A Riemann-Roch theorem in Bott-Chern
cohomology

Jean-Michel Bismut

Université Paris-Sud, Orsay

Banff, October 28" - November 15 2019

BRIDGING THE GAP BETWEEN KAHLER AND
NON-KAHLER COMPLEX GEOMETRY

Jean-Michel Bismut Riemann-Roch in Bott-Chern 1/34



@ Introduction

© Exotic Hodge theories

© The RRG theorem: two trivial cases
@ The proof when S is a point

© Towards the proof of the general case
O A proof of the main theorem

@ The case where the fibre is a point: the liptic theory

Jean-Michel Bismut Riemann-Roch in Bott-Chern 2/34



Introduction

Exotic Hodge theories

The RRG theorem: two trivial cases

The proof when S is a point

Towards the proof of the general case

A proof of the main theorem

The case where the fibre is a point: the liptic theory
References

Bott-Chern cohomology



Introduction

Exotic Hodge theories

The RRG theorem: two trivial cases

The proof when S is a point

Towards the proof of the general case

A proof of the main theorem

The case where the fibre is a point: the liptic theory

References

Bott-Chern cohomology

@ S complex manifold of dimension n.

Jean-Michel Bismut Riemann-Roch in Bott-Chern 3/34



Introduction

Bott-Chern cohomology

e S complex manifold of dimension n.

e Bott-Chern cohomology
(p.q) _ kerd®nQ®9)(5,C)
HBC (S’ C) - gsasg(p—l,q—l)(s’c).

Jean-Michel Bismut Riemann-Roch in Bott-Chern 3/34



Introduction

Bott-Chern cohomology

e S complex manifold of dimension n.

e Bott-Chern cohomology
(p,q) _ kerd®nQ®9)(5,C)
HBC (S’ C) - gsasg(p—l,q—l)(s,c).

e In general Hy (X, C) strictly finer than Hp (X, C).

Jean-Michel Bismut Riemann-Roch in Bott-Chern 3/34



Introduction

Bott-Chern cohomology

e S complex manifold of dimension n.

e Bott-Chern cohomology
(p,q) _ kerd®nQ®9)(5,C)
HBC (S’ C) - gsasg(p—l,q—l)(s’c).

e In general H (X, C) strictly finer than Hpy (X, C).
° H](Bz) (S,R) = @0§p<n 7p) (S, R).

Jean-Michel Bismut Riemann-Roch in Bott-Chern 3/34



Introduction

Exotic Hodge theories

The RRG theorem: two trivial cases

The proof when S is a point

Towards the proof of the general case

A proof of the main theorem

The case where the fibre is a point: the liptic theory
References

Characteristic classes in Hpc (S, R)




Introduction

Exotic Hodge theories

The RRG theorem: two trivial cases

I'he proof when S is a point

Towards the proof of the general case

A proof of the main theorem

I'he case where the fibre is a point: the liptic theory
References

Characteristic classes in

Hpc (S, R)

e F holomorphic vector bundle, g Hermitian metric.

Jean-Michel Bismut

Riemann-Roch in Bott-Chern

4/34



Introduction

Characteristic classes in Hpc (S, R)

e F holomorphic vector bundle, g Hermitian metric.

e V¥ Chern connection, RF curvature type (1,1).

Jean-Michel Bismut Riemann-Roch in Bott-Chern 4/34



Introduction

Characteristic classes in Hpc (S, R)

e F holomorphic vector bundle, g Hermitian metric.
e V¥ Chern connection, RF curvature type (1,1).
e ch (E,g") € Q) (S,R) closed form.

Jean-Michel Bismut Riemann-Roch in Bott-Chern 4/34



Introduction

Characteristic classes in Hpc (S, R)

e F holomorphic vector bundle, g Hermitian metric.
e V¥ Chern connection, RF curvature type (1,1).
e ch (E,g") € Q) (S,R) closed form.

e Bott-Chern class [ch (E, ¢%)] € H}E;) (S,R) does not
depend on ¢*.

Jean-Michel Bismut Riemann-Roch in Bott-Chern 4/34



Introduction

Characteristic classes in Hpc (S, R)

e F holomorphic vector bundle, g Hermitian metric.

e V¥ Chern connection, RF curvature type (1,1).

e ch (E,g") € Q) (S,R) closed form.

e Bott-Chern class [ch (E, ¢%)] € ngz) (S,R) does not
depend on ¢*.

o It will be denoted chgc (E) € Ha) (S,R).
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e p: M — S proper submersion of complex manifolds,
with fibre X, = p~1(s).

e F holomorphic vector bundle on M.

