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Plan of the Talk

| discuss how the convex integration approaches in [Kim & Y.
'15-'18] on the Perona-Malik and forward-backward equations can
be generalized to study some general diffusion systems, including
the gradient flow of some polyconvex functionals; this may be
viewed as parallel to the study on critical points for polyconvex
functionals of [Székelyhidi '04], but focusing on the aspects of
nonuniqueness and instability (flexibility) of the IBVP.

@ Introduction and Main Results

o Gradient flow as nonhomogeneous PDI
e Convex integration: Tp-configurations and the building blocks

@ Condition (OC) and Existence for Diffusion System

o General existence for diffusion system by Baire's category
e Construction and the density of subsolution sets U and U,

© Compatibility of (OC) with Polyconvexity
e Ts-configuration supported by a polyconvex function on M?2*?2
e Perturbations, the polyconvex functions F and open sets
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|. Introduction and Main Results

Let M™*" be the space of m x n matrices and F: M™*" — R be
smooth. Consider the energy

<5'(u):/QF(Du)dx7 u: Q- R, (1)

here Q C R" is bounded open and Du is the Jacobian matrix of u.

@ Minimization of £ over a Sobolev space is closely related to the
notion of Morrey’s quasiconvexity. We say that F is strongly
quasiconvex if for some v > 0

[(Fa+00)—Fanac= 1 [ oot (@)
Q Q
holds for all A€ M™*" ¢ € C°(2;R™); (v =0 is Morrey's
quasiconvexity.) In this case, F may not be convex if m,n > 2.
@ If Fis C!, then (2) implies that the strong rank-one monotonicity:
(DF(A+p®a) — DF(A), p@a) > v|p|*|af? (3)

for all Ae M™*" p e R™, and o € R", where (A, B) stands for the
inner product of M™*" and p ® « for the matrix (p;c).
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@ In addition, if F is C2, condition (3) is equivalent to the uniform
strong Legendre-Hadamard condition:

9°F(A
ZZaaka pipjaxes > vlpPlaf? VpeR™, a R, (4)
ij=1lki=1 """

@ Minimizers of £ in a Dirichlet class satisfy the Euler-Lagrange
equations:
divDF(Du) =0 in Q. (5)
We say (5) is strongly elliptic if (4) holds for some v > 0.
The well-known results of [Evans '86] and [Miiller & Sverdk '03;
Székelyhidi '04] show that, unlike for a convex F, a Lipschitz weak
solution u of elliptic system (5) may not be a minimizer of £.

@ We study a parabolic companion of (5), known as the (L?)
gradient flow of energy £. To be more specific, given T > 0 and
ug: Q — R™, we study the initial-boundary value problem (IBVP):

u; =divDF(Du) in Qr =Qx(0,T),
u(x,t) =up(x) (x€0Q,0<t<T), (6)
u(x,0) =up(x) (xeQ).
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@ If F is convex, then monotone operator theory applies to (6); in
particular, (6) has a unique weak solution. However, there is no
general theory on the solvability of IBVP (6) under condition (3).
For general gradient problems (see [Ambrosio et al '05]), one may
use a time-discretization approximation based on the implicit Euler
scheme to produce the so-called generalized minimizing movements
and Young measure solutions for (6).

@ The existence of true weak solutions remains essentially open for
general nonconvex F's, including the strongly polyconvex functions

F(A) = €|AP + G(A,det A) (¢ >0, G(A,d) smooth convex) (7)
on M?*2 considered in [Székelyhidi '04], which satisfy (2) with

v = 2¢.

The similar open question remains open for elastodynamics
problems, despite many existing works; see [Kim & Koh '19].

@ Our main result is concerning the nonuniqueness and instability
(or flexibility) of Lipschitz weak solutions of (6) for certain strongly
polyconvex functions F of the form (7).
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The main result

Theorem (A) (Y. '19)

There exist smooth strongly polyconvex functions F: M?*?> — R
and smooth functions ug such that the IBVP (6) possesses a
sequence of Lipschitz weak solutions that converges weakly* to a
function which is not a Lipschitz weak solution itself.

@ We stress that the polyconvex functions and anomalous
solutions for system (5) constructed in [Székelyhidi '04] would
not give an example for our theorem. One must study the full
parabolic problem, not just the stationary elliptic problem.

