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Why non-Markovian master equations?
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Born + Markov + Secular
→ Lindblad Master equation:

∂tρ =
∑

i

κiL[Xi ], L[X ] = XρX †−1
2

[X †X , ρ]+

Markov good at optical frequencies

Why non-Markovian?
I Strong energy shifts
I Can still be time local (non-secular,

non-positive): ∂tρ =∑
ijkl

XijXklJ(Ei − Ej )|i〉〈j |ρ|k〉〈l |+ . . .

Non-time-local equations
I Strong coupling to bath
I Ultra-strong coupling:

need J(ω < 0) = 0 e.g. [Ciuti and
Carusotto, PRA ’06]

I Structured baths
F Vibrational resonances
F Spatial structure

I Information return from bath
I Unknown system eigenstates
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non-Markovian master equations: How: See [de Vega & Alonso, RMP ’17]

Exactly soluble problems . . .

I e.g. Bosonic: H = Ψ†
i Mij Ψj +

∑
i,k

ξi,k (ψi + ψ†
i )(b†

k + bk ) + Hbath,

I Independent Boson model, H = σz(A +
∑

k ξk (b†
k + bk )) + Hbath

Polaron master equation
H → e−V HeV , V =

∑
k

ξk (bk − b†k )Xsys
I Renormalize system parameters

I Perturbative remaining coupling
[Jang, J. Chem. Phys ’09, McCutcheon et al. PRB ’11, Roy and Hughes PRB ’12]

Re-sum perturbation theory: [Chen et al. J. Chem. Phys. ’17]
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non-Markovian master equations: augmentation
Increase no. coupled EOM
[Tanimura & Kubo, JPSJ ’89]
Increase system — include resonant modes

[Garraway PRA ’97, Iles-Smith et al. PRA ’14, Schröder et al. ’17]
I Include bath→ chain mapping (TEDOPA — previous talk)

[Woods et al. , J. Math. Phys. ’14]
Augment state space/history: QUAPI
[Makri and Makarov, J. Chem Phys ’95]
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Introduction to matrix product states
Matrix product state:

Ti1,i2,i3,... =
∑
{αj}

A[1]i1
1,α1

A[2]i2
α1,α2

. . .A[N−1]iN−1
αN−2,αN−1A[N]iN

αN−1,1

i3i2i1 i4 iN

A A A A A

I Local dimension: i1 = 1 . . . d , Bond dimension α1 = 1 . . . χ1.
I Size

∑
i dχ2

i vs dN

Uses:
I Wavefunction: |Ψ〉 =

∑
{ij} Ti1,i2,i3,...|i1〉 ⊗ |i2〉 . . .

I Density matrix 〈σ1, σ2, . . . |ρ|σ′
1, σ

′
2 . . .〉 =

∑
{ij} Ti1,i2,i3,...τ

1,i1
σ1,σ

′
1
τ1,i2
σ2,σ

′
2

I Classical probabilities
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Manipulating matrix product states

Singular value decomposition

i1

T  

i3i2 i4 iN

Ti1,...iN

= Ti1,I = U(1)
i1,α1

λ(1)α1
[V (1)†]α1,I .

TT † = UΛ2U†, T †T = V Λ2V † Get: A1,i1
α1

= U(1)
i1,α1

√
λ
(1)
α1

I Repeat on each leg
I Truncation: Keep |λ| > λc or |αi | < χ
I Bond dimension χn: Storage Ndχ2 vs dN

Jonathan Keeling TEMPO BIRS, August 2019 8
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QUAPI [Makri and Makarov, J. Chem Phys ’95]

System + harmonic bath

H = HS +O
∑

k

ξk (b†k +bk )+HB

Write ρj(t) as path sum/integral

I Discrete sum for system
1 =

∑
j

|j〉〈j |

I Coordinate path integral for
bath
1 =

∫
dxn|xn〉〈xn|

I Discretize times, tN = N∆

Integrate out bath.

Path sum (doubled indices) j = (jf , jb):

time
b

f

b

jn jn+1

ρjN (tN) =
∑

j1...jN−1

(
N∏

n=1

n−1∏
k=0

Ik (jn, jn−k )

)
ρj1(t1)

ADT; products→ Growth.

