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Yaniv Almog Complex Schrödinger



Schrödinger operators with purely imaginary electric
potentials

A = −∆ + iV

Linearized Ginzburg-Landau with current and no magnetic
field

Orr-Sommerfeld equations - hydrodynamic stability (mainly
1D)

2D Bloch-Torrey equation (dMRI)

∂tM −∆M −M × B = 0

controllability of Kolmogorov type equations

∂t f + vγ∂x f − ∂2
v f = u(t, x , v)

periodic (γ = 1, 2)
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1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅

Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:

1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C

λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R

Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



1D analysis

L = − d2

dx2
+ ix D(L) = {u ∈ H2(R,C) | xu ∈ L2(R,C) }

Ivlev & Kopnin (1984), Davies (2007)

(L − λ)−1 compact for all λ ∈ ρ(L)

Claim: σ(L) = ∅
Three Proofs:
1. Show that Ker (L − λ) = {0} ∀λ ∈ C
λ ∈ R by translation x → x −=λ

u = C1Ai(e
iπ/6(x + iλ)) + C2Ai(−e−iπ/6(x + iλ))⇒u /∈ L2(R,C)

2. Translational invariance: λ ∈ σ(L)⇒λ+ iν ∈ σ(L) ∀ν ∈ R
Discreteness of the spectrum⇒σ(L) = ∅

Yaniv Almog Complex Schrödinger



3. Semigroup estimate: {
ut + Lu = 0

u(·, 0) = f
⇒u = e−tLf

û: Fourier transform in x of u{
∂û
∂t + ω2û − ∂û

∂ω = 0

û(·, 0) = f̂

û(ω, t) = f̂ (ω) exp

{
−ω2t − ωt2 − 1

3
t3

}
‖e−tL‖ ≤ Ce−t

3/12⇒σ(L) = ∅

Davies (2007)
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∂û
∂t + ω2û − ∂û
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∂û
∂t + ω2û − ∂û
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∂ω = 0
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Semi-infinite 1D problem

Dirichlet

LD+ = − d2

dx2
+ ix D(LD+) = H2(R+) ∩ H1

0 (R+) ∩ L2(R+; x2 dx)

σ(LD+) = {e iπ/3|νn|}∞n=1 Ai (νn) = 0

span(LD+) = L2(R+) Almog (2008), Almog & Helffer (2015)

Neumann, Robin

D(LR+) = {u ∈ H2(R+) ∩ L2(R+; x2 dx) | u′(0) = κu(0) }

Transmission u = (u+, u−)

D(LT+) = {u ∈ H2(R+)× H2(R−) | xu ∈ L2(R)

u′+(0) = u′−(0) = κ[u+(0)− u−(0)]}

Grebenkov, Helffer & Henry (2016)
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L2 = − d2

dx2
+ ix2 D(L2) = H2(R) ∩ L2(R; x4 dx)

σ(L2) = {e iπ/4(2n − 1)}∞n=1 span(L2) = L2(R) .

Higher dimensions

PD = −∆ + iV V (x) = α1x
2
1 + α2x2 (x1, x2) ∈ R× R+

α1α2 > 0⇒D(PD) = {u ∈ H2(R2
+) ∩ H1

0 (R2
+) |Vu ∈ L2(Rn

+)}
Almog & Henry (2016)

‖PDu‖2
2 = ‖∆u‖2

2+‖Vu‖2
2−2=〈u∇V ,∇u〉 ∀u∈C∞(R2

+)∩H1
0 (B+(0,R))

|∇V | ≤ [2 + α2
2]1/2

√
1 + V 2

⇓
‖∆u‖2

2 + ‖Vu‖2
2 ≤ C (‖PDu‖2

2 + ‖u‖2
2) .
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P = −∆ + iV V (x) = αnxn +
n−1∑
k=1

