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Axiomatic Motivation for DRO
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Summary of Wolfram’s Talk 
Randomisation proof/receptiveness
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Mean moment &  
mean deviation RM’s

Mean semi-moment &  
mean semi-deviation RM’s

convex RM’s  
with convex X0X0

In DRO problems, if the set of 
reachable random cost is non-convex, 

then a randomized strategy might 
outperform all deterministic ones.
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The UFLP is formulated as:

𝒥: set of potential facility locations
ℐ: set of customers

𝑓𝑗: setup cost of facility 𝑗
𝜉𝑖: demand of customer 𝑖
𝑐𝑖𝑗: unit shipping cost from 𝑗 to 𝑖

𝑥𝑗 = 1 if facility 𝑗 is opened, 0 otherwise

𝑦𝑖𝑗 = 1 if customer 𝑖’s demand is served 

by facility 𝑗

Distributionally Robust  
Uncapacitated  Facility Location Problem
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Illustrative ExampleIllustrative Example

𝑐12 = 𝑐21 = 𝑐
𝑐11 = 𝑐22 = 0

𝜉1 ∈ [0, 𝑑] 𝜉2 ∈ [0, 𝑑]

𝑓1 = 𝑓2 = 𝑓
𝑓 > 𝑐𝑑

𝜉1 + 𝜉2 ≤ 𝑑

Without randomization
v⇤
d

= min
x,y

sup
F⇠2D

E
F⇠

[f(x1 + x2) +

c(⇠1y12 + ⇠2y21)]

Solution 1:
x⇤1
1 = 1, y⇤121 = d, v⇤1 = f + cd

Solution 2:
x⇤2
2 = 1, y⇤212 = d, v⇤2 = f + cd

Optimal value : v⇤
d

= f + cd, the
adversary always places all the
demand on the “wrong” node.

With randomization
v⇤
r

= min
p1,p2

sup
F⇠2D

E
F⇠

[
P
k

p
k

(f(x⇤k
1 +

x⇤k
2 ) + c(⇠1y⇤k12 +⇠2y⇤k21 ))]

Randomized solution
p⇤ : p⇤1 = p⇤2 = 0.5

Randomized optimal value :
v⇤
r

= f + cd/2

Randomization ensures a 50%
chance that the facility is opened at
node with larger demand.
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Randomization ensures that each 
unit of demand has 50% chance 
of staying at same node.
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worst-case distribution puts all the 
mass on the wrong node.
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Randomization ensures that each 
unit of demand has 50% chance 
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Randomization ensures a 50%
chance that the facility is opened at
node with larger demand.

27 / 51

Randomization ensures that each 
unit of demand has 50% chance 
of staying at same node.

Randomization reduces 
worst-case expected cost by «cd/2»

(i.e. up to 25%)
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The Two-Stage DR CFLP is formulated as:

Two-Stage Distributionally Robust 
Capacitated  Facility Location Problem

where

minimize

x2{0, 1}|J |
max

F⇠2D
E
F⇠

2

4
X

j2J
f

j

x

j

+G(x, ⇠)

3

5

subject to P
F⇠(

X

j

⇠

j


X

j

V

j

x

j

) , 8F
⇠

2 D (1)
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G(x, ⇠) := min

z2R|I|⇥|J |

X

i,j

ci,jzi,j

subject to

X

j

zi,j � ⇠i 8 i 2 I

X

i

zi,j  Vjxj 8 j 2 J
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𝒥: set of potential facility locations
ℐ: set of customers

𝑓𝑗: setup cost of facility 𝑗
𝜉𝑖: demand of customer 𝑖
𝑐𝑖𝑗: unit shipping cost from 𝑗 to 𝑖

𝑥𝑗 = 1 if facility 𝑗 is opened, 0 otherwise

𝑦𝑖𝑗 = 1 if customer 𝑖’s demand is served 

by facility 𝑗
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How much 
improvement can be achieved using 

randomization here ???
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(PSP)

(RSP)

