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e Thm (Mironescu): Up to isometries, every nontrivial loc.
min. is of the form Ux(x) = fg(\x\)&—‘ = f(p)e’.
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R2-valued Ginzburg-Landau Minimizers on R?

e Any critical point of E(u) = [ 5|Vu[?+ (1 — |u|?)? satisfies
— Au=(1—|u)u (GL)

e A global solution of (GL) (i.e., on R?) satisfying, for every
ball B, E(u; B) < E(v; B) whenever v = u on 0B, is called:
“a local minimizer in the sense of De Giorgi”.

@ Local minimizers appear as “blow-up limits” of minimizers of

1 1
E(n)= [ = 2. 1 (1 (u?)2?
() = [ 5196 + 5= 1)

e Thm (Mironescu): Up to isometries, every nontrivial loc.
min. is of the form Ux(x) = fg(\x\)&—‘ = f(p)e’.
@ A crucial estimate (Sandier):
uloc. min. = E(u;Bg) < CInR = (1 — |u]?)? < .
R2
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e Claim (easy): V(xi1,x2,x3) := Ua(x1,x2) is a local minimizer
on R3.
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Local minimizers among maps v : R3 — R?2

e Claim (easy): V(xi1,x2,x3) := Ua(x1,x2) is a local minimizer
on R3.

B
o limp_ ,S?In RR) = 2.
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Local minimizers among maps v : R3 — R?2

e Claim (easy): V(xi1,x2,x3) := Ua(x1,x2) is a local minimizer

on R3.
@ limrp_ 'E?IHBRR) = 2.
e Thm 1(Sandier-Sh 2017): A loc. min. u: R3 — R?

satisfying limg_, E,(;,‘{;Bg) < 27 must be constant.
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@ Conjecture: Up to isometries, V is the unique nontrivial loc.
min. among maps v : R3 — R?.
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Local minimizers among maps v : R3 — R?

e Claim (easy): V(xi1,x2,x3) := Ua(x1,x2) is a local minimizer

on R3.
@ limrp_ 'E?IHBRR) = 2.
e Thm 1(Sandier-Sh 2017): A loc. min. u: R3 — R?

satisfying limg_, E,(;,‘{;Bg) < 27 must be constant.

@ Conjecture: Up to isometries, V is the unique nontrivial loc.
min. among maps v : R3 — R?.

OTHER RESULTS FOR LOC. MINIMIZERS ON ]R3

e Thm (Millot-Pisante): The unique (up to isometries)

nontrivial loc. min. u: R® — R3 satisfying
— E(u;B

im EWBR) s Us(x) = f(Ix]) 2
R—o0 R
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Local minimizers among maps v : R3 — R?

e Claim (easy): V(xi1,x2,x3) := Ua(x1,x2) is a local minimizer
on R3.

@ lim E(ViBr) _ o
R—o0 "RInR i
e Thm 1(Sandier-Sh 2017): A loc. min. u: R3 — R?

satisfying limg_, E,(;,‘{;Bg) < 27 must be constant.

Conjecture: Up to isometries, V is the unique nontrivial loc.
min. among maps v : R3 — R?.

OTHER RESULTS FOR LOC. MINIMIZERS ON ]R3

(]

Thm (Millot-Pisante): The unique (up to isometries)

nontrivial loc. min. u: R® — R3 satisfying
— E(u; B

,Jgnw%’” < oo is Us(x) = f(|x]) 5
Thm (Farina): If u: RV — R? (N = 3,4) is a loc. min. with

lim |y~ |u(x)| = 1, then u is a constant.
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A De Giorgi conjecture for complex-valued maps?

e THE DE GIORGI CONJECTURE:
Any scalar sol. of —Au = (1 — v?)u on RN with d,,u >0 is
necessarily one dimensional, at least for N < 8.
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e THE DE GIORGI CONJECTURE:
Any scalar sol. of —Au = (1 — v?)u on RN with d,,u >0 is
necessarily one dimensional, at least for N < 8.

e Proved for N = 2 (Ghoussoub-Gui), N =3
(Ambrosio-Cabré), 4 < N < 8 assuming
limy, —+00 u(x’, xy) = £1 (Savin).
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@ For N > 9, 3 sol's that aren’t one-dimensional (del Pino et
al.).
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e THE DE GIORGI CONJECTURE:
Any scalar sol. of —Au = (1 — v?)u on RN with 0, u >0 is
necessarily one dimensional, at least for N < 8.

e Proved for N = 2 (Ghoussoub-Gui), N =3
(Ambrosio-Cabré), 4 < N < 8 assuming
limy, —+00 u(x’, xy) = £1 (Savin).

@ For N > 9, 3 sol's that aren’t one-dimensional (del Pino et
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@ Monotone scalar sol's of (GL) possess a certain minimality
property (Alberti-Ambrosio-Cabré).