@ In the theorem we may choose ug(x) = Ax for some
A € M?*2. In this case, the Lipschitz weak solutions in the
given sequence are (eventually) distinct and not a classical
solution by quasiconvexity, this proves the nonuniqueness of
the IBVP. However, we will not address the further irregularity
of these weak solutions: e.g., whether they can be nowhere

Clin x. but CM%in t.
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The main approach

Consider general nonlinear diffusion system in divergence form:

u; = divo(Du) in Qr, (8)
where 0 = (ol (A)): M™" — M™ " is a given diffusion flux.
If there exist functions vi,... ,v™: Q7 — R” such that
u' =divv', vi=0'(Du) ae. (x,t)€Qr, 9)
then u = (u!,...,u™) is a weak solution of (8). We generalize the

framework of [Zhang '06; Kim & Y. '15-'18] to setup (9) as a
(space-time) partial differential inclusion (PDI), by introducing the
function

w = [u,(v))]: Q7 — R™ x (R")™

Du‘ ue
Dv')  (vy)
A' a
(B") (b")
AeM™" acR™, B eM™ b eR” (i=1,...,m).

Baisheng Yan Convex Integration for Polyconvex Gradient Flows

with space-time Jacobian matrix Vw = {( } € M(m+nm)x(n+1).

here M(m+nm)x(n+1) is the space of matrices X = } with



@ For z € R™, define the matrix set K (z) c M(m+rm)x(nt1) py

K(z) = H(g‘,.) (U,.?A))] tr(B) = 7 (i = 1,...,m)}. (10)

Then (9) is equivalent to the nonhomogeneous PDI for w
Vw(x, t) € L(u(x,t)) a.e. (x,t) € Qr. (11)

@ The celebrated works [Miiller & Sversk '03; Székelyhidi '04]
mentioned above rely on studying the elliptic system (5) in 2-D as a
homogeneous PDI for U = (u, i) : Q C R?2 — R?™,

DU — (gﬂ) € Ky = {(DF?A)J) Ac mez}, (12)

where J = <(1) _01> and @i is a stream function of DF(Du).

@ Under (3), the set Kg has no rank-1 connections, however, its
rank-1 convex hull K{ is sufficiently large to contain many special
T4 or Ts configurations to build the so-called in-approximations; in
this way, Gromov's convex integration is adapted to constructing
Lipschitz but nowhere-C' weak solutions for certain strongly
quasiconvex or polyconvex functions F on M?2*2,
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The convex integration and Baire's category methods

@ There are primarily two approaches for studying PDls. One is a
generalization of Gromov’s convex integration method by Miiller
& Sverdk; the other is the Baire category method developed by
Dacorogna & Marcellini based on early ideas for ordinary differential
inclusions. Both methods rely on intermittent approximations by
certain relaxed (often open) relations.

@ In addition to many important earlier applications to
phase-transition and ferromagnetics problems, the method of convex
integration has recently found remarkable success in many
important PDE problems, e.g.: Incompressible Euler equations ([De
Lellis & Székelyhidi '09, '13; et al '15]); Active scalar equations
([Shvydkoy '11]); Porous medium equations ([Cordoba, Faraco &
Gancedo '11]); Perona-Malik and forward-backward parabolic
equations ([Zhang '06; Kim & Y. '15-"18]); 2-D Monge-Ampere
equations ([Lewicka & Pakzad '17]); Onsager's conjecture ([lsett
'18]); Navier-Stokes equation ([Buckmaster & Vicol '19]), etc.
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The main building blocks

The key building blocks for convex integration of PDls are the rank-1
convex hulls of matrix sets. We need the following generalization of
Tartar's famous T4-configurations.

Definition: Let N > 2 and {X1, X, ..., Xy} C MP*9. The N-tuple
(X1, Xa,...,Xy) is called a Ty-configuration if 3 P, Cy,...,Cy in
MP*9 and k1, ..., kn in R, with rank((;) =1, Zszl Ci=0and k; > 1,
such that

X1 =P+ kG,

X2 = P+ C1+I<52C2,
_ (13)

Xv=P+C+-+ Cy_1+rnCn.
Let L =P, P=P+C+ -+ C_qforj=2,3,...,N, and define
T(Xt, .. Xn) = UL {1 = X)X + AP 0 < A < 1} (14)

Remark: We do not require that {X1, Xz,..., Xy} contain no rank-1
connections; this allows for N = 2 and rank-1 connections.
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X2 \
P3 Xn-1
P1 = Pnt1
P
X 2 X,

To study the space-time PDI (11), due to the linear constraints in K(z),
we focus on the admissible Ty-configurations in M7 +mm)x(n+1) ywhose
determining rank-1 matrices are of the form

€= {(5’%(;) (Ssg’)]; pER™ seR, a#0, 5 R, g -a=0.
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Theorem (Convex Integration Building Blocks)

(i) Let Y € T(Xq,..., Xn), where (Xi,...,Xn) is an admissible
Tn-configuration in M(m+m)x(n+1)  Then . for all bounded open
G CR™ and e >0, Jw = [p, (¥')] € C(R™LR™ x (R™)™) with

(a) suppw CC G, divy' =0 inR" foralli=1,...,m, and
Jan (x 1) dx—Ofora//teR

(b) llwllioo(mrry < € and Y + Vw € [T(Xq, ..., Xn)]e on R

(c) there exist an open set V. CC G such that
|V| > (1 = E)|G|, Y +Vwe {Xl,Xz,...,XN} in V.