We define the randomized strategy problem

We define the pure strategy problem

We define the value of randomized solutions

v

d

:= min
x2X0

sup
F⇠2D

⇢

⇠⇠F⇠ [h(x, ⇠)]
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vr := min
F

x

2�(X0)
sup
F

⇠

2D
⇢(X,⇠)⇠F

x

⇥F
⇠

[h(X, ⇠)]
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VRS := vd � vr
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The Value of Randomized Solutions
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Bounding VRS using Convex Hull of       

measure F⇠. For example, when ⇢⇠⇠F
⇠

[h(x, ⇠)] = E⇠⇠F
⇠

[h(x, ⇠)], the decision maker’s
attitude can be interpreted as a player trying to achieve the lowest expected cost when
playing a game against nature (the adversary) who chooses the distribution F⇠ from
D. More generally and reasonably speaking, as shown in [3] the decision model in
(5) emerges in any context where the decision maker is considered ambiguity averse
(satisfies the axioms of ambiguity aversion and ambiguity monotonicity) and satisfies
the monotonicity and translation invariance axioms of convex risk measure.

Alternatively, in [3] it is said that whenever the risk measure ⇢(·) satisfies the
Lebesgue property, an ambiguity averse decision maker might benefit from employing
a randomized policy instead of a deterministic action. Namely, his overall risk might
be reduced by solving the following decision problem:

minimize
F
x

2�(X0)
sup
F
⇠

2D
⇢(X,⇠)⇠F

x

⇥F
⇠

[h(X, ⇠)] , (6)

where �(X0) is the set of all probability measure on the measurable space (X0,BX0),
with BX0 as the Borel �-algebra over X0. Moreover, (X, ⇠) should be considered as a
pair of independent random vectors with marginal probability measures respectively
characterized by Fx and F⇠.
Definition 1. Let vd and vr respectively refer to the optimal value of problems (5) and
(6). We define the value of randomized solutions as the di↵erence between vd and vr:

V RS := vd � vr .

Conceptually, the VRS (and bounds on this value) serves a similar purpose as what
is known as the value of stochastic solutions for a stochastic program. Namely, It allows
one to judge whether it is worth investing a significant amount of additional computa-
tional e↵orts in the resolution of problem (6). Yet, VRS might additionally be used to
quantify whether the additional implementation (both operational and psychological)
di�culties are worth the investment.

While we will later provide algorithmic tools that can be used to measure and
bound the VRS, we start here with a tractably more attractive way of bounding this
quantity.

Theorem 1. Given that ⇢ is a convex risk measure and h(x, ⇠) a convex function with
respect to x for all ⇠ 2 Rm. Let X be any set known to contain the convex hull of X0,
then

VRS  vd �min
x2X

sup
F
⇠

2D
⇢⇠⇠F

⇠

(h(x, ⇠)) .

Moreover, if ⇢(·) = E[·], the function h(·, ⇠) is a�ne for all ⇠, and X is the convex
hull of X0, then this bound is tight and is achieved by any policy F

⇤
x 2 �(X0) such that

EF ⇤
x

[X] 2 argminx2X supF
⇠

2D E⇠⇠F
⇠

[h(x, ⇠)].

Proof. Our proof exploits the extension of Theorem 2 in [3] which states that if % is an
ambiguity averse risk measure and the set of all feasible random variables is a convex
set, then there is no benefit in adopting a randomized strategy. Indeed, from this we

4

X0
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Proof:
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one to judge whether it is worth investing a significant amount of additional computa-
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quantify whether the additional implementation (both operational and psychological)
di�culties are worth the investment.

While we will later provide algorithmic tools that can be used to measure and
bound the VRS, we start here with a tractably more attractive way of bounding this
quantity.

Theorem 1. Given that ⇢ is a convex risk measure and h(x, ⇠) a convex function with
respect to x for all ⇠ 2 Rm. Let X be any set known to contain the convex hull of X0,
then

VRS  vd �min
x2X

sup
F
⇠

2D
⇢⇠⇠F

⇠

(h(x, ⇠)) .