αjx
2
j αj 6= 0 ∀1 ≤ j ≤ N

|∇V |√
1+V 2

unbounded

Definition

r ∈ N. V ∈ Tr if

1 V ∈ C r+1(Rn,R)

2 ∃C0 > 0 :

max
|β|=r+1

|Dβ
x V (x)| ≤ C0 m(V , r , x) ∀x ∈ Rn

m := m(V , r , x) =

√∑
|α|≤r

|Dα
x V (x)|2 + 1 .
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m := m(V , r , x) =
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|Dα
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Half-space

# ∈ {D,N,R} Rn
+ = {x ∈ Rn | xn > 0}.

P# =
n∑

j=1

Pj Pj = −∂2
xj

+iαjx
2
j ∀1 ≤ j ≤ n−1 Pn = −∂2

xn+iαnxn

P# generator of
⊗n

j=1 e
−tPj

C# =
n⊗

j=1

D(Pj)

D(P#) := {u ∈ L2 : ∃(uj)j≥1 ⊂ C# , uj
L2

−→
j→+∞

u ,

(P#uj)j≥1 Cauchy in L2} ,

D(P#) = {u ∈ H2(Rn
+) |Vu ∈ L2(Rn

+) + b.c}
(P# − λ)−1 compact for all λ ∈ ρ(P).
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S# = {u ∈ H2(Ω) | u|∂Ω = 0} # = D

S# = {u ∈ H2(Ω) | ∂νu|∂Ω = 0} # = N

S# = {u ∈ H2(Ω) | (∂νu + κu)|∂Ω = 0} # = R

S# = {u ∈ H2(Ω+ ∪ Ω−) | ∂νu+ = ∂νu−

= κ[u+ − u−] on ∂Ω− ; ∂νu|∂Ω = 0} # = T .

Ah = −h2∆ + iV D(A) = H2(Ω,C) ∩ S#

V ∈ C 3(Ω̄) ∇V (x) 6= 0 ∀x ∈ Ω̄ Ω ⊂ Rd ∂Ω ∈ C 3,α

∂Ω⊥ = {x ∈ ∂Ω | ∇V ⊥ ∂Ω } Jm = min
x∈∂Ω⊥

|∇V | (# 6= T )

λ# = min<σ(L#
+) λD = |ν1|/2 ν1: rightmost zero of Ai

Theorem (Almog (2008), Henry (2015), AGH (2017))

inf <σ(Ah) ≥ λ#[Jmh]2/3 + o(h2/3) as h→ 0
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Limit operator (Dirichlet, Neumann, Robin)

x = (x ′, xn−1, xn) ∈ Rn−2 × R× R+ L#
+ = −∂2

xn + iJnxn
L‖ = −∂2

xn−1
+ iJ‖xn−1

L = −∆x ′ + L#
+ + L‖ D(Lh) ⊂ H2(Rn

+) ∩ L2(Rn
+; x2

ndx) ∩ S#

e−tL = et∆x′ ⊗ e−tL
#
+ ⊗ e−tL‖ ≤ Ce

−t3J2
‖/12

.

J‖ = 0 Continuous spectrum

σ(L) =
⋃
r≥0

{σ(L#
+) + r}

‖(L − λ)−1‖ = ‖
∫ ∞

0
e−t(L−λ) dt‖

≤
∫ ∞

0
‖et∆‖ ‖e−t(L#

+−λ)‖ dt ≤ C

<(λ# − λ)
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Upper bound

ρ = d(x , ∂Ω) ~s ∈ Rn−1 : maps B(0, δ) into ∂Ω

x0 ∈ ∂Ω⊥ V ∼= V (x0) + iJmρ+
1

2

n−1∑
k=1

α2
k

Theorem (Almog & Henry (2016) n = 2 # = D)

If Vt(x0)Vss(x0) > 0, Jm = infx∈∂Ω⊥ |∇V (x)|, then

∃λ ∈ σ(Ah) :
∣∣∣λ−iV (x0)−e iπ/3|ν1|(Jmh)2/3−

√
α1/2e i

π
4 h
∣∣∣ ∼ o(h) .