(ii) [Kim & Y. '15] Let ¢ € Wy >(Qo) satisfy [ (x, ) dx =0 for all
(O 1). Let ¢ = (Ly,19)(y) = Ip(XFL) fory € Qy/ Then there exists
g Ry.¢ in Wy ™ (Qy.1; R") such that divg = ¢ a.e.in Qy and

I8¢l (@) < CalllPellLoo (.- (15)

Moreover, if in addition ¢ € C*(Qo) then & = Ry, ¢ € CH(Qy,1; R").
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Il. Condition (OC) and Existence for Diffusion System

Definition: An N-tuple (&1,&,...,&n) with § € M™*" x (R")™ is
called a 7y-configuration provided that there exist p, v1,...,yn in
M™*" x (R")™ and k1 > 1,...,ky > 1 such that

§&1=p+ ki,
& .=p+71 + K272, (16)
Env=p+y+-FN-1F ENIN,
where v = [p; ® o, (sj/if)], with s; € R, oy, ﬁj’f €R", aj #0and
p; € R™ satisfying
Yiasip =0, Ys8=0 (i=1,...,m), (17)
Yiip®ap=0, Yl flea=0 (i=1...,m), (18)
Blaj=0 (j=1,...,N; i=1,...,m). (19)
Define py =p, pj=p+m+---+v-1forj=2,...,N, and
(&1 €n) = UL (&, pj)- (20)
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The main structural assumption

Definition: Let o: M™*" — M™" and K = {[A, (¢/(A))] : A € M™*"}.
We say that o satisfies Condition (OC) if there exists a nonempty
bounded open set X in M™*" x (R")™ such that

{v [A,(b))] € £ 3 N > 2 and Ty-configuration (&1, .. ., &) 1)

such that & € K for all j and [A, (b')] € (&1, ..., én) C T

Remarks: [Comparison with Condition (C) in the previous works.]

@ Condition (OC) is substantially different from Condition (C) of
[Miiller & Sverak '03; Székelyhidi '04] because the Ty-configurations
required have no matrix rank-1 structures, moreover, it is defined for
all dimensions m, n, while Condition (C) is only for n = 2.

@ Even when n = 2, the 7y-configurations are only equivalent to
certain spatial Ty-configurations that are more restrictive than the
usual Ty-configurations used for Condition (C); a general spatial
Tn-configuration may not produce a 7y-configuration at all.

@ In addition, Condition (OC) is more analytic and suitable for the use
of Implicit Function Theorem, which avoids the more geometrical
transversality and stability analysis of Condition (C).
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@ For scalar function cases (m = 1), we allow N = 2 to include the
following forward-backward diffusion equations (for n = 1):

Malik type Double-well irlenuul type

Hollig type P&rona

@ For 2-D cases (n = 2), (19) becomes (@;’)l _ q}aj for Qf €R,
where 3+ = BJ. Define £: M™*2 x (R2)™ — M?™*2 by

L(A, (b)) = [;‘J} VB = (b) € M™2, (22)

Then (&1, ...,&N) is a Ty-configuration in MM*2 x (R?)™ <=
(L&, ..., LEN) is a Ty-configuration in M?™*2 with rank-1 matrices

G = spé ® aj satisfying the more restrictive conditions:
54
N —_o TN —0
ZjN:I bj ® Qj = 7NZJ':1 5iqj ® aj =Y, (23)
2 m15P =0, 21,4 ®a®a; =0.
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@ Thus a Ty-configuration in M?™>2 may not produce a
Tn-configuration at all; this is the case for the Ts example of
[Székelyhidi '04] which does not produce a Ts-configuration!

@ The set of Ty-configurations satisfying (23) may be degenerate and
hard to study. We thus restrict ourselves to a set of even more
special Ty-configurations, which turns out sufficient for our purpose.

Definition: Let n =2 and N > 3. Let M}, be the set of
Tn-configurations (X1, ..., Xy) in M2™*2 whose determining rank-1
bj
((I'J' . (S)qj
aj, 8 € R? satisfy that at least three of aj's are mutually noncollinear and

that

matrices are given by C; = ) ® o, where p;, i € R™ and

N N
ZP]@OL]ZO, qu®aj®aj:0. (24)
j=1

j=1

(Thus all conditions in (23) are automatically satisfied with s; = ¢ - 0.)
We define M/, = L71(M},) to be the set of special Ty-configurations
in Mm*2 x (R2)™.
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The general existence theorem under Condition (OC)

The main technical theorem to prove our main result is the
following existence result under Condition (OC):
Theorem (B) (Y. '19)

Let o: M™*" — M™*" be continuous and satisfy Condition (OC),
with open set ¥ C M™*" x (R")™ as given in the definition.
Leti € CHQr;R™) and ¥ € CL(Q7;R") satisfy

i =divi', [Du, (V)] €X onQr (25)

for i =1,...,m. Then there exists a sequence {u,} of weak
solutions of (8) in W1>°(Q; R™) satisfying u,|an, = U that
converges weakly* to @ in WH>°(Qr; R™).

