,()l ..... DN

with

0;0; = —0;0;, i = —Pjdi 0ip; = —;0,
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Extra supersymmetries

Qlzt,- .- zn, 01, ..., On, D1, .. R
with
0;0; = —0;0;, Gipj = —@jd; 0ip; = —;0,
Power sums: p1, po, ... ,P0, P1y- -+ P05 PLs-- -5 POs PLy- - -
pr=2z{+zy+--- Br = 012F + Ooz5 + - -
pr = ¢12{ + pozy + - - - Pr = O1¢12f + Or¢ozy + -
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Extra supersymmetries

J,(\a) are eigenfuntions of a /' = 2 supersymmetric model
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Extra supersymmetries

J,(\a) are eigenfuntions of a /' = 2 supersymmetric model

Combinatorics seems to be much more mysterious...

Luc Lapointe
Symmetric functions in superspace



One circle of each type

M/(\W) — S{tm+1,m+2....} Er(;q’t)
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One circle of each type

e e o

[TTTT]
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One circle of each type

o & w|

[TTTT]
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One circle of each type

» After some serious tweaking we get Macdonald positivity
conjectures!!
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One circle of each type

» After some serious tweaking we get Macdonald positivity
conjectures!!

> The conjectures embed naturally into one another
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o | R | B |
[TTle 1 q q+q° P?+q" | ¢+ | ¢ |
NN t 1 gt + g°t g+d’t | 9+¢ |t |G
EP' t q°t 14 gt q+q¢*t @P+¢t| g | ¢
EE t2 qt t + gt? 1+¢°t | g+¢°t | qt | ¢°
t3 t t? + gt3 t + gt? 14+qgt | qt? | g

4
@' £3 qt3 t+ 2 t+qt2 | gt+qt2 | 1 | g
t0 t3 th 10 2+ tt t+ t? 31
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[TTle 1 q q+q° P?+q" | ¢+ | ¢ |
NN t 1 gt + g°t g+q¢’t | q+¢* | Pt |
EP' t q°t 14 gt q+q¢*t @P+¢t| g | ¢
EE t2 qt t + gt? 1+¢°t | g+¢°t | qt | ¢°
t3 t t? + qt3 t 4 qt? 1+qt | qt* | g

4
@' £3 qt3 t+ 2 t+qt2 | gt+qt2 | 1 | g
t0 t3 th 10 2+ tt t+ t? 31
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ia[a] + t S
[3]4]

+s+qts+qt2s+qs
[4]

3 2
M:t35+qt534+t5123+ts
[4]

2]
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3 2
M:t3s+qt 534+t5123 + t°s
[4]

Luc Lapointe

ia[a] + t S
[3]4]

+s+qts+qt2s+qs
[4]

2]

No more freedom!!

Symmetric functi

s in superspace



@ Donald J. Trump & (" Folow )
@realDonaldTrump > 4
There is NO collusion with Russia!! Why not
investigate crooked Macdonald positivity in
SUPERSPACE instead? UNFAIR!
#MarkHaiman

1:56 PM - 2 Nov 2017

45871 Retweets 134860Lkes @ X @Y O @G S @

Q 46K 0 46K Q 185k 5
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Collaborators: P. Desrosiers, P. Mathieu, O. Blondeau-Fournier, M. Jones,

L. Alarie-Vézina, J. Gatica, C. Gonzaléz, S. Fishel, M.E. Pinto
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THANK YOU!!

Collaborators: P. Desrosiers, P. Mathieu, O. Blondeau-Fournier, M. Jones,

L. Alarie-Vézina, J. Gatica, C. Gonzilez, S. Fishel, M.E. Pinto
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