Moreover, if ⇢(·) = E[·], the function h(·, ⇠) is a�ne for all ⇠, and X is the convex
hull of X0, then this bound is tight and is achieved by any policy F

⇤
x 2 �(X0) such that

EF ⇤
x

[X] 2 argminx2X supF
⇠

2D E⇠⇠F
⇠

[h(x, ⇠)].

Proof. Our proof exploits the extension of Theorem 2 in [3] which states that if % is an
ambiguity averse risk measure and the set of all feasible random variables is a convex
set, then there is no benefit in adopting a randomized strategy. Indeed, from this we

4where

can conclude that

min
x2X

sup
F
⇠

2D
⇢⇠⇠F

⇠

(h(x, ⇠))  min
x2C(X0)

sup
F
⇠

2D
⇢⇠⇠F

⇠

(h(x, ⇠))

 min
g(·)2G

sup
F
⇠

2D
⇢⇠⇠F

⇠

(g(⇠))

= min
G(·)2�(G)

sup
F
⇠

2D
⇢⇠⇠F

⇠

(G(⇠))

= min
G(·)2�(G0)

sup
F
⇠

2D
⇢⇠⇠F

⇠

(G(⇠))

= inf
F
x

2�(X0)
sup
F
⇠

2D
⇢(X,⇠)⇠F

x

⇥F
⇠

[h(X, ⇠)] = vr ,

where
G := {g : Rm ! R | 9x 2 C(X0), g(⇠) � h(x, ⇠)8 ⇠}

is a convex set of random variables, and

G0 := {g : Rm ! R | 9x 2 X0, g(⇠) = h(x, ⇠)8 ⇠} .

To prove the special case where the bound is tight, we can proceed as follows:

min
x2C(X0)

sup
F
⇠

2D
E⇠⇠F

⇠

[h(x, ⇠)] = min
F
x

2�(X0)
sup
F
⇠

2D
E⇠⇠F

⇠

[h(EX⇠F
x

[X], ⇠)]

= min
F
x

2�(X0)
sup
F
⇠

2D
E(X,⇠)⇠F

x

⇥F
⇠

[h(X, ⇠)] ,

where the first step follows from the fact that C(X0) is the convex hull of X0 and the
second step from the linearity of the expectation operator. Hence, if F ⇤

x is such that
EF ⇤

x

[X] 2 argminx2C(X0) supF
⇠

2D E⇠⇠F
⇠

[h(x, ⇠)], one can confirm that

sup
F
⇠

2D
E(X,⇠)⇠F ⇤

x

⇥F
⇠

[h(X, ⇠)] = sup
F
⇠

2D
E⇠⇠F

⇠

[h(EX⇠F ⇤
x

[X], ⇠)]

= min
x2C(X0)

sup
F
⇠

2D
E⇠⇠F

⇠

[h(x, ⇠)]

= min
F
x

2�(X0)
sup
F
⇠

2D
E(X,⇠)⇠F

x

⇥F
⇠

[h(X, ⇠)] .

3 A Column-Generation Approach for Two-Stage

DRO Problems with Randomization

To complement the theoretical results on VRS bounds provided earlier, this section
presents an algorithmic tool based on column generation to find the optimal policy
when randomization is implemented. Consider the two-stage linear DRO problem

min
x2X0

sup
Q2D

c

|
1x+ EQ[G(x, ⇠)] , (7)

where X0 ⇢ Zn.

5

X0
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min
x2X

sup
F

⇠

2D
⇢

⇠⇠F

⇠

(h(x, ⇠))  min
x2C(X0)

sup
F

⇠

2D
⇢

⇠⇠F

⇠

(h(x, ⇠))

= min
g(·)2G

sup
F

⇠

2D
⇢

⇠⇠F

⇠

(g(⇠))

= min
F

g

2�(G)
sup
F

⇠

2D
⇢(G,⇠)⇠F

g

⇥F

⇠

(G(⇠))

= min
F

g

2�(G0)
sup
F

⇠

2D
⇢(G,⇠)⇠F

g

⇥F

⇠

(G(⇠))