Theorem

o If R'p,F locally free,
chge (Rp.F) = p, [Tdge (TX) chpe (F)] in HiY (S, R).

e For ¢; pc (R'p.F), the result is valid in full generality.
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e Families index theorem of Atiyah-Singer implies de
Rham version of this result, valid even if R p,F not
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locally free.

e If M, S projective, the result follows from versions of
Riemann-Roch-Grothendieck, even if R p,F' not locally
free.

e In general, if .# coherent sheaf, chpc (#) was in
principle defined by Schweitzer.
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Hodge theory without a metric

@ X smooth compact oriented manifold.
@ One can scale the intersection product f Y QNS

@ ...s0 as to obtain a nondegenerate Hermitian form of
signature (00, 00).
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An elementary example

o If dimg M = 2, n(a(o),ﬁ@)) = —z'fMoz/\B...
° n(a(l),ﬁl) :ifMoz/\B...

o (a(z),ﬁ(o)) = ifM aAp.
@ 7 is a Hermitian form of signature (0o, 00).
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e d* adjoint of d with respect to 7.
e Then d* =d.
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Exotic Hodge theories

The adjoint of d

d* adjoint of d with respect to 7.
Then d* = d.

Hodge Laplacian [d, d*] = 0...which is not elliptic, not
Fredholm...

If M complex, & = 8,9* = 0.
[5, 5*] —0,[9,0"] = 0.
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The case of a Hermitian vector bundle

° (E . g” ) holomorphic Hermitian vector bundle with
Chern connection V¥,

e Then V&’ = V¥,
o Curvature R” is the Hodge Laplacian [V V#]. ..
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Exotic Hodge theories

The case of a Hermitian vector bundle

° (E . g” ) holomorphic Hermitian vector bundle with
Chern connection V¥,

e Then V&’ = V¥,
o Curvature R” is the Hodge Laplacian [V V#]. ..

@ ...which is nilpotent.
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A modified Hermitian form on Q (M)

e Assume M complex and w a real (1,1) form.
e Multiplication by iw is n-self-adjoint.

e 0(a,B3) = n(a,e ™) Hermitian form.

o d* =d—idwh,0 =0 —idw.
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A modified Hermitian form on Q (M)

Assume M complex and w a real (1,1) form.
Multiplication by iw is n-self-adjoint.

0 (o, 8) = n(a,e ™ 3) Hermitian form.

d* =d —idwh, 0 =0 — idw.

[d,d*] =0, [5, 5*} — PO

(]
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A modified Hermitian form on Q (M)

Assume M complex and w a real (1,1) form.
Multiplication by iw is n-self-adjoint.

0 (o, 8) = n(a,e ™ 3) Hermitian form.

d* =d —idwh, 0 =0 — idw.

[d,d*] =0, [5, 5*} — PO

(]

Holomorphic Laplacian vanishes if and only if 90w = 0.
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The proof when S is a point

The case where S is a point

o x(X,F)= [, Td(TX)ch(F).
e X projective: Riemann-Roch-Hirzebruch.

e If X Kahler, proof by local index theorem for DX.

e X arbitrary, deformation of DX = e + 9" in smooth
category to classical Dirac operator (Atiyah-Singer).

o In families, smooth deformation destroys the
holomorphic structure: Bott-Chern information is lost!
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The proof when S is a point

A simple idea of the proof

e How to prove RRH by heat equation while preserving
9" in the non-Kihler case ?

o By enlarging the set of permissible metrics.
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The local index theorem

e For t > 0, p; (z,2') smooth kernel for exp (—tD*?).
o McKean-Singer

V (X, F) = T, [exp (—tD¥2)] = / T, [pr (2, 7)) do.
X
o Ast — 0, p (z,2) ~ t7"/2,
@ The local index theorem says that in certain cases, as
t — 0, Trg [p: (z, z)] has a geometrically computable
limit. . .

@ ...which proves the index theorem.
@ This holds in particular when X is Kahler.
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The proof when 9 0XwX =0

e X compact complex manifold, w® a Kahler form (not
necessarily closed).

o [ proved that there is a local index theorem if and only
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The proof when S is a point

The proof when 9 0XwX =0

e X compact complex manifold, w® a Kahler form (not
necessarily closed).

o [ proved that there is a local index theorem if and only

it 0" 0%wX = 0.
e Exotic Laplacian J" 9XWX obstruction to local index
theorem.
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The proof when S is a point

A Lichnerowicz formula for the Bochner Laplacian

8 2
B <5 8Xiwx> a % H <5X B 8X> WXHi (Tax)

The term <5X8X iwX )c is of length 4 in the Clifford
algebra. Local index theory accepts only terms of length
< 2.

It 9" 9XwX = 0, there is a local index theorem, compatible
with RRH.