Remark: Condition (25) can be viewed as a relaxation for (11);
any such @i's are called a subsolution of diffusion system (8).
With an open set ¥ as given in Condition (OC), we may construct
many nontrivial functions @i and V' satisfying (25).
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Existence/nonuniqueness/instability of the IBVP (6) is a simple
consequence of Condition (OC). For example:

@ Assume [A, (b')] € Z; define o = (&*,...,a™), v/ = (v{,..., V) by

. n . 1 )
i(x,t)= Z axk + eg(x)t, \7J-’(x, t) = EQUXJ? + bt + ehj(x)t
k=1
fori=1,...,m;j=1,...,n, where
h(x) = (h1,---,hy) € CZ2(;R"),  g(x) =divh(x),
g(x)=divh(x)=1 VxeQ ccqQ.
Then, for all sufficiently small |e| > 0, condition (25) holds.

@ Each weak solution u, in Theorem (B) solves the IBVP:

u; =dive(Du) in Qr,
u(x, t) = Ax (x€ed0<t<T), (26)
u(x,0) = Ax (x € Q).

But the weak™® limit @i is not a solution to (26) since g(x) =1 on .
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Proof of Theorem (B):

The proof is based on the following general existence theorem under a
density assumption:

Theorem (C)

Let o: M™*" — M™*" be continuous, t € W1>°(Q;R™), and let U be
a nonempty bounded subset of Wl-}’oo(QT; R™). Assume, for each € > 0,
there exists a set

U C {u e U||lu; — diva(Du)||y-1q,) < €}
that is dense in U in the L°(Q21; R™)-norm. Then the set

S = {u e Wy°(Qr;R™)| u is Lipschitz solution of (8)}

is dense (thus nonempty) in U in the L>°(Q7;R™)-norm.

This result is proved by the Baire category method similarly as in [Kim
& Y. '15, '17, '18]. Note that, if u' = divv', the H=Y-norm above can be
bounded by ||v; — o(Du)|| 2.
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The subsolution sets U and U,

Theorem (B) follows from Theorem (C) if we prove the following:

Theorem (Density Theorem)

Let ¥,0, V' be as given in Theorem (B); fix m > ||ti¢|| > (q). Define U to
be the set of u € C3(Qr; R™) such that ||u;1=(q,) < m and

V' pc

vie G (27 R") with pieces {E;j}, satisfying
u' = divv', [Du, (vi)] € £ on EJ Vi=1l,....mj=1 ... pu,

and, for € > 0, define U, to be the set of u € U such that

v/, pc

u' = divv', [Du, (v})] € £ on Ej;

vl € G, (Q7:R") with pieces {Ej}, satisfying
Vé = Ui(Du)||L2(QT) X G

Then, for each € > 0, U, is dense in U in the L°°-norm.

The proof relies on the convex integration building block theorem;
property (21) of the open set X is critical.
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Proof of Density Theorem:

Let € > 0, u € U and p > 0 be fixed. Then [u¢[|i= (@) < m and there
exist v' € G (Qr;R") with piecees {E;}/_; such that
u' =divv', [Du,(vi)]€Z on &
fori=1,....m; j=1... 4.
The goal is to construct @i € U with [|ii — ul| ~(q,) < p; that is,
(i) @€ GO R™), ||iel|t(r) < m, |G — ul|i=(.) < p, and

(i) 3V € C‘_}f’pC(QT;R") with some pieces {P;}7; such that

i’ =divi’ on each P;,

[Dii, ()] € £ on each P, (27)

W} — o (Di)]| 2(y) < €
Step 1: Fix v € {1,...,u} and y € E,. Let A= Du(¥) and b’ = vi(j);
then [A, (b')] € X. By (OC), 37y-configuration ({1,&s,...,én) in K
given by p = [A, (b')],7; = [p; ® o, (5;8})] and k; > 1 such that

[A, (b)) € 7(&1,...,€n) C Z.
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Let (X;,...,X5) be the Ty-configuration in K(0). Let 0 < 7 << 1 be
such that, for

XT=(1-7)X+7P; (j=1,2,...,N), (28)
the N-tuple (X{"",..., Xy") is an admissible Ty-configuration and that
[A, (B)] € P(T(X;7,.... Xy")). Since P(X77) = P(X!'") for s # 0 and
lim dist(P(X"7); K) = dist(P(X;); K) = 0,
T—0F
there exists a further smaller 7 > 0 such that

dist(P(X"7); K) < W (G=1,2,...,N). (29)