= inf
F

x

2�(C(X0))
sup
F

⇠

2D
⇢(X,⇠)⇠F

x

⇥F

⇠

(h(X, ⇠))

 inf
F

x

2�(X0)
sup
F

⇠

2D
⇢(X,⇠)⇠F

x

⇥F

⇠

[h(X, ⇠)] = v

r

,
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The first inequality follows from the fact that X � C(X0). The next four steps follow
from the fact that ⇢(·) is monotone, the fact that G is a convex set hence the extension
of Theorem 2 in [3] holds, the fact that ⇢(·) is monotone again, finally based on the
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the special case where the bound is tight, we can proceed as follows:
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measure F⇠. For example, when ⇢⇠⇠F
⇠

[h(x, ⇠)] = E⇠⇠F
⇠

[h(x, ⇠)], the decision maker’s
attitude can be interpreted as a player trying to achieve the lowest expected cost when
playing a game against nature (the adversary) who chooses the distribution F⇠ from
D. More generally and reasonably speaking, as shown in [3] the decision model in
(5) emerges in any context where the decision maker is considered ambiguity averse
(satisfies the axioms of ambiguity aversion and ambiguity monotonicity) and satisfies
the monotonicity and translation invariance axioms of convex risk measure.

Alternatively, in [3] it is said that whenever the risk measure ⇢(·) satisfies the
Lebesgue property, an ambiguity averse decision maker might benefit from employing
a randomized policy instead of a deterministic action. Namely, his overall risk might
be reduced by solving the following decision problem:

minimize
F
x

2�(X0)
sup
F
⇠

2D
⇢(X,⇠)⇠F

x

⇥F
⇠

[h(X, ⇠)] , (6)

where �(X0) is the set of all probability measure on the measurable space (X0,BX0),
with BX0 as the Borel �-algebra over X0. Moreover, (X, ⇠) should be considered as a
pair of independent random vectors with marginal probability measures respectively
characterized by Fx and F⇠.
Definition 1. Let vd and vr respectively refer to the optimal value of problems (5) and
(6). We define the value of randomized solutions as the di↵erence between vd and vr:

V RS := vd � vr .

Conceptually, the VRS (and bounds on this value) serves a similar purpose as what
is known as the value of stochastic solutions for a stochastic program. Namely, It allows
one to judge whether it is worth investing a significant amount of additional computa-
tional e↵orts in the resolution of problem (6). Yet, VRS might additionally be used to
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quantity.
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Proof. Our proof exploits the extension of Theorem 2 in [3] which states that if % is an
ambiguity averse risk measure and the set of all feasible random variables is a convex
set, then there is no benefit in adopting a randomized strategy. Indeed, from this we
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can conclude that
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where
G := {g : Rm ! R | 9x 2 C(X0), g(⇠) � h(x, ⇠)8 ⇠}

is a convex set of random variables, and

G0 := {g : Rm ! R | 9x 2 X0, g(⇠) = h(x, ⇠)8 ⇠} .

To prove the special case where the bound is tight, we can proceed as follows:
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where the first step follows from the fact that C(X0) is the convex hull of X0 and the
second step from the linearity of the expectation operator. Hence, if F ⇤

x is such that
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3 A Column-Generation Approach for Two-Stage

DRO Problems with Randomization

To complement the theoretical results on VRS bounds provided earlier, this section
presents an algorithmic tool based on column generation to find the optimal policy
when randomization is implemented. Consider the two-stage linear DRO problem

min
x2X0

sup
Q2D

c

|
1x+ EQ[G(x, ⇠)] , (7)

where X0 ⇢ Zn.