* X ‘
<5X +5X*>2 _ ——V (T X)®F2+K_+ (RF + lTr [RTX}>

Jean-Michel Bismut Riemann-Roch in Bott-Chern 18 /34
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The space X

o m: X — X total space of T X, with fibre ﬁ, yE TX
tautological section, y € T'X corresponding section of
TX.

e Embed X into X and use the Koszul complex
(A (T"X) i)
o A) = " + i, /b% acts on Q) (X, 7 (A (T*X) ® F)).

@ The cohomology of this new complex is still equal to
HO) (X F).

Jean-Michel Bismut Riemann-Roch in Bott-Chern 19 /34
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The proof when S is a point

Exotic Hodge theory

On Q) (X 7 (A (T*X) ® F)). ..
...introduce duality which is intersection duality on
X, and Hermitian duality fibrewise.

r (l’,i/y\) = (LL’, _@\>

—

gTX metric on TX, w¥ (1,1) form on X.

€ (s@t, 8’<§)t’) =

ooy (CDPE [t ) w(@)erl’s e s'dur.
¢ Hermitian form of signature (oo, 00).
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Evaluation of the adjoint
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Evaluation of the adjoint
o A =0" +i, 2 =0 +0  +i,/b*.
e A adjoint of Aj.
o Ay =05+ 4ig/P+ T A —idwX + ...
e Laplacian looks like
1 V 2 X ax X
o ( AV + \Y\QTX>J+5 Vy —id 0%wX 4.

geodesic flow dequantized

—_

Ly =

harmoni;)scillator
e This Laplacian is hypoelliptic, Fredholm, compact
resolvent, heat kernel. ...
e It is potentially good in families: it has been obtained

by replacing L, metric by nonpositive metric.
Jean-Michel Bismut Riemann-Roch in Bott-Chern 21/34
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The behavior of Ly as b — 0

e As b — 0, L, converges in the proper sense to
e AN

@ As b — 0, the hypoelliptic heat kernel pg'ft collapses to
the elliptic heat kernel p;*.
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The proof when S is a point

The behavior of Ly as b — 0

e As b — 0, L, converges in the proper sense to
e AN

@ As b — 0, the hypoelliptic heat kernel pft collapses to
the elliptic heat kernel p;*.

o It is still true that x (X, F') = Trg [exp (—tLy)].
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The proof when S is a point

The hypoelliptic theory still fails!

o Except when 79X wX = 0, no local index theorem for
the heat kernel for L,.

o The obstruction is still & 9%w.
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The proof when S is a point

The solution

X

@ In the previous constructions, w* can be taken to

depend on Y.

o If w¥ (1,1) form, in the above constructions, we

replace w® by ]leﬁ wX.
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The proof when S is a point

Another Hodge Laplacian

@ The corresponding hypoelliptic Laplacian is of the form

1

202 b

.Y geodesic
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Another Hodge Laplacian

@ The corresponding hypoelliptic Laplacian is of the form

! 1
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o [t is still a Fredholm hypoelliptic operator.

e Ast — 0, local index theorem holds, because Y can be
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The proof when S is a point

Another Hodge Laplacian

@ The corresponding hypoelliptic Laplacian is of the form

! 1
2b2 < AV + |Y|§TX |Y|§f>\(> +g Vy |Y| 90w +-
quartic?)gcillator geodeslc

o [t is still a Fredholm hypoelliptic operator.

e Ast — 0, local index theorem holds, because Y can be
scaled.

o x(X,F)= [, Td(TX)ch(F) obtained by suitably
modifying the classical Ly metric.

° |Y’§f} critical power.
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@ p: M — S proper holomorphic submersion with fibre
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Towards the proof of the general case

Kahler fibrations

@ p: M — S proper holomorphic submersion with fibre
X.

e wM closed (1,1) form which is positive along the fibre.

e By B. Gillet-Soulé, using fibrewise elliptic Hodge

theory. ..
@ ...construction of closed superconnection forms a; on
9° 95
S such that a — Ty

2t

o ..with o = p* [Td (TX, QTX) ch (F,g")] a0 =
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Towards the proof of the general case

Kahler fibrations

@ p: M — S proper holomorphic submersion with fibre
X.

M closed (1,1) form which is positive along the fibre.
By B. Gillet-Soulé, using fibrewise elliptic Hodge
theory. ..