Λ#
m = inf

x∈∂Ω#
⊥

λ#(|∇V (x)|) ,

Theorem (Almog, Grebenkov, Helffer (2017))

Let µ1 =
∑n−1

j=1 |αj |1/2e iπ/4signαj .

∃λ ∈ σ(Ah) :
∣∣∣λ− iV (x0)− Λ#

m(κ)h2/3 − µ1(x0)h
∣∣∣ ∼ o(h) .
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Quasimode construction

n = 2 α1 = α

Leading order

A0u = −h2(uρρ + uss) + i
(
Jmρ+ αs2

)
u = λu

(s, ρ) = ([|α|h2]1/2ξ, [Jmh
2]1/3τ) ε = α(h2/c4)1/3 ,

Bε = −uττ + iτu + ε1/2
(
− uξξ ± iξ2u

)
σ(Bε) = σ(−utt + iτ) + ε1/2σ(−uξξ ± iξ2)

σ(Bε) = {λnk}∞n,k=1 = {e iπ/3|νn|+ (2k − 1)e±i
π
4 }∞n,k=1

Eigenfunctions

{unk}∞n,k=1 = {Ai (τ + νn)hk(e±i
π
8 ξ)}∞n,k=1 complete

hk - Hermite functions
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quasimode

U(s, ρ) = u11(ξ(s), τ(ρ)) Λ = [Jmh
2]2/3λ11

ηr =

{
1 |x − x0| < r

0 |x − x0| > 2r ,
|∇ηr | ≤

C

r
.

(Ah − Λ)(ηh1/3U) = f ‖f ‖2 ≤ Ch4/3‖ηh1/3U‖2 .

λ∗ ∈ ∂B(Λ, rh) ⊂ ρ(Ah) h1/6 � r � 1.

〈ηh1/3U, (Ah−λ∗)−1(ηh1/3U)〉 = − 1

λ∗ − Λ
[1−〈ηh1/3U, (Ah−λ∗)−1f 〉]

Cauchy Theorem + bound on ‖(Ah − λ∗)−1f ‖2

⇓
σ(Ah) ∩ B(Λ, rh) 6= ∅
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resolvent estimates

Bε = L#
τ + ε1/2Lξ

Lτ = − d2

dτ2
+ iτ Lξ = − d2

dξ2
± i

2
ξ2

Wild spectral behaviour un - eigenfunction

〈ūn, um〉 = δnm ‖un‖2 ≥ Ceγn

λ0 = e iπ/3|ν1| ; λ2 =
√

2e±iπ/4

Lemma

∃r0 > 0, ε0 > 0 and C > 0 : ∀r ∈ (0, r0),

|λ−λ0−ε1/2λ2| = rε1/2 ⇒ ‖(Bε−λ)−1‖ ≤ C

r
ε−1/2 ∀0 < ε < ε0 .
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L#
τ vk = νkvk (Bε − λ)w = g

Πk = 〈v̄k , ·〉vk 〈v̄m, vk〉 = δkm

Π1(w) = ε−1/2(Lξ − λ2 − re iα)−1Π1(g) .

‖Π1(w)‖2 ≤
C

r
ε−1/2⇒‖(Bε − λ)−1Π1‖ ≤

C

r
ε−1/2

‖e−tL
#
τ (I − Π1)‖ ≤ Ce−t<ν

#
2 ‖e−tLξ‖ ≤ 1

⇓

‖e−tBε(I − Π1)‖ ≤ Ce−t<ν
#
2
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(Bε − λ)−1(I − Π1) =

∫ ∞
0

e−t(Bε−λ)(I − Π1) dt

‖(Bε − λ)−1(I − Π1)‖ ≤ C

∫ ∞
0

e−t(<(ν#
2 −λ) dt ≤ C

<(ν#
2 − λ)

‖(Bε−λ)−1‖ ≤ ‖(Bε−λ)−1Π1‖+‖(Bε−λ)−1(I −Π1)‖ ≤ C

r
ε−1/2
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