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The Primitive Equation
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Cylinderical domain
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Cao-Titi, Kobelkov

Let F}, =0, F; € HI(M), (’U(),ao) e Vi xVsand T > 0, then
there exists a unique strong solution (v, 6) to the system of 3D
viscous Primitive equations on the interval [0, 7], which depends on
the initial data continuously in H; x Hs.
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Reformulation of w and p
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Integral differential equation
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Perturbation
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Let u; = (vi,+/B06;), i = 1,2,3. We define the bilinear form
a(ur,ug) = ar(ur, u) + az(u, uz), (1)

where

z

al(ul,UQ) = V/M V3’l71 . V3’02dM + /M(/heldf)(VQ . 'UQ)dM,
(2)

GQ(UI,UQ) = 5V/ (V391 . Vgez)d/\/l + Bra 0102dl,, (3)
M Ty

and 8 = h%/v? + 1 is a positive constant.
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The trilinear form b is defined by

b(ur,u2,uz) = by (u1,u, uz) + Bba(ur, uz, us), (4)
where
0
b (u1, ug, u3) Z/ ((01'V2)U2+w(01)%> v3dM, (5)
M z
00
bg(ul, uaz, U3) = / ((Ul . V2)92 + w(v1)8—2>93d/\/l. (6)
M z
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e e
< Aug,ug >= a(uy, ug),
< B(u1,u2),us >= b(uy, uz, us).

A time discretized semi-implicit Euler scheme of the primitive
equation is given by

n_ ,n—1
k“ + Au" + Bu" L u) + Bu" = F™, (8)
with initial condition
uO = Uo,
where
v",\/BO") = (v(z,y, z,nk), BO(z,y, z,nk)),
1 nk
F”:/ F(x,y, z,t)dt,
k Jm—1)k

= (F1,/BF).
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Goal: To show that the H! norm of u™ is bounded for all n € N as
long as the time step k is less than certain threshold.
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Geophysical Fluid Dynamics

@ Oceanic fluid is made up of a slightly compressible fluid with
Coriolis force.

@ Often described by Navier-Stokes equation, Boussinesq
equation and primitive equation.

© Important characteristics : stratification, rotation, temporal
periodicity, steady states

@ Only the stable flows could be observed in real world or
numerical experiments.
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(A) (Bona-Hsia-Ma-Wang, 2011) The Hopf bifurcation diagrams
of the double-diffusive equation ( Boussinesq equation coupled
with temperature diffusion and salinity diffusion ) is clearly
classified according to the regions in the phase space of
temperature Rayleigh number and salinity Rayleigh number
under suitable physical conditions. This demonstrates a
mechanism that produces time periodic circulations due to
stratification.

(B) (Hsia-Shiue, 2013; Hsia, Jung, Kwon, Nguyen, Chen, Shiue )
The analysis for Navier-Stokes equations and viscous Burgers'
equations demonstrates the existence of time periodic flows
due to the time periodic external force. The rigorous
mathematical analysis shows that there exists at least one
(stable or unstable) time periodic flow with the presence of
time periodic force in the GFD system.
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The effects of time periodic force in GFD

Let f denote the amplitude of the external force in certain
appropriate norm. There exists two positive numbers 0 < f1 < fo
such that

© For 0 < f < f1, the time periodic flow is temporal
asymptotically stable (Hence, the time periodic flow is
unique.).

@ In case fi < f < fa, the numerical experiments show that
there exist several locally temporal asymptotically stable time
periodic flows.

© If f > f,, the numerical experiments show that there does not
exist stable flows.
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Physical Implications

Intuitively speaking, it is reasonable to expect that the time
periodic external force produces the time periodic flows. This is
verified by rigorous mathematics in our analysis for a wide class of
model equations. However, while the force is too large (f > f2),
the time periodic flows lose its stabilities which means it cannot be
captured by physical or numerical experiments. Only the flows
generated by small time periodic force (f < f2)could be observed.

4
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The strategy for the proof

@ 72 estimates for v™ and ™.
O L* estimates for ™.

L* estimates for d".

L2 estimates for .

L* estimates for p.
L* estimates for v".

L'2 estimates for v".

2 . ov™
L# estimates for o

L* estimates for 65’;.

L? estimates for Vov™.

L? estimates for %izn.

L? estimates for V,0".

