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Plan

Maps in W 1,1(Ω;S1) can be classified according to their
singularities.

We study different distances between these classes.

For motivation, we start by comparing:

W 1,1(Ω;S1) in 2d ws. W 1,2(Ω;S2) in 3d ,

(in both cases “energy scales like length”)
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Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai};S2);∇u ∈ L2(Ω), deg(u, ai ) = di ,∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.

For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai};S2);∇u ∈ L2(Ω), deg(u, ai ) = di ,∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai};S2);∇u ∈ L2(Ω), deg(u, ai ) = di ,∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di , ∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di , ∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di , ∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di , ∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Prescribed singularities in W 1,2(Ω;S2)

Let Ω = BR(0) ⊂ R3.
For a = (a1, . . . , ak) ∈ Ωk and d = (d1, . . . , dk) ∈ Zk set

Ea,d = {u ∈ C∞(Ω \
k⋃

i=1

{ai}; S2);∇u ∈ L2(Ω), deg(u, ai ) = di , ∀i}.

We consider three natural questions:

(1) What is the minimal energy within a class, i.e.,
infu∈Ea,d

∫
Ω |∇u|

2?

(2) What is the distance between two classes, i.e.,

dist2
W 1,2(Ea,d, Eb,e) := inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

(3) What is the maximal distance of a map u ∈ Ea,d to Eb,e, i.e.,

Dist2
W 1,2(Ea,d, Eb,e) := sup

u∈Ea,d

d2
W 1,2(u, Eb,e) = sup

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2?

Itai Shafrir Distances



Question 1 (minimal energy in Ea,d)

Thm (Brezis-Coron-Lieb 1986).

Σ2(Ea,d) := infu∈Ea,d

∫
Ω |∇u|

2 = 8πL(a,d).

L(a,d) is the minimal connection between the singularities:

Assume for simplicity dj = ±1,∀j .

{a1, . . . , ak} = {p1, . . . , pk+} ∪ {n1, . . . , nk−} .

Assume w.l.o.g. that k+ ≥ k−. Then:

L(a,d) = min
σ∈Sk+

k+∑
j=1

dΩ(pj , nσ(j))

where dΩ(a, b) = min
{
|a− b|, d(a, ∂Ω) + d(b, ∂Ω)

}
.

(if k+ > k− add (k+ − k−) “negative pt’s” nj ’s on ∂Ω)

Upper bound: via the “dipole construction”.
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Question 2: dist2
W 1,2(Ea,d, Eb,e)

Thm. dist2
W 1,2(Ea,d, Eb,e) = inf

u∈Ea,d

inf
v∈Eb,e

∫
Ω
|∇(u − v)|2 = 0 .

A crucial fact:

Lemma. [BMS 16]
(see also [Levy-S 2014], [Brezis-Nirenberg 1995])

∀ε > 0, ∃fε, gε ∈ C∞(R2;S2) s.t.:

(i) fε = gε ≡ S outside Bε(0).

(ii) deg(fε) = 1.

(iii) deg(gε) = 0.

(iv) limε→0

∫
R2 |∇(fε − gε)|2 = 0.

Can be used to construct pairs of dipoles with an arbitrary
small energy-difference!
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Question 3: Dist2
W 1,2(Ea,d, Eb,e)

For simplicity let b = ∅, i.e., Eb,e = C∞(Ω; S2). So we consider
“Distance to smooth maps”.

Bethuel’s “dipole elimination technique” yields

Prop.

∀u ∈ Ea,d, inf
v∈C∞

∫
Ω
|∇(u − v)|2 ≤ 8πL(a,d) (= Σ2(Ea,d)), (1)

i.e.,DistW 1,1(Ea,d,C
∞) ≤ Σ2(Ea,d).

Open Problem: Is estimate (1) optimal, i.e., do we have

supu∈Ea,d
inf

v∈C∞

∫
Ω
|∇(u − v)|2 = 8πL(a,d)?

Another example:

∀u ∈ Ea,1, infv∈Eb,1
∫

Ω |∇(u − v)|2 ≤ 8πdΩ(a, b).

Again, optimality is not known.
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Itai Shafrir Distances



Prescribed singularities in W 1,1(Ω;S1)

Let Ω = BR(0) ⊂ R2. Analogously to the above, set

Ea,d = {u ∈ C∞(Ω \
⋃k

i=1{ai};S1);∇u ∈ L1(Ω), deg(u, ai ) = di ,∀i}.
Then:

(1) Minimal energy within a class:

Σ1(Ea,d) := infu∈Ea,d

∫
Ω |∇u| =2πL(a,d). [B-M-Ponce 05]

For simplicity, consider distances to C∞.

(2) Distance between classes:

distW 1,1(Ea,d,C
∞(Ω;S1)) = inf{u∈Ea,d,v∈C∞}

∫
Ω |∇(u − v)| =

(2/π)Σ1(Ea,d) = 4L(a,d). [BMS]

(3) Maximal distance to smooth maps:

DistW 1,1(Ea,d,C
∞(Ω;S1)) = supu∈Ea,d

dW 1,1(u,C∞(Ω;S1)) =

supu∈Ea,d
infv∈C∞(Ω;S1)

∫
Ω |∇(u − v)| =Σ1(Ea,d) = 2πL(a,d).

[BMS]
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Classes in W 1,1(Ω;S1): how to define them?