. construction of closed superconnection forms a; on

S such that a 5235 L
..with ay = p* [Td (TX gTX) ch (F g )} =
ch (Rp.F, g""Pr).
Analytic torsion forms 22T = apy — g =
ch (Rp.F,g"rF) — [Td (TX,g™) ch (F, g")].
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neighborhood).

e For € > 0 small enough, w = w™ + Ip*w® Kéhler
metric on M.
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Towards the proof of the general case

Adiabatic limits

e S compact, w¥ Kihler metric on S (or a small
neighborhood).

e For € > 0 small enough, w = w™ + Ip*w® Kéhler
metric on M.
e On M, Dirac operator DM = o+ 5?4*.
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Towards the proof of the general case

Adiabatic limits

e S compact, w¥ Kihler metric on S (or a small
neighborhood).

e For € > 0 small enough, w = w™ + Ip*w® Kéhler
metric on M.
. M mM | SMx
e On M, Dirac operator D;* =90 + 0, .
@ Ase— 0, Dé\/[ converges to superconnection (nilpotent
on the base, elliptic on the fibre).

e The above results are adiabatic local limits € — 0 of
the results for one single Kahler manifold.

@ These results extend to 5M8M wM = 0.
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A proof of the main theorem

The general case

e Pick wM (1,1) form positive along fibers X.

e M total space of If)\(,ﬁlgers on S with fiber X.

@ 7 canonical section of TX on M.

e Introduce superconnection analogue of
AL =T i, 1.

o We get families of closed superconnection forms oy on
S.

@ These forms lie in the same Bott-Chern class as the o4
(heat equation in the deformation parameter b).

e This is possible because we deform nondegenerate
Hermitian forms.

Jean-Michel Bismut Riemann-Roch in Bott-Chern 28 /34
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A proof of the main theorem

The final step

o Ast — 0, these forms oy have no limit in general.
e Replace wM by |Y|§f}\( wM,

@ Prove the new forms lie in the same Bott-Chern class.
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A proof of the main theorem

The final step

o Ast — 0, these forms oy have no limit in general.

e Replace wM by |Y|§f}\( wM,

@ Prove the new forms lie in the same Bott-Chern class.
e Make t — 0. .. finally!
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o If M = S, fibration is Kéhler (take w™ = 0).
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The case where the fibre is a point: the liptic theory

A proof when the fibre is a point

o If M = S, fibration is Kéhler (take w™ = 0).
o If wM =0, foranyt >0, au=1,get 1=1,and T = 0.
e Forget about the Kahler property. ..
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The case where the fibre is a point: the liptic theory

A proof when the fibre is a point

o If M = S, fibration is Kéhler (take w™ = 0).
o If wM =0, foranyt >0, au=1,get 1=1,and T = 0.
e Forget about the Kahler property. ..

o ...and explain the given proof in the general case.
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The case where fibre is a point

e Pick an arbitrary (1,1) form w® on S = M.

e Reproduce formally the construction of
superconnection forms.

5Sasws>

@ The forms a; given by a; = exp (—i yren
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The case where fibre is a point

e Pick an arbitrary (1,1) form w® on S = M.

e Reproduce formally the construction of
superconnection forms.

=5
@ The forms «; given by a; = exp (—ia ﬁifS)

° oy = 1inH]gz) (S,C).
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The case where fibre is a point

Pick an arbitrary (1,1) form w® on S = M.

Reproduce formally the construction of
superconnection forms.

=S
e The forms a; given by a; = exp <_ia 4?;‘:3)'

a; = 1lin H]gz) (S,C).

Ast — 0, oy does not converge except if 3955 =0
(implied by w® closed).
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The case where the fibre is a point: the liptic theory

The case where fibre is a point

Pick an arbitrary (1,1) form w® on S = M.

Reproduce formally the construction of
superconnection forms.

=5
@ The forms «; given by a; = exp (—ia ﬁifs)

a; = 1lin H]gz) (S,C).

Ast — 0, oy does not converge except if 3955 =0
(implied by w® closed).

=S o .
e The term 9~ 9°w® appears ‘because’ it is a Laplacian
in the exotic Hodge theory of S.
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The liptic theory
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The liptic theory

Assume again M = S: fibre is a point.
w¥a (1,1) form on S = M.
Fundamental equality |Y|2ﬁ w¥ = 0.

@ (= €Xp ( 47r2t |Y| Tx W >

e oy =1,sothat ast — 0, ay — 1.
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The liptic theory

o Assume again M = S: fibre is a point.
o w¥a (1,1) form on S = M.

e Fundamental equality |Y|2ﬁ w? = 0.

@ (= €Xp ( 47r2t |Y| Tx W >

e oy =1,sothat ast — 0, ay — 1.

The general proof gives us 1 = 1 even when M = S!
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The case where the fibre is a point: the liptic theory

The liptic theory

o Assume again M = S: fibre is a point.
o w¥a (1,1) form on S = M.

e Fundamental equality |Y|2ﬁ w? = 0.

@ (= €Xp ( 47r2t |Y| Tx W >

e oy =1,sothat ast — 0, ay — 1.

@ The general proof gives us 1 = 1 even when M = S/

@ The family of fiberwise Hodge Laplacians is 0 acting
on C!
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