®e©600000600O0
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Discrete Gronwall Lemma
For given k > 0 and a positive integer n; > 1, suppose the positive
sequences &,, 7, and X, satisfy

&n < &1 (1 4+ knn—1) + kxn, form=1,--- ,n4. (9)

Then we have, for any n € {2,--- ;n1},

n—1 n—1 n—1
&n < & exp(z kni) + Z kxi exp(z km) + kxn. (10)
i=0 i=1 1=i

v
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Discrete Uniform Gronwall Lemma

Given k > 0, positive integers ny,no, m with ny +no + 1 < m,
suppose the positive sequences &,, 1, and Y, satisfy

En < &n1(1+knn_1) +kxn,  forn=mny,n+1,---,m, (11)
and there exist positive numbers a1, as and a3 such that

Jjtnz Jjtnz Jjt+n2

> kmw<an, Y kxn<ay, Y k& <as, (12)
=7 n=j n=j

for any j with n1 < 5 < m — ny. Then, we have

as
< (- @
& < (k:ng + az)et, (13)

for any n with ny +ns +1 <n < m.
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Sobolev and Ladyzhenskaya's inequalities in R3

For ¢ € HY(M), one has
1/2
8123y < Col@liet w8l ue) (14)
61z < Coldla pg |¢|?,’114M), (15)
|PlLs a1y < Coldlar(am)- (16)
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Taking the L2(M) inner product of (8) with 2k(v™, 0"),
™12 = [P 4 fla” = u P+ 2ka(u”, ut) = 2k < FRL >,
(17)

where
[ull® == [lv]I* + B1I6]|, for u = (v,0).
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By Poincare inequality, there exists a positive constant A such that

1 1
a(u,u) > v Vvl + S pv|Vs)® + ﬁua/ 62dr,
Ty

1
§I/>\HUHQ. (18)

v

On the other hand, we have

1
2k < F"u" > < kMHU"H + IIF”II2 SRvAlu [P+ HFH :
(19)

where
IE™M1? = |FP1? + Bl F3 ||
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By (18) and (19), we then derive from (17),

1
™ 1% = Jla™ I ™ = w7 o S hA "

1 1
+ §kzyHV3v”HQ + iﬁkuHVg@"HZ

+ Bkra / (6™)2dr,
< — n —||F 2
< SR+ 2 PR, (20)
and hence,
1 2 12, 2k 2
— 2 < ||u™ —||F|%.. 21
(A + kv M)[[e"” < 1" + S Flls (21)
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Inductively, we obtain that

4P
2N2

1 1
[ < (L SR A) ™ uol| +(1 (14 5 k) )
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Summing up (20) over n from j to j + na, by (22), we obtain

J+mna 1 1
Y (Zky||v3v”u2+25ky|yv39”||2+ﬁkya/ (en)%zru)

n=j u

1 .
<(1+ §kV/\)_(]_1)||U0||2

113
(23)

)4IIF\2 N (n2+1)

+(1—(1+ Sk U 2
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L* Estimates

Taking the L2(M) inner product of 4k(0™)3 with the equation

971_011—1 n
T+("1V2 / Va - v"” ($y§t)d§)

— Z/A30n + F2 5
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Use the facts

4(9n _ anl)(en)?) — 4|0n‘4 _ 2|0n|2(|0n’2 4 ‘enfl‘Q _ |9n o 0n71’2)
> wn,él _ ’071—1‘4 + 2‘071’2‘671 _ 0n—1’27

and
n|3 n2((3
1" = 16721
3
n 1 n 1\2
< (Colle I3l )

2 s n n 3
< 20510 a0 FaM)3.
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1671y = 16" 1 pgy +2 /M 0720 — 0" 1AM
+12ku/ ]9”\2|V39”|2d/\/l+4kya/ 0™ |*d M’
M Tw
< k|| FZ (11167 Pl 2
3 3 3
< 8kCy !!FQI\\|9”||24(M)(/M 167 2|V 367 2dM) 5

L 2450,k

y5

IF U107 o+ gho [ 107 PIV07 P00
(24)
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If |0™]| 4 # O, inferring from (24), we see that

16" 17y < 16" M1 pn) +
(M) (M)

16712, -
Fr 5 16m5
H9n‘|%4(M) + Hen_1||2 )H 2 || || ||L4(M)

