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No4ta tl - (oper Model: leadug order.
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W\o\3 neto 36056“0() hic Equation: MG
2,6 +UV)e = KAB +5 o
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Obscr\m‘:l'ons about the SgMboL

) aniso bropie , even tn Wave nubnber ke
2) ¥ 70, M () ~ 'k as k>

3) Y=o
On the curved reqions (n Foune, space
b.g =00, Ry~ R, and \Rj| —> e
M () ~ C R,
re- when w76 Mis smoothing of degree 2

when =0 M is Smgtdar 41. degree-| .



Hiecoschu o} active scalar e7ua.€-lo'ns

28 +U'Ve = KA}

I lnaviscid (v=0) MG : Sinqular avdey 1
K=0, Hadamard tll-posed
K70, crbical case, globally well pesed

2. SQ6 : Sinqular ofder zero

K=0, open
K 20, crtical Case, 3[46&(13 we{ pos-ed

3. 2D Euler tw vettictty Lorm: jmool'huhg
well poseé\- €gree |
a. uisCous mG-: SMooﬂAiﬂg degm 2
“tetter' Ehan 20 Euler
7.



* \nniscid crbical MG (v=o0, Koo, °¢=‘)

Frteol(am!er x Vicel (20ll)

V Linear (Jaxrd»(z'c PDE
3&9 4+ LW V6 =KAS y Vv= 0
vre Lt NL, BMoZ
then weak solubtens are Holder cenbinuous
Prook uses De Giergi tteratbion .

) WUse this Fesufe to preve that Leray-Haps

Weelk. Solubjons to an ackue scalar
Nonlinear PPE o} the type ¢ ace

classical solubHons -
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Th3: There exists a unigue global n tike
T mMud selubton ¢e ,
6, + U Ve = kA6, u=MJlel, 6, «L
Such that ©« Bc((o2); L?)
LHath-Y%e g e C(Qe); WP, selo), refse).
Tn p-u*h'cular, B( ¢ > 6, in L3 as &€ Do™
ond 1 060l s 20 o t2e

The salutlon ¢ Lns"an‘('aneauslg C“Smoof'hed
ouk and in WP Lor all £ 7o.
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’ﬂ'\e!—j-owr“cco\rm G, equaticn (v zo) .

Fricdlander and Suen (201%) CHezel
Gt Ve = KAG +S& )

w=m_[e], e(xe)= 6,6, S6) € C with ISl 5

Th 5 (et 6,el” and kK7e - For all v2Zo

rere exists o classteal selution
8, (% ¢) € C"((o,w) g'n”) eu-olu(ng ffom 6,

The Pfoo+ 50“005 the (nes d}v the @’Qaf- |
o global well pesedness Ser the unforced
Ceckical MG e?m(rlbn (v=0) glven tn

£ - Vicel (2011)
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'Lk\_é (F-Suen 2018)

et G el’, SeCand K 70 be giver.
’ﬂ\em ({' 5V, G are C® smostly classical
SOUL{.'IO\\S' of G¢) _Sar Ve and Y =0

tespectively with wnthal data &, , then
Aven 170 , Sor all 520, we have

\(f‘go l@™-e)¢,¢ "H‘ =0

whenever ¢ 2,1 .
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The existence s a 3(06&( altructor »
Soc the f_ff‘ced Cabica( MG, eyad-('on ' v.7..°,

De&“ O-‘- a U‘amslmtnj Ul.SCa.'si'éy weal sa".

A wealk ssl™ & % wrth v=0 is mf-uncﬁon

e e G, ([o,T]):L(T?)) saéls}?:‘nﬁ s tn adistribution :
"t T

"'g(% ¢ > At -[?ue,v.p;a% + K | < Ve, 7p ¢

2
= <6,9287 + [<S,4>4d¢

o _ \ .
A weak sol® ts » with v'=0 15 called ‘vanshing
UViscosthy so(" :j— J sequences V=6 such that
Zéﬂi are smostl So("s and Q.Vn—be as Y, 2o

\&



T
’n'\ 7= ‘l'ke Sjs('em * w({L Y=0 (Posse3Ses

a compact 9 lobal attractor £ in L2Y):
= { 6,: 6= &(e) 504‘ Some bounded Complefp
“U‘amshu'ng Uis Cosety " Seluton ©¢6).
For any bounded set Bc L"(rr") and g, Toe

Ehere exists t, such that Sor £ 7 ¢,

€very Uanishing viscesity Solition 6le) with A€B
Sakiskies lloct)-2®\| . <€, vee [&, ¢4T]

Sor some complete brajectory e R :ﬂ-ée'(.gcp
For velo,]) thee exists a compacl 9lobe(

attractor A thak is upper sem coniuous
ak Veo0.



ChesRidov x Dac (2017): ‘
Forced cretical SQG possesses o C’ompac{
9lobal atfracter using ‘classical nswosity

Selutions and Hre abstract fnuueq;orh

4 evalutionary systems-

For the MG equations asymptatic
Compactness is not Rnown a pPrert:

The existence of the 9(064( atraclor fof(wﬁzm
() an eneryy €quality |
(i) the absence of anomalous dtssqoa&on

Sor complete bounded trajectories



Foldes , ¥, Glakt-Hdtz, Qichards (2017) '
S tochaskically Sorzed Sull” MHD systen
V70, K70 (m R0, lm Q20
R, (U + UTWU) + é,x U=
- VP + & VB + R, BYB + B¢ + vAU
R (3B + UTB-BJU) = & Vu+AB

dO + UVodt = Kf6-dt + 0 dW

White tn €ime S spatiall y correlated Gaussian
Noise G aW:

FAW = = 4 G AW
ke 2°
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o{héR are the am,oliéudes

FunA amenéa( POS{'“JQ"CS 0«‘— éur‘lmleuce

Consider eneryy cascading £rom (arye
to small spaéial scales.

