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A= @Ai:F[x1,...,xn]/<f1,...,fn>

i=0

» complete intersection means a graded Artinian
complete intersection algebra with the standard grading

» The formal dimension of A is the maximum d for which
A% %0.

» A has the sLp if 3¢ € A" such that x¢972': A" - A9
are isomorphisms for 0 < i <| 4.

» An embedding is an injective F algebra homomorphism
¢: A — A’ between two rings of the same formal
dimension.

» A inherits the sLp from A’ if there is a simultaneous
Lefschetz element for both A and A’.
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Junzo’s Bold Conjecture

Junzo’s Bold Conjecture

Every complete intersection can be embedded in a
quadratic complete intersection.

Question

Does an embedded complete intersection necessarily
inherit its sLp from the quadratic complete intersection
into which it is embedded?
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Flx] [(x™1) —— F[X1..... Xn] [(X2..... X2)

Xt (Xt 4+ Xm)

» (“split” complete intersections)

Flx, y] / <X ﬁ(x - iy),y n_;(y - qu)>
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» (certain coinvariant rings)
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F any field.

V = (F") a finite dimensional vector space over F.

R = F[V] = Sym(V*) the ring of polynomial functions
on V.

W c GL(V) a finite group so that W acts on R.

RY c R the subring of W-invariant polynomials.

Rw =R /<(F{W)+> — the coinvariant ring of W.
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on V.

W c GL(V) a finite group so that W acts on R.

RY c R the subring of W-invariant polynomials.
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Theorem (Shephard-Todd ’54, Chevalley '55)

Assuming that |W| € F*, Ry is a complete intersection if and
only if W is generated by pseudo-reflections.
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» F any field.

V = (F") a finite dimensional vector space over F.

R = F[V] = Sym(V*) the ring of polynomial functions
onV.

W c GL(V) a finite group so that W acts on R.

RY c R the subring of W-invariant polynomials.

Rw =R /<(F{W)+> — the coinvariant ring of W.

\{

v

v

v
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Theorem (Shephard-Todd ’54, Chevalley '55)
Assuming that |W| € F*, Ry is a complete intersection if and
only if W is generated by pseudo-reflections.
Definition
» a pseudo-reflection is an element s € GL(V) with
|s| < oo that fixed a hyperplane Vg point-wise
» W is field friendly (or f.f.) if |[W| € F*.
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The Main Result

Theorem (Smith-M.- "15)

If W is a finite f.f. pseudo-reflection group, and is generated
by reflection of order two, then there is a quadratic complete
intersection Q and an embedding

@ Rw—>Q.
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Bott-Samelson Bimodules

» W any finite f.f. pseudo-reflection group
» s € W any pseudo-reflection
» RS c R the s-invariant subring

Construction
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» W any finite f.f. pseudo-reflection group
» s € W any pseudo-reflection
» RS c R the s-invariant subring

Construction

Given any sequence of pseudo-reflections w = sy, ...

define the Bott-Samelson bimodule for w by

BS(W) =R Q®pgs ---®psc R

> Sk
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» s € W any pseudo-reflection o e
Larry Smith)

» RS c R the s-invariant subring

Construction
Given any sequence of pseudo-reflections w = sy, ..., Sk
define the Bott-Samelson bimodule for w by

BS(W) =R Q®pgs ---®psc R
and define the Bott-Samelson algebra by

B_S(ﬂ) =FQ®pr BS(&) =FQps ---Qpsk R
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» W any finite f.f. pseudo-reflection group
. Chris McDaniel
» s € W any pseudo-reflection (joint work with
s . . . Larry Smith)
» R® c R the s-invariant subring

Construction
Given any sequence of pseudo-reflections w = sy, ..., Sk
define the Bott-Samelson bimodule for w by

BS(W) =R Q®pgs ---®psc R
and define the Bott-Samelson algebra by

B_S(ﬂ) =FQ®pr BS(&) =FQps ---Qpsk R

egd. k=1:
» BS(s) = R®ps R
> BS(s) = F&ps R = R = F[X] [(XI*])
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For any sequence of pseudo-reflections sq,. .., Sk we have

BS(S1, ce, Sk) = B_S(S1, cevy Sk—1 )[X] /<X|3k| - B)

Fact
For any sequence of pseudo-reflections w = s, ..., Sk,

1. the Bott-Samelson algebra BS(w) is a complete
intersection of formal dimension K.
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For any sequence of pseudo-reflections sq,. .., Sk we have

BS(S1, ce, Sk) = B_S(S1, cevy Sk—1 )[X] /<X|3k| - B)

Fact
For any sequence of pseudo-reflections w = s, ..., Sk,

1. the Bott-Samelson algebra BS(w) is a complete
intersection of formal dimension k.

2. Moreover, if |s{| = 2,...,|sx| = 2 then BS(w) is a
quadratic complete intersection.
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There is a well defined map of F algebras

L(sy,...8K) - Rw —>B_S(S1, R Sk)

r——— (191®---®1)-r
=1®10---®r
called the Bott-Samelson map.