Fix such a 7 > 0. Then
P(T(X7,..., XyT)) CP(T(X4,..., X)) C T

Since ¥ is open and P(T(X["",...,Xy")) is compact, there exists a
number 6, > 0 such that

[P(T(XTT, .., Xy, C T
Hence, for all s # 0,
PTG, Xy s,) C (TS, Xy )]s, C X (30)



Step 2: Apply the Building Block Theorem to unit cube
G = Qo CR™ with X* € T(X;7,..., Xy") to obtain a function
w = [p, (¥")] € CZ(Qo; R™ x (R™)™) such that

a) diV’(/Ji =0, ||99t||L°°(Qo) < 6_, + MI|5|7 ||§D||L°°(Qo) < 6/7 féo @(Xv t) dx =0,
b) {y € Qo : [A+ Dep(y), (b' + i(y)] ¢ UL {P(X))} < ¢,

() [A+ De(y), (b' + ()] € PT(XTT,. .., Xy ")) forall y € Qo.
Let 0 < / < 1. Consider functions [@, (/)] = Ly [, (1/))] and

gi = Ry,,ga" defined on @y, where Ly ; and Ry are defined in the
Building Block Theorem above. Let

P

=uy;=u+g, v—v-,—v P+ on Q. (31)
Then @i € u+ CZ(Qy,1), ¥ € W2(Qy,) N CY(Qy.), divi = i'; so
”u - u||L°° (Qp1) — HQDHLoo (@) < le <€,
8¢l (@y.) < lluelli=(ar) + € + M'[s],
121 (0y.) < Cal(€ + M'[s]), (32)
ID@lle~(qy) < € + M,
1Pl (g < € + M.
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Step 3: We estimate ||V} — o/(Dii)|;2(q, )- Note that
19 — o' (D@)lli2(y.0y = IIvi + 4 + & — o' (Du + D@) | i2(q,.)
< i = bllizay, + 16"+ 9 — o' (A+ D@)lli2a;.)
+1&:lli2(qy,) + [lo'(A+ D@) — o' (Du + D@l 12(q;,)-
By (32), [1&{]l2(q,) < Cal(e' + M'[s])| Qs

||bl + 7;2 — o'i(A + D‘ﬁ)”%z(Qy,/) = /

FU

1/2 Note that

6"+ 0 — o' (A+ D) dy,
FE

where F = {y € Qy|[A+ D&(y), (b' + Di(y))] & {U},P(X))}}-
By Step 2, |F| < €'|Qy,| and, by (32), |A+ D@| <1+ 3M and
|Du+ D@| <1+ 3M on Qy,. Hence

/ |b' + ;= o' (A+ Dp) P dy < €'(1+3M + M)?|Qy.l,
F
2

i i 24, <« € _
1B+ 0= oA+ Do) dy < S5l

e . ~ €
|b'+1—o (A-i-DgD)Hiz(Qw) < [(1 +3M + M)\/Z'-l- W |Qy,l‘1/2.
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Let
= (y)=b —Al).
m() = max o (Ivi(y) = |+ Duly) - A)
Then m(/) — 0 as | — 0. We have the following estimates:
Ivi = bl 2qy.) < m(1)| @yl
lo(A+ D@) — o' (Du + D&)ll12(qy,y < a(m(1))| Qs
where «(s) is the module of continuity of o. Hence, we obtain

19— 0 (D) 12(q,.) < [(1+3M + MWVE + Gl

m(1) 4+ a(m(1)) + 2MC,l|s| + W 1Qy 2.

Step 4: We estimate dist([Di, (#,)]; P(T (x” ..... ,X57))) on Q.
Since Dii = Du + D¢y and ¥} = v + ¢ + &, we have on Q5.1
dist([Da, (W)]; P(T(X,7,-... Xy "))
< dist([A+D@, (b'+))]; B(T(X, ... Xy7)))+[Du—A, (vi—b'+])]|
< dist([A+D@, (b'+)l B(T(X,7, XI’T)))+|DU—AI+|(Vt—b’)I+|gtI,
<(1+ Gl)e + 2m(l) +2MGC,ls|.
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Step 5: In this step, we select the small numbers ¢’ € (0,1) and s # 0 in
the previous estimates to ensure that, for all sufficiently small / € (0, 1),
it holds that

|||’:‘l - u”/_"’c(Qy,/) <p,
||ﬁt||L°°(Qy,/) <m,
[Dii, (V)] € = on Qpu, (33)

[W; — o' (D) | 2(q,.,) W|Q)7,I‘l/2
Step 6: Fixed v, the family {Qy |y € E,, 0 </ < I3} forms a Vitali

covering of the set E, by closed cubes. There exists a countable
subfamily of disjoint closed cubes {P, x = Qy,,, |k =1,2,...} such that

E, = (U P.kx)UR,, |R,|=0.