@ For N < 7 local minimizers are one dimensional (Savin).
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A De Giorgi conjecture for complex-valued maps?

e THE DE GIORGI CONJECTURE:
Any scalar sol. of —Au = (1 — v?)u on RN with d,,u >0 is
necessarily one dimensional, at least for N < 8.

e Proved for N = 2 (Ghoussoub-Gui), N =3
(Ambrosio-Cabré), 4 < N < 8 assuming
limy, —+00 u(x’, xy) = £1 (Savin).

@ For N > 9, 3 sol's that aren’t one-dimensional (del Pino et
al.).

@ Monotone scalar sol's of (GL) possess a certain minimality
property (Alberti-Ambrosio-Cabré).

@ For N < 7 local minimizers are one dimensional (Savin).

“De Giorgi problem” for complex-valued maps

For which NV > 3 a local minimizer u: RV — R? is necessarily two
dimensional?
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A “sharp” n-ellipticity result

Thm (Bethuel-Brezis-Orlandi): 37 > 0 s.t. if u. : By — R?
(B c RV) is a sol. of —Au. = 51— lu|?) in By c RV
(e € (0,1)) then,
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(B c RV) is a sol. of —Au. = 51— lu|?) in By c RV
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(B c RV) is a sol. of —Au. = 51— luz|?) in Bl Cc RV
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Previous results: Riviere (minimizers N = 3), Riviere-F.H.Lin
(minimizers YN; sol's N = 3).
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Previous results: Riviere (minimizers N = 3), Riviere-F.H.Lin
(minimizers YN; sol's N = 3).

Thm 2 (S-Sh): VA > 0,3e1(n, A) s.t., if ue is a

minimizer for E. on By C R3 with ¢ < e s.t. E-(u.) < n|lng| then
u=(0)] — 1| < A.

An equivalent statement:
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(minimizers YN; sol's N = 3).

Thm 2 (S-Sh): VA > 0,3e1(n, A) s.t., if ue is a

minimizer for E. on By C R3 with ¢ < e s.t. E-(u.) < n|lng| then
u=(0)] — 1| < A.

An equivalent statement:

Thm 2’ (S-Sh): YA > 0,3R1(n,\) s.t., if uis a
minimizer for £ on Bg C R3 with R > Ry s.t. E(u) <nRInR
then ||u(0)] — 1| < A.
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A “sharp” n-ellipticity result

Thm (Bethuel-Brezis-Orlandi): 37 > 0 s.t. if u. : By — R?
(B c RV) is a sol. of —Au. = 51— lu|?) in By c RV

(e € (0,1)) then, E-(u.) < n|Ine| = |u(0)| > 3.

Previous results: Riviere (minimizers N = 3), Riviere-F.H.Lin
(minimizers YN; sol's N = 3).

Thm 2 (S-Sh): VA > 0,3e1(n, A) s.t., if ue is a

minimizer for E. on By C R3 with ¢ < e s.t. E-(u.) < n|lng| then
u=(0)] — 1| < A.

An equivalent statement:

Thm 2’ (S-Sh): VA > 0,3Ry(n, A) s.t., if uis a

minimizer for £ on Bg C R3 with R > Ry s.t. E(u) <nRInR
then ||u(0)] — 1| < A.

(Use rescaling, ¢ := %, u-(x) = u(Rx))
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Thm 2’ — Thm 1

o Let ubealoc. min. on R3s.t. E(u; Bg,) <nR,InR,,Vn
(n < 2m) for a sequence R, — <.
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o Let ubealoc. min. on R3s.t. E(u; Bg,) <nR,InR,,Vn
(n < 2m) for a sequence R, — <.

@ Need to show: u = const.
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Thm 2’ — Thm 1

o Let ubealoc. min. on R3s.t. E(u; Bg,) <nR,InR,,Vn
(n < 2m) for a sequence R, — <.

@ Need to show: u = const.
o By Thm 2", (\ \—1‘<)\V)\>O:|()| 1.

@ Hence |u| =1= Au=0= u= const.
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Idea of the Proof of Thm 2’
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Idea of the Proof of Thm 2’

BASIC KNOWN ESTIMATES

Let u be a solution of (GL) —Awu = (1 — |u[?)u on Bg. Then,
* |u] < a(R) and [Vu| < b(R) on Bg,.
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E(u; By) > ¢(N).
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(by Keller-Osserman theory and elliptic estimates)

@ Monotonicity: r + E(u; B,)/rN=? is nondecreasing on (0, R).

o [1=]u(0)]| >A>0 = 11— |u(x)|| = A/2 on B,, whence
E(u; By) > ¢(N).
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@ Assume ’1 - |u(0)|’ >\ = E(u; By) > c(N).

e |Find R > 1st. E(u; Bg) = o(R).
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Idea of the Proof of Thm 2’

BASIC KNOWN ESTIMATES

Let u be a solution of (GL) —Awu = (1 — |u[?)u on Bg. Then,
* |u] < a(R) and [Vu| < b(R) on Bg,.
(by Keller-Osserman theory and elliptic estimates)

@ Monotonicity: r + E(u; B,)/rN=? is nondecreasing on (0, R).

o [1=]u(0)]| >A>0 = 11— |u(x)|| = A/2 on B,, whence
E(u; By) > ¢(N).