Aj4,j3,j2,j1 = Bj4,j3,j2,j1
i3,i2,i1

Ai3,i2,i1

Bjn,jn−1,...,j1
in−1,...,i1

=

(
n−1∏
k=1

δ
jn−k
in−k

)
n−1∏
k=0

Ik (jn, jn−k ).

Problem: nth Tensor size ∼ d2n

Jonathan Keeling TEMPO BIRS, August 2019 10
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QUAPI as tensor network: TEMPO

So far . . . : ρjN (tN) =
∑

j1...jN−1

AjN ,jN−1,...,j1ρj1(t1), A→ B ·A

B is tensor network: Bjn,jn−1,...,j1
in−1,...,i1

= [b0]jnα1

(
n−2∏
k=1

[bk ]
αk , jn−k
αk+1,in−k

)
[bn−1]

αn−1,j1
i1
,

Finite memory approx — neglect correlations K steps ago
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spin Boson model

Archetypal non-Markovian model:

H = ΩSx +
∑

i

Sz(giai + g∗i a†i ) + ωia
†
i ai ,

Ohmic Bath density of states:

J(ω) =
∑

i

|gi |2δ(ω − ωi) ≡ 2αω exp(−ω/ωc)

Known behaviour, initially excited [Leggett et al. RMP ’87] for ωc � Ω:

0 < α < 1/2 Decaying oscillations, 〈Sz〉 ∼ eiωt−γt

1/2 < α < 1 Overdamped decay, 〈Sz〉 ∼ e−γt

1 < α Localization, 〈Sz〉 finite at t →∞.

Challenge for QUAPI — finite K = τc/∆→ non-zero γ for ∀α
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TEMPO spin Boson results
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Environment induced revivals

Two spins in common environment

H = ΩSa ·Sb +
∑

i

ωia
†
i ai +

∑
ν=a,b

∑
i

Sz,ν(gi,νai +g∗i,νa†i )

Phase factors, gi,ν = gie−iki ·rν , ωi = |ki |
Propagation: revivals at t = R,2R, . . .
Spin Boson, J(ω) = Jp(ω)(1− cos(ωR))
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Summary

TEMPO Algorithm for general non-Markovian problems

Captures localisation transition of spin Boson model
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Capable to handling oscillating DoS.
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Code publicly available at DOI:10.5281/zenodo.1322407

[Strathearn, Kirton, Kilda, Keeling & Lovett, Nat. Comm. (2018)]
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5 Protected coherence
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Protected coherence: Two coupled spins

Coupled electron + nucleus
electron spin

ω0

∣↑⟩e

∣↓⟩e

nuclear spin

gσe
zσn

z

∣↑⟩n,∣↓⟩n

Bosonic bath

ωc

ω

γ0

J(ω)

H =
ω0

2
σz

e + gσz
eσ

z
n +

∑
k

ξk
(
σ+e bk + H.c.

)
+ HB

Electron spin flip – effect on nuclear coherence

ω2=ω0+2g
ω1=ω0−2g

∣↑↓⟩
∣↑↑⟩

∣↓↓⟩
∣↓↑⟩

E

T = 0 — single emission, final
coherence:

γ0/ω0

0.02
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-0.10 -0.05 0.05 0.10
g/ω0

0.1

0.2
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0.4

0.5

|ρ↓↓,↓↑(t→∞)|

[Cammack et al. PRA ’18]
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Protected coherence: Finite temperature

T > 0, Born-Markov approx
Separation of timescales, Decay rates κ±.
For 1/κ− � t � 1/κ+, quasi-steady state
ρ = r .
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High T: Large ratio of timescales
High T protects coherence for longer!
But: Born-Markov invalid at high T

[Cammack et al. PRA ’18]
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Protected coherence: Finite temperature

T > 0, Born-Markov approx
Separation of timescales, Decay rates κ±.
For 1/κ− � t � 1/κ+, quasi-steady state
ρ = r .
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Protected coherence: High temperature TEMPO

Modify coupling for TEMPO form: H =
ω0

2
σz

e + gσz
eσ

z
n +
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k

ξkσ
x
e(bk + b†k ) + HB

Populations — see Markov breakdown
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