Let @i, k = up, j, and ¥}, , = v}, be defined by (31) on P, x = Qy, .
Foreach v =1,2,...,u, let N, be such that

> 2
€

U Pokl = D2 1Pukl < 52 (34)
k=N, +1 K
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Consider the partition

Qr = (Ul_y Uy Pk UP. (35)

where P = Q1 \ (u*;:l UM, Py,k) — (UF_ U2y o1 Puk) UR with
|R| = 0. Using partition (35), define

wo Ny
= +Zzuukxpyk, V= vy ZZ KXPy k-
v=1 k=1

v=1 k=1

Thenii —ue C(P, ), ¥ —vi € Cl(P k)

e Whe(Qr)n CHQr;R™) and ¥ € Cvl, pc(Q73 (R")™) with pieces
{P, Poxlv=1,...,u, k=1,...,N,}. Then, all requirements in (i)
and (ii) at the start of the proof are satisfied because

19t — o' (D) |20

po Ny 1z 00
=D 3 e = OD)[ep, y+ D> D Vi (DU,
v=1 k=1 v=1k=N,+1
wo N, 2 2.2
€ uM<e 5
< Pl, v < Q <
<3 gyt O MR < il <«
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lIl. Compatibility of Condition (OC) with Polyconvexity

In this final part we discuss the following compatibility result on M?*2,

Theorem (D) (Y. '18)

There exist strongly polyconvex functions F on M?*? such that ¢ = DF
satisfies Condition (OC) with N = 5.

Remark:

@ The search for a 75-configuration supported by a strongly
polyconvex function is greatly aided by the linear programming
and jacobian computations using MATLAB, but our computations
are more restrictive than those in [Székelyhidi '04].

@ Also, for the special 75-configuration constructed, the required
polyconvex functions F can be constructed for “generic values” of
{D?F(A%)}; we derive such a result directly from the construction
of F as the result of [Sz '04] on stably embedded Ty-configurations
may not be available for the special Ty-configurations due to

dimension deficiency.
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A Ts-configuration in M supported by a polyconvex Fy

Let F(A) = 5|A]? + G(A,det A) on M?*2 with a smooth G. Then
0 = DF(A) = €A+ Ga(A) + Gs(A)cof A, A= (A,detA).  (36)

Suppose (Xi,...,Xs) € My with X; = [gﬂ Then Xj € Kr <=

GAJ' + GA(AJ) + G(;(A~J) cof Aj = —BJ'J. (37)
It is well known that 3 smooth convex G: M2*2 x R — R with
G(A) =¢, Ga(A)=Q;, Gs(4) =4,

provided ¢; — ¢; > (Q;, Aj — A;) + di(det A; — det A;) for i # j.
Under (37), this condition holds for sufficiently small ¢ > 0 provided

C; —Cj+d,'det(A,'—Aj)—|— <A,'—Aj,B,'J> <0 (I?é_j) (38)

Lemma (MATLAB Lemma 1)

There exists (X?,...,X9) € M. such that (38) holds for some c1, ..., cs;
di,...,ds. Also, Y0 < € << 1, 3 smooth convex G: M?*?> x R — R
such that Fo(A) = §|A|* + G(A, det A) satisfies that X} ¢ K, for all j.
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Perturbations of (X?,...,X?) and Fq

To embed more Ts-configurations on (Kfg)s, we perturb
(XP,...,X9) and Fo.

Perturbation of Fy: Let B;(0) C M?*2, ¢ € C°(B1(0)) with

0 < ¢(A) <1, ¢(0) = 1. Given r > 0 and tensor H = (HP9) with
HPII = HiPd ¢ R, define

1 .
Vit,r(A) = 5C(A/r) Y. H™aja,, (A= (ay) € MP*?).
ijsp,q€{1,2}

Let ro = min;; |A? — AJQ| > 0. Let F be a perturbation of Fy of the form:

5
F(A) = Fo(A)+ > Vi (A= A?) (with Hj to be chosen).  (39)
j=1
Then )
DF(A}) = DFo(A}),  D*F(A]) = D*Fo(A}) + H;;  (40)

thus, XJ-0 € Kr, and F will be strongly polyconvex if

5
Z \H;| < % (with a C independent of ry and {H;}). (41)
—1
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Perturbations of (X?,..., X?): Perturb (X?,..., X?) around each
vertex of the “pentagon” [P - -- PQ] by the parameters:

QeM™2>R8 §=40=(1,1),
a1 = (—1,z1),00 = (y2, 1), a3 = (1, z3), s = (1, za), 5 = (5, 1),
p3 = (P31,P32), Pa = (P417P42)7 pPs = (P517P52)7

qs = (CI41,CI42), ds = (q51,q52), K1, K2, K3, K4, Ks.