5
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where
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is a convex set of random variables, and
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where the first step follows from the fact that C(X0) is the convex hull of X0 and the
second step from the linearity of the expectation operator. Hence, if F ⇤

x is such that
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3 A Column-Generation Approach for Two-Stage

DRO Problems with Randomization

To complement the theoretical results on VRS bounds provided earlier, this section
presents an algorithmic tool based on column generation to find the optimal policy
when randomization is implemented. Consider the two-stage linear DRO problem

5

If                , the risk measure is the expected value, and 
the cost function is linear in x, then this bound is tight and 

is achieved by any                                           .F

⇤
x

2 �(X0) : EX⇠F

⇤
x

[X] = x

⇤
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The DR Assignment Problem is formulated as:

Distributionally Robust Assignment Problem

9/20

The distributionally-robust assignment problem (DRAP) under consideration can
be stated as

min
x2XAP

max
F
⇠

2D
E⇠⇠F

⇠

2

4

X

i2I

X

j2J
⇠ijxij

3

5 (66)

where

XAP :=

8

<

:

x 2 {0, 1}ni

⇥n
j

�

�

�

�

�

�

P

j2J
xij = 1 , 8 i 2 I

P

i2I
xij = 1 , 8 j 2 J

9

=

;

In this formulation, I and J are sets of demand and supply points, respectively, xij
is the (0-1) assignment variable and ⇠ij is the uncertain assignment cost.

Proposition 3. For the DRAP presented in equation (66), the value of randomized
solutions is equal to

V RS = min
x2XAP

�⇤ (x|U)� min
x02X 0

AP

�⇤ (x|U) ,

where

X 0
AP :=

8

<
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x 2 [0, 1]nj

⇥n
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�

�

�

�

�

P

j2J
xij = 1 , 8 i 2 I

P

i2I
xij = 1 , 8 j 2 J

9

=

;

while �⇤(v|U) := sup
µ2U

P

i2I

P

j2J
vijµij is the support function of the set:

U := C �{µ 2 Rn
i

⇥n
j

�

� 9F⇠ 2 D, µij = E⇠⇠F
⇠

[⇠ij ] , 8i, 8 j}
�

Proof. Based on Theorem 1, we can conclude that V RS = vd �  , where

vd := min
x2XAP

max
F
⇠

2D
E⇠⇠F

d

2

4

X

i2I

X

j2J
⇠ijxij

3

5

.

and

 := min
x2C(XAP)

max
F
⇠

2D
E⇠⇠F

⇠

2

4

X

i2I

X

j2J
⇠ijxij

3

5

.

Given that the constraint matrix of the assignment problem enjoys the total uni-
modularity property, the convex hull of XAP is directly captured by its continuous
relaxation X 0

AP. Specifically, the polyhedron defined in Equation (131) only has inte-
ger vertices.

13

XAP :=

8
<

:x 2 {0, 1}ni⇥nj

������

P
j2J

xij = 1 , 8 i
P
i2I

xij = 1 , 8 j

9
=

;
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where

J : set of potential recipient

I : set of donated organs

⇠i,j : incompatibility score

between organ i and recipient j

xi,j = 1 if we assign organ i

to recipient j
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Given that the constraint matrix of the assignment problem enjoys the total uni-
modularity property, the convex hull of XAP is directly captured by its continuous
relaxation X 0
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ger vertices.
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VRS = min
x2XAP

�

⇤(x|U)� min
x

02X 0
AP

�

⇤(x0|U)
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Given that the constraint matrix of the assignment problem enjoys the total uni-
modularity property, the convex hull of XAP is directly captured by its continuous
relaxation X 0

AP. Specifically, the polyhedron defined in Equation (131) only has inte-
ger vertices.
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An optimal randomized strategy can be obtained by 
solving:                                             .minimize

p2�
kx0⇤ �

X

k2K
pkx

kk
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The Two-Stage DR CFLP is formulated as:

Two-Stage Distributionally Robust 
Capacitated  Facility Location Problem

where

minimize

x2{0, 1}|J |
max

F⇠2D
E
F⇠

2

4
X

j2J
f

j

x

j

+G(x, ⇠)

3

5

subject to P
F⇠(

X

j

⇠

j


X

j

V

j

x

j

) , 8F
⇠

2 D (1)
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X
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X

i
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𝒥: set of potential facility locations
ℐ: set of customers

𝑓𝑗: setup cost of facility 𝑗
𝜉𝑖: demand of customer 𝑖
𝑐𝑖𝑗: unit shipping cost from 𝑗 to 𝑖