(

. 23507 .
<6 1\\%4(/\4) + 70“}72 15110 HL4(M)
vs
o 1o 255108
< 110" Zagpny + =klo sy + (To)k\lfﬁ [
(25)
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Assuming k < 2, we obtain from (25) that

n n— 265%(}3 n
17 vy < 208" ag + g DRIEE . (26)
14
Plugging (26) into (25), we see that
., % o 265:C3
10" 74 (ppy < (1 + 3)119 HIF oy + (€ 3 OEIFZ?, (27)
v

forn=1,2,--- .
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Assuming k < 1 and applying the discrete Gronwall lemma, we
obtain that

n 2nk
16124 gy < ||90H%4(M)6XP(?)
1
exp(22k) — 1 265103
7 )5 IF2 1%

(14
exp(%) -1 vi

_3 2nk
< (100l2s 0y + 22CHIFIZ) exp(CE0). (28)
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By Poincare inequality and Sobolev inequality, there exists a
constant C3 such that

107 s py < CalIV30" B (29)

Hence, by (29) and (23), we see that

J+n2 Jtne

S RIO B < 3 CoMIVa0" s
n=j n=yj

2C’3

<22 (14 A ol

+(1-0+ §km)—<ﬂ'—1>)

4|F )%, 2k (n2—|—1)
I 7).

for any j,no € N.
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Assuming turther £ < 7, Dy using the fact 1 + 2z > e~ Tor
0 <z <1, we see that

Jtnae .
n J—1DkvA
> H i < < 200 (exp(- L= g P
4 2k(ng+1) )
(s + o IFIZ).

Discrete uniform Gronwall lemma gives

. 20 j— 1)kuA
10" acy < (o Tesp(— L2 g2

nokBr
)IFII3

( 4 Qk(TLQ + 1)
V2 )\2 )
27C3(na + 1)k 2(ng + 1)k
+ ST R P, ) exp( RS
vi 5

for any positive integer n > j + ng + 1.
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Combining (28) and (30) and choosing j = 1, we obtain that
1071 74(a0) < Koy forn=1,2,3,---, (31)
where
Ky = Kp(na, k) = max { (10011 gy + 2G| FI%) %
xp(2nzt 2k

)
2C 4 2k 1
([l + (s + 22X D,

V2 \2 VA
27C3 1k
0 (ni +1)

va

2(n2 + 1)k')}

1F1Z ) exp(==2
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Then, by taking the L?(M) inner product of (1) with 4k|9™|?D, we
obtain

I =157 aan +2 [ 571" =57 P

+l<:u/ <2|f;”|2|v3f:”|2+|V3|fb\2|2)dM
M
21°37Cy
<( 755+
72k(h + 1)?
n <V+)

67C8
h4l/3

El|[0" [2[V20" 115" [ s gy

16™ 124 ) 197 12 ()

_l’_

G

3 % s %
)Gy KIEFIR 18" g (32)

N | Ot
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If |2" La(ay # O, dividing (32) by [[8"[174pg) + 18" 74 0g)r we
obtain that
21537061 6708

||Il~)n”%4 < ||~n 1HL4(M)+( 13,3 hiy 3)k‘| n” Hv2,vn||2

IIv [
72k:(h+1)2 o 5,38 2 o~ 8. 12
+ T 10mRsagy + 2O CERIERIR 157 fu

21537C¢  67C L\~
((Fr® + Dkl V20" |2+ 5) 19" 134 0

= (( h3v3 +h41/3
e 72k(h+1)?
18" gy + 10"y
3.3
+2C5(5 )4kHF1 I (33)
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By (20), (22) and k < %, we observe that

Ly 2 1 o 2k
KVav" 2 < = ((1+ Sk Dol + 5 IFI% + SI1FI%)

4
< -K;.
14

By choosing ||uo|?, || F||sc and k small enough (to be determined
later), we have

2153700 6708
h3u3 h4y3

21°37CH  67CY

( h3y3 +h4 3) )Kl

Kl [#[ Voo™ + 5 k< (V)(

1
(34)
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We then derive from (33) that

72k(h +1)?
14

15" 1 Za pny < 219" HI7a gy + 16" 1174 (an)
(M) (M)

3.3, ~n
+205C)FklIFF).
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Note that ~
IFT ] < 2/ Flloos

H’UnH2 < Ky, (36)
10"l Loy < Ko,

for all n € N, we get

o 2153704 6708 "
15" Baan) < (14 2(Fm gl + Ha KKV + 3F))

X 8" M 74

2k(h +1

2<7 (h+1)
14

Ko+ 8C3C)SHIFIZ).  (37)
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Thank you very much for your attention!! J
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