Our SgS&M 1s drwen 63“5‘064:(11”'3
degenembte” stochas€ic Sortng,
re: notse acts ownly Hirough &
NatYow (‘a.ngc d’.ﬂ. La(S ffe? LeacresS
Hypo - ell (pkte situation

substantially Mmore a\c-H'lca((‘ Haan

forc(nq on all Spa(-lo.l scales.
Ya-



Mactingale Selutions Sor the Full Syshem

(1) Gen any tnidla | robability distributon M
t\zi\ecf exists a S{:Eclr\a.sé-ic 9?(00655 (W,5,6)
‘:‘: leh s weah\? Conkinuous and selves

he Sull evwoluton system.

W) for every B Ry 70 there exists o

S‘Ta{'lohqrg n\arémjdle Solukion that sa(-ts{—ies
Ehe Uniterm Moment bound

* " 2
ﬂ.?ﬂt:?e( 0,N) E erp (n (R ull '+ R V6l + el ))5 C, <0

Proved Using a. Galerkin (eg wlarization
Simlar to trat used Sor 30 Navier Stokec

The solubtons are weak Loth tn the cnuentional
Sewse anrd the probality sense . b



The M& quabion is the Linick systes
obtaned wily v7¢ K 70, R.=0, Ry=0o

Very smau.lar (o' ok

full system supperts tactial condittons
on al|l vanables W, B and ©-

The lwmd system (M6, active scalor)
allows wntial condiftons ouly on o .

Mulb - Eime scale analysis with
Hiree Eime scales :

0N, o(R;'), O(R')
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@\6501.[{'5 for‘ the Lmit Sgsétm.

K 7o

5;;&45&64((3 gorced mc,:ra;mq('ion) Y70 °

well - posedness:

The PPDE possesses unique , Pafhuisc
50(!1.‘“0“5 w\aich S&HS«S-U expdneué(A{
Mowent Gounds.

Extension o} knoun (esults n the
Aetecminstic case
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(Mot Rovian Dymamics o} the lwout System.

- = - Y e w» Y o e - Y o e W

Wse the fmn\-e&sork o} Hairer - Matting ly

¢ Show Ehat & €orm o} the Hormander
bcacket conditien s satisfied

. verify a Sorm of asymphobrc Streng Feller

- an Lrreducibility cendition

. cerbain exponential moment Gound S
We tnfer that the contractivity
Property e H-M 1s sabis§ted ma
Suitably chesen Wasserstein metnc W
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:l:h: Lt gﬁiwo be the Markow
Se"ftﬂl“ oup assectated €e the (V‘Q E’yudflon
Then §R2, s Contrackve in W
WL, MR £ CET WM, €20
& then fo(lotos bhat Sf)k%e,o Possesses

& Unidue efgedic (Nvarant Measure A.

Fur H\ef ere A Safrl'sf-(cs abtraction querﬁey.
. k(s exponenhallq Mixing
. obeys a stveng law o} large Aumébers

- obeys a central (imit sushbesm thesrem
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Fl'(\(l:-e. time Converjence as ROI‘O\“'aO
We use the Powerful cbservation that «}
one can establish a cewtraction Preperty

Sor the (mit system n o suibable Wasserstern
Mebr ic, then the Convevrgevce o-}» sﬁ:h'sl-(ca((g
steady states can be reduced to Converyence
o} selutions of the Sull system on

Sintte Eime scales:
m

Key observation £Lor our Frb(:(em 's & show

that a didterence (n tnibial condibiens an

W and B has negligféle e-H—ec{ o -e-,nam(y

a.\qe,bra'tc order thn R, + R," .
Note : Converpence For the SSS do net regulre

Unidorm Convergence tn UWand B up to bime £=0-
|§-<-N



p(sjmpl'aéic.s fof‘ the 5(4(( edolul'lo.n SjJ{'!;;

Depobe sunables B, W\ J B for the Sull System
© , U, b Ser the Lt Syseem

Results as B—6, K —0

) Assume |-~ — B8@II-D0

Then £or ony t 70 q w70 and p7Y S° that
\ 4

. E sue _\1&@- 0| C (1-o@-0@l+ Ritky) =7

selo))
and fuff"/\-efmore
\ @

+ !
. [E glwﬁ, 86 — N\ %go‘_\\l&s £ C(Iro@-6|+R&tR) o
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(it) Com)erjence of Staétséc'ca,{{.j S{_&d'j Sl'u{-esm

( tavacdant measures )

For every R,, R, 70 the Full 5gstem pesseses
ak (ea-si'. one SSS Ao cs.lfuda Satisfies certuin
Expenential Moment bounds independent o} R, Ry
Ay Collectisn Me, g, Converyes to ]\ ot an
agebmic rate in a suiwble mebnc W -
o In pacticular Lor any sufficient (y l'?]u.,af“
obsecvable V¥

| ( ¢(UBA) Ay, — [ HODA| >0
as Rg,Rn—20
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