𝑥𝑗 = 1 if facility 𝑗 is opened, 0 otherwise

𝑦𝑖𝑗 = 1 if customer 𝑖’s demand is served 

by facility 𝑗
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𝑦𝑖𝑗 = 1 if customer 𝑖’s demand is served 

by facility 𝑗
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A Two-Stage DR LP with RHS uncertainty is formulated as:

Two-Stage Distributionally Robust 
Linear Program with RHS Uncertainty

where

We wish to identify the optimal randomized strategy 

which can be simplified since feasible set      is discrete }

g(p, ⇠)
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minimize
x2X✓{0, 1}n

sup
F⇠2D

E
⇠⇠F⇠ [c

T

1 x+G(x, ⇠)]
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F

x

2�(X )
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F

⇠
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x

⇥F
⇠

[cT1 X +G(X, ⇠)]
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p2�⇢R|X|

+

sup
F⇠2D

X

k2K
pkc

T
1 x

k + E⇠⇠F⇠ [
X

k2K
pkG(xk

, ⇠)]
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G(x, ⇠) := min
y2Rm

c

T
2 y

s.t. Ax+By  W ⇠ + b
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Under the Wasserstein Ambiguity Set

Given a sample set                       , we assume the ambiguity 
set is a Wasserstein ball:

{⇠̂1, . . . , ⇠̂N}

minimize

p2�,�2R,s

X

k2K
c

T
1 x

k
pk + �✏+ (1/N)

X

n

sn

subject to sup

⇠2⌅
g(p, ⇠)� �k⇠ � ⇠nk  sn , 8n

X

k2K
pk = 1
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Based on Mohajerin Esfahani & Kuhn (2017), the DRO can be 
reformulated as:
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D(✏) :=

⇢
F⇠

����
PF⇠(⇠ 2 ⌅) = 1
dW (F⇠, F̂⇠)  ✏

�
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X
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(⇠,�)2⌅0
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g(p, ⇠)� ��  sn , 8n
X

k2K
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where
⌅0
n := {(⇠, �)|⇠ 2 ⌅, k⇠ � ⇠̂nk  �}
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Formulating a Large-scale LP

When 1-norm is used and      is polyhedral, each         is polyhedral, 
since                  is convex, one can instead enumerate the vertices 

⌅0
n := {(⇠, �)|⇠ 2 ⌅, k⇠ � ⇠̂nk  �}
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One can solve this large scale linear program using a two-layer 
column and constraint generation
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p2�,�2R,s

X

k2K
c

T
1 x

k
pk + �✏+ (1/N)

X

n

sn

subject to

X

k2K
pkG(x

k
, ⇠

hn
)� ��

hn  sn , 8n , 8hn 2 Hn

X

k2K
pk = 1
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Formulating a Large-scale LP

When 1-norm is used, each         is polyhedral, since                  
is convex, one can instead enumerate the vertices 

One can solve this large scale linear program using a two-layer 
column and constraint generation

15/20



Two-layer Column Generation AlgorithmA Column Generation Approach

Primal (𝐾′, 𝐻) 

Primal (𝐾′, 𝐻′) 

Subproblem 1 

𝑃∗, 𝛾∗ 
𝐿𝐵1 

𝜉ℎ′ 
𝐻′ = 𝐻′ ∪ {ℎ′} 

𝑈𝐵1 

Dual (𝐾, 𝐻′) 

Dual (𝐾′, 𝐻′) 

Subproblem 2 

𝑞∗ 
𝑈𝐵2 

𝑥𝑘′ 
𝐾′ = 𝐾′ ∪ {𝑘′} 

𝐿𝐵2 

𝑈𝐵,𝐻′ 

𝐿𝐵, 𝐾′ 

𝑥𝑘1 = 𝑥𝐷𝑒𝑡 

While 𝑈𝐵1 > 𝐿𝐵1 While 𝑈𝐵2 > 𝐿𝐵2 

While 𝑈𝐵 > 𝐿𝐵 

34 / 51
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