STRATEGY OF THE PROOF OF Thm 2’

@ Assume ’1 - |u(0)|’ >\ = E(u; By) > c(N).

e |Find R > 1st. E(u; Bg) = o(R).

@ By monotonicity: ¢/a < E(u; B,)/a < E(u; Bg)/R = o(1).

Contradiction!
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A key proposition

Prop.: Vn < 27, 3r9(n) > 0,a(n) < 1 s.t. if uis a min. for E on
Br C R3, R > ro(n), with E(T)(u; Sg) < nln R, then
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Br C R3, R > ro(n), with E(T)(u; Sg) < nln R, then
E(u; BR) < oRET)(u; Sg) + C,R*In R, for a (universal) o < 1.
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A key proposition

Prop.: Vn < 27, 3r9(n) > 0,a(n) < 1 s.t. if uis a min. for E on
Br C R3, R > ro(n), with E(T)(u; Sg) < nln R, then
E(u; BR) < oRET)(u; Sg) + C,R*In R, for a (universal) o < 1.

Sketch: i.(x) = u(Rx) satisfies Eg(T)(ﬁg; S1) <nllne| (e = 1/R).

“Bad discs construction” (Jerrard, Sandier):
{lac] < 7/8} € Uiy D (), deg(ii/ |G|, 0Dy) =
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A key proposition

Prop.: Vn < 27, 3r9(n) > 0,a(n) < 1 s.t. if uis a min. for E on
Br C R3, R > ro(n), with E(T)(u; Sg) < nln R, then
E(u; BR) < oRET)(u; Sg) + C,R*In R, for a (universal) o < 1.

Sketch: i.(x) = u(Rx) satisfies Eg(T)(ﬁg; S1) <nllne| (e = 1/R).

“Bad discs construction” (Jerrard, Sandier):
{lac] < 7/8} € Uiy D (), deg(ii/ |G|, 0Dy) =

s

@

k k
m (S ldif) [Inel(1 — o(1)) < ED(ae; S1) < nftne] "= 3 [dil < 1.
i=1

i=1
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A key proposition

Prop.: Vn < 27, 3r9(n) > 0,a(n) < 1 s.t. if uis a min. for E on
Br C R3, R > ro(n), with E(T)(u; Sg) < nln R, then
E(u; BR) < oRET)(u; Sg) + C,R*In R, for a (universal) o < 1.

Sketch: i.(x) = u(Rx) satisfies Eg(T)(ﬁg; S1) <nllne| (e = 1/R).

“Bad discs construction” (Jerrard, Sandier):
{lac] < 7/8} € Uiy D (), deg(ii/ |G|, 0Dy) =

s

@

k k
m (S ldif) [Inel(1 — o(1)) < ED(ae; S1) < nftne] "= 3 [dil < 1.
i=1

i=1
But Y%, d; = 0= d; = 0,Vill

Itai Shafrir GL minimizers



Prof of Prop.: construction of a comparison map

We define U in Bg s.t.:
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We define U in Bg s.t.:
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We define U in Bg s.t.:
(i) U= uon Sg. .
(ii) |U| > 7/8== U = pe'? on Sg_Rgo.
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How to prove Thm 2' using Prop.?
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How to prove Thm 2' using Prop.?
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How to prove Thm 2' using Prop.?

Option |
Assume E(R) := E(u; Br) = fBR HVul2+ 2(1—[u?)? <nRInR.
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How to prove Thm 2' using Prop.?

Option |
Assume E(R) := E(u; Br) = fBR HVul2+ 2(1—[u?)? <nRInR.
e Since (RInR)Y =InR+1, 3R, € [VR,R] st.

El(Rl) < (n + 8) In Ry.

e By Prop.
E(Ry) < oRET (u; Sr,) + CRY In Ry < a(n + 2)Ry In Ry
= 771R1 In Rl,

with 71 1= o(n + 2¢).
@ lterate till you get 7, small enough and apply a known
n-ellipticity result.
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Option 11
Assume again, E(R) := E(u; BR) < nRInR.

@ Use Prop. to get an inequality of the form
E(r)—Cr%Inr

E'(r) >
(r) - or

o “Integration” of (1) yields R s.t.
E(R) < CR*InR = o(R).

@ Use R to conclude via monotonicity.
@ Advantage over Option I: seems to work for more general
energies

E(u) :/;ywyh W (u),

where W : R? — [0,00), W = 0 on I, a closed smooth curve.
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Thank you for your attention!