The resulting p1, p2, g1, g2 and g3 from (24) are thus given by:

_ yzztl Yoz4+1 Yotys
pP1= 1—yoz p3 + 1—yoz ps + 1—yoz Ps,

_ Z1tz3 z1t24 ysz1+1
P2 = (1*}’2211%))(3 + 1)7)’221 p‘; + 1; 21 p‘?;
_ Weztl)(zz3—2z Yo+tys)(¥sz3—
N = G201 ® T @) na-1) 95 (42)
_ _ (zntz)(zz—z) _ (szat+l)(yszs—1)
@ = gy221—18(y223+1) a4 (y2z21-1)(y223+1) gs,
_ (zmtz)pztl)  (yvetys)(ysztl)
a3 = (z21+23)(0223+1) 14 7 (z21+23) (223 +1) 1°°

Let YV = (Zla}/2~z3~z4=)/5-,P37P4=P5-, da,qs, K1, . . '7"{'5) € R20 and

G =G(Y)= ((a,- ,p§o)qj> ©a; (j=1,...,5).
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For each v =1,...,5, define

ZIU(Y) =k, Gy,

Zy(Y) =G + k1 Coga,

ZY(Y)=C + Cp1 + ku42Cgo, (43)
ZZ(Y)=C+Ci1+ Cio+ Ku43Cys,

ZZ(Y)=C+ G+ Cio+ Ciz+ kuaCga.

Define X/'(Y, Q) = Q + Z/(Y) for all v and j. Let

PY(Y, Q) =Q, PI(Y,Q)=Q+C, PI(Y,Q)=Q+ C + Gy,
'Dzlj(y7 Q) =Q+C+ G+ G,
PEJV(Y7 Q) = Q + CI/ + Cu+1 + Cz/+2 + CV+3.

Then, (X7, , X&) € M{ with pentagon [P{P¥ --- P¥] for all (Y, Q).
For all v,j,i mod 5, with j > i, the invariance property holds:

X7 (Y, Q) = X5 (Y PU(Y, Q). (44)
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To embed X/(Y, Q) on K, define ®: M**? = R® — M?*? = R* by
®(X) = DF(A) + BJ, (45)

where X = (g € M**2 Then X € K < ®(X) = 0. We have

A = PX and BJ = EX, where
/I O O O O O 0O |
P‘(o 0 I o>’ E‘(o 10 o>'

Thus, D®(X) = D*F(A)P + E; so rank(D®(X)) =4 VX € M**2
Define the functions:

VY, Q) = (¢(XI(Y, Q)), -, ®(XS(Y, Q))). (40)
To study W¥(Y, Q) = 0 near (Y°, P2), compute partial Jacobian matrix
DO(X!) ot
ouv oY
V=] (47)
0z¥
Do(x¢) 5o
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Nondegeneracy of functions W

Note that ZX-(Y, Q) depends affinely on the Hessians {D2F(PX})}«
and is otherwise independent of F and Q. Let J, = det 2%-(Y©, P9).
Since X¥(Y°,P)) = X?,; ; forallv,j=1,...,5, we have

D*F(PX/(Y°, PJ)) € {D*F(A)),...,D*F(A})} Vuv,j=1,...,5.

Thus J, is a polynomial of tensors H; = D?>F(A9),..., Hs = D*F(A?)
whose coefficients are independent of F. We write this polynomial as

Jy = ju(H1, Ha, H3, Ha, Hs). (48)

Lemma (MATLAB Lemma 2)

OI ? and hy(t) = (I) S , and

gu(s,t) = ju(hi(s), ha(t), hi(s), h1(s), ho(t)). Then
g1(17 0) 7é 07 g2(070) 7é 07 g3(07 1) 7& 07 g4(0’ O) 7é 07 g5(070) 7é 0.

Thus j,(Hi, ..., Hs) is not identically zero for each v =1,...,5.

Given s, t, let hi(s) =

[
RS

»
N~

~
7 N
N~

<
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We first select (HY, ..., HQ) with the property:

H 0 0 _ .
{JV(HI,...,H5)¢0 Vu=1,2..,5 (49)

H; = H? — D?Fo(A?) satisfy (41).