Assume Ω ⊂ R2.For u ∈W 1,1(Ω;S1) let

Ju = 1
2

[
∂
∂x1

(
u ∧ ∂u

∂x2

)
− ∂

∂x2

(
u ∧ ∂u

∂x1

)]
.

If u ∈ Ea,d then Ju = π
∑k

j=1 djδaj .

Option I: use the equivalence relation: u ∼ v ⇐⇒ Ju = Jv .
Works well when Ω is simply connected.

When Ω is not simply connected, e.g., Ω = {1 < |x | < 2},
it gives e idθ ∼ 1,∀d ∈ Z.Not good...

For general Ω ⊂ RN we define classes by the relation:
u ∼ v ⇐⇒ u = e iϕv for some ϕ ∈W 1,1(Ω;R).

E(u) := {v ∈W 1,1(Ω;S1); v ∼ u} = {ue−iϕ;ϕ ∈W 1,1(Ω;R)}

Σ(u) := infv∼u
∫

Ω |∇v | (u ∈ Ea,d =⇒ Σ(u) = Σa,d = 2πL(a,d)).

In particular, E(1) = {u = e iϕ;ϕ ∈W 1,1(Ω;R)}

(= C∞(Ω;S1)
W 1,1

iff Ω is simply connected).
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Main result in W 1,1(Ω;S1)

Thm. For every u0, v0 ∈W 1,1(Ω;S1) we have:

distW 1,1(E(u0), E(v0)) =
2

π
Σ(u0v0), (2)

DistW 1,1(E(u0), E(v0)) = Σ(u0v0). (3)

Remark. The results about Ea,d follow as special cases.

Main tool - Composition, using:

(i) If T ∈ Lip(S1;S1) and deg(T ) = 1 then T ◦ u ∼ u.

(ii) If P ∈ Lip(S1;S1) and deg(P) = 0 then P ◦ u ∼ 1.

Advantage: working only on the target space; avoids
complications due to dimension, geometry or toplogy of the
domain.
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Sketch of the proofs for the results about distW 1,1

Proof of distW 1,1(E(u0), E(v0)) ≥ 2
πΣ(u0v0)

For any u ∈ E(u0), v ∈ E(v0) we have:∫
Ω |∇(u − v)| ≥

∫
Ω

∣∣∇|u − v |
∣∣ =

∫
Ω

∣∣∇(|uv̄ − 1|)
∣∣ =

∫
Ω

∣∣∇(|w − 1|)
∣∣,

with w = uv̄ ∈ E(u0v0).

But
∣∣∇(|w − 1|)

∣∣ = 2
π

∣∣∇(T ◦ w)| where:

T (e iϕ) := e iθ with θ = π sin(ϕ/2).

Hence,
∫

Ω |∇(u − v)| ≥ ( 2
π )
∫

Ω |∇(T ◦ w)| ≥ ( 2
π )Σ(u0v0).

Proof of distW 1,1(E(u0), E(v0)) ≤ 2
πΣ(u0v0):

Uses P ∈ Lip(S1;S1
+) (of zero degree) of the type:

P(z) =

{
z z ∈ S1

+,

z̄ z ∈ S1
−.
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The upper-bound DistW 1,1(E(u0), E(v0)) ≤ Σ(u0v 0) or
“how to insert/remove dipoles”

A key cool tool for dipole construction [Brezis-Mironescu]:

Prop[BM]. ∀w ∈W 1,1(Ω;S1),∃{wn} ⊂ E(w) satisfying

wn → 1 a.e. and limn→∞
∫

Ω |∇wn| = Σ(w).

(proof uses maps of the form

Ψε(z) :=

{
e i(2π/ε)ϕ, if z = e iϕ ∈ {e iθ; θ ∈ (0, ε)}
1, otherwise

.)

Proof of DistW 1,1(E(u), E(1)) ≤ Σ(u):

Apply the Prop. for w = 1/u = ū:

∃wn ∈ E(ū) s.t wn → 1 a.e and
∫

Ω |∇wn| → Σ(ū) = Σ(u).

Set vn = uwn ∈ E(1). Then:

limn→∞
∫

Ω |∇(u − vn)| = limn→∞
∫

Ω |∇(u(1− wn))| = Σ(u).
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The lower-bound DistW 1,1(E(u0), E(v0)) ≥ Σ(u0v 0) or
“how to prevent large bubbles”
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Distance between classes in W 1,p(Ω;S1), p > 1

Classes in W 1,p(Ω;S1) (1 < p) are defined as in W 1,1(Ω;S1).

If Ω is simply connected and p ≥ 2 then
E(1) = W 1,1(Ω;S1); only p ∈ (1, 2) is of interest.

Set Σp(u) = infv∼u
∫

Ω |∇v |
p = infϕ∈W 1,p(Ω)

∫
Ω |∇(ue−iϕ)|p.

Summary of results [BMS]:

(i) For every u0, v0 ∈W 1,p(Ω;S1):

distp
W 1,p(E(u0), E(v0)) := inf

u∼u0,v∼v0

∫
Ω
|∇(u − v)|p≥

( 2

π

)p
Σp(u0v0).

(ii) distp
W 1,p(E(u0), E(1)) =

(
2
π

)p
Σp(u0),

but in general strict inequality “>” may occur in (i).

(iii) For every u0, v0 ∈W 1,p(Ω;S1) with v0 6∼ u0 we have:

Distp
W 1,p(E(u0), E(v0)) := sup

u∼u0

inf
v∼v0

∫
Ω
|∇(u − v)|p =∞.
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Thank you for your attention!
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