Since W*(Y?, P9) =0, det 25-(Y°, PO) = j,(HY, ..., HO) # 0, by the
Implicit Function Theorem, 3 7 > 0 and smooth functions

Y,: B,(P)) c M*?=R8 - B,(Y°) c R®

forv=1,---,5, such that for Y € B,(Y?) and Q € B,(P?),

d ta;:/ (Y.Q)#0; W/(Y,Q =0 += Y=Y, (Q). (50

We may also select n > 0 sufficiently small so that, for all v,/ (modulo 5)

PY(Y.(Q).Q) € By(Pyi 1) ¥ Q€ By(P)). (51)
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Lemma (Eigenvalue Lemma)

Let z/(Q) = Z¥(Y,(Q)) for Q € B,(P%) C R®. Then

M = Dz"(Q) € M®*8 has —1 as eigenvalue of multiplicity at least 4 and
0 as eigenvalue of multiplicity at least 3, and all eigenvalues of M consist
of {—1,0, um}, where up = 4 + tr(M). Furthermore, if up ¢ {0, —1},
then rank[adj(l — yu,,M)] = 1 and, for any b € R?,

det(/ — pup,'M + z¥ @ b) = [adj(I — pp, M)z"] - b. (52)

Let M® = Dz¥(P9). Then M® = H where H? = D2F(A?)
(J=1,...,5), and W(Hy,...,Hs) is a 8 x 8 matrix Whose entries are
polynomials of tensors (Hi, ..., Hs). Both W and j, are independent of
F. Therefore, both (1 + pae) and [adj(/ — pip M®) 2 |2, where

7y = k9 CY € R8, are rational functions of (HY,..., HQ) that are
independent of the function F.

Lemma (MATLAB Lemma 3)

Similar to the MATLAB computations in Lemma 2, one verifies that the
rational functions of (Hy, ..., Hs) representing pippo(1 + fipe) and
|ladj(l — py M®)2g|? are not identically zero.
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The construction of polyconvex functions F and the set X

We then select the values of (HY,..., HY) = (D?F(A?),..., D*F(A?)) to
satisfy (49) and the property:

Hmo ¢ {_170}; (53)
ladi(/ — MO 2 # 0.
Remark: Such values of (HY, ... HQ) are generic near

(D2Fo(A9), ..., D2Fo(A2)).

We finally define F by (39) with the chosen (HY, ..., H?).
Then select i > 0 further small so that, by contlnmty,

m@) ¢ {~1,0}, adj|l — o M(Q)|2"(Q) #0 (54)
forall Q € B,,(PB) and v =1,...,5, where M(Q) = Dz"(Q). Let
X'(Q) =Q+Z/(V(Q). P(Q)=P/(Y(Q). Q).
Then (X/(Q), ..., X¥(Q)) € ML N (KE)s. Define
= HTR(Q), . R(@): Qe B(P)}, T=LT'(2)

v=1
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The openness of ¥ and Proof of Theorem (D):

Clearly, Y and ¥ are nonempty, bounded, and X satisfies (21). To finish
the proof, we need to show X is open, which is equivalent to showing ¥
is open. Let X € ¥; then X € T(X/(Q),...,X¥(Q)) for some
ve{l,...,5}, Q€ B,(PY); thus for some i € {1,...,5} and 0 < A < 1,

X =2X*(Q) + (1 - NP(Q)

(See Figure below.) By (51), P¥(Q) € B,(PY,,_,). Let
2(U) = 2"H=1(U) = ZV7 (Y, 1i-1(U)). Then

X =Pr(Q)+22(P/(Q) = U+22(0) (U=F/(Q)-  (55)

Case 1: det(/ + ADz(U)) # 0.

Let F(U, X) = U+ Az(U) — X. Then, by (55), one has F(U, X) =

and det 95 (U, X) = det(/ + ADz(U)) # 0. Thus, by the ImFT, there are
balls B,/ (U) C B,(P%,;_;) and B,(X) such that, for each X € B,(X),
U e B (0) C B,(PY,,_;) such that F(U, X) = 0; that is,

X = U432 (Vyuia(U)) € TRTHU), ... RETHU) e £

This proves B,(X) C x.
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>
Ll V)

Herev=2,i=3, Q= /312 = 1512(@) U= I5§ = I532(Q) Blue dashed
lines represent Ts-configuration (XZ2,...,X2) with X € (X2, P2). Two

smaller red circles represent B,(X), B, (U). Red dotted lines represent a
special Ts-configuration to be found determined by some U € B,,/(U).
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Case 2: det(/ + ADz(U)) = 0.
Let M = Dz(U). Since 0 < X < 1, by the Eigenvalue Lemma, one has

A= —pg. Let

b =adj(l — ug M)z(0).
By (54), b # 0. Let
G(U,X)=U+ (A+(U—U)-b)z(U) — X.
Then G(U,X) =0 and

9C G, %)= 1 + M + 2(0) @ b.

Q|
c

Hence det 2(U, X) = (adj(/ — g M)z(0)) - b = [b]> # 0.
The rest of the proof of B,(X) C Z follows the same way as in Case 1.

Thank you very much for your attention!
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