Problem
Find a sequence of pseudo-reflections w for which vy, is an
embedding.
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Key Lemma (Neumann-Neusel-Smith '96)

Let W be finite f.f. pseudo-reflection group, and let

u e (Rw)" be a socle generator in the coinvariant ring. Then
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Wg = S1,...,SN for which
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Demazure Operators
» s € W any pseudo-reflection
{s € V* any s-anti invariant
As: R — R(—1) the Demazure operator for s

v

v

f—s(f)
Ng(f) =
() = —
> W= S1,...,Sk any sequence of pseudo-reflections

v

Ay: R — R(—k) the composition
Ay =Ag 00,

Key Lemma (Neumann-Neusel-Smith ’96)

Let W be finite f.f. pseudo-reflection group, and let

u e (Rw)" be a socle generator in the coinvariant ring. Then
there is some sequence of pseudo-reflections

Wg == S1,..., SN for which

F> Ay, (u) #0.
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Fix any sequence of pseudo-reflections w = s1, ..., s, and
assume that |s1| = 2,...,|sk| = 2.

Fact 1

There is a well defined “extended Demazure composition”

~

A: BS(w) - BS(w)(~k).
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Extended Demzure Operators and the
Bott-Samelson Map

Fix any sequence of pseudo-reflections w = s1, ..., s, and
assume that |s1| = 2,...,|sk| = 2.
Fact 1

There is a well defined “extended Demazure composition”

~

A: BS(w) - BS(w)(~k).

Fact 2
The (extended) Demazure composition commutes with the
Bott-Samelson map, i.e.

Ay (w(f)) = tw (Bu(F). ¥ TeR.
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Let W be a finite f.f. pseudo-reflection group generated by
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of pseudo-reflections for which A, (u) # 0 for some socle
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Let W be a finite f.f. pseudo-reflection group generated by R
reflections of order 2, and let Wo = S1,...,SN be a sequence
of pseudo-reflections for which Aw,(u) # 0 for some socle

generator u € (Rw)". Then

1. the Bott-Samelson algebra BS(wy) is a quadratic
complete intersection, and

2. the Bott-Samelson map tw,: Rw — B_S(@) is an

embedding.
Proof.
o (A1) = Bup(W)(T@1@--01) 0
~ Auy (wp(v))  #0
- tp(U)  #0



Lefschetz Properties

Fact
IfF has characteristic 0 then the Bott-Samelson algebra
BS(s1,...,sk) has the strong Lefschetz property.
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Fact Chris McDaniel
If F has characteristic 0 then the Bott-Samelson algebra R

BS(sy,...,sk) has the strong Lefschetz property.

Question
Does Ry inherit the sLp from the Bott-Samelson it’s
embedded in?

Recall: The Bott-Samelson map is an R module map:

twp: Aw —— B_S(@)

F——(1®1---®1)-r

Fact
Rw inherits the sLp from BS(wp) < BS(w) is a Lefschetz
R module.



Lefschetz R Modules

» A Lefschetz R Module: is a graded finite dimensional R
module that has a Lefschetz element in R, i.e.

M = EB;LO M' such that 3 a linear form ¢ € R such that

|

» Lefschetz R Module = Centered Decomposition:

M= P P M(a)

JEZ ajeZ

921 . Mi =y pd-i 05i5[

nlQ

0 15] d 0 3]

(centered)

(not centered)
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» A Lefschetz R Module: is a graded finite dimensional R
module that has a Lefschetz element in R, i.e.
M= EB?:O M' such that 3 a linear form ¢ € R such that

wpd=2i. M = ppd-i 0<iSLgJ
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» A Lefschetz R Module: is a graded finite dimensional R ﬁgﬂfv“ffr'iaw”iiﬁ
module that has a Lefschetz element in R, i.e. Larry Smith)

M = @Y, M such that 7 a linear form ¢ € R such that

wpd=2i. M = ppd-i 0<iSLgJ

» Lefschetz R Module = Centered Decomposition:
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Lefschetz R Modules

de—Qi : Mi = Md—i

JEZ ajeZ

» A Lefschetz R Module: is a graded finite dimensional R
module that has a Lefschetz element in R, i.e.

M = @Y, M such that 7 a linear form ¢ € R such that

0<i<|g]

» Lefschetz R Module = Centered Decomposition:

M =P P m(a)

5]

;j_‘

(not centered)
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Decompositions of Bott-Samelson Algebras

Observation L
If any summand in an R module decomposition of BS(wp) is
OFF CENTER, then Ry CANNQOT inherit the sLp.
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Decompositions of Bott-Samelson Algebras

Observation L
If any summand in an R module decomposition of BS(wp) is
OFF CENTER, then Ry CANNQOT inherit the sLp.

Question L
How to find R module decompositions of BS(wp) ???

Enter representation theory:

Amazing Fact

For Coxeter groups, the R module decompositions of
Bott-Samelson algebras can be read off from the
multiplicative structure of the Hecke algebral!
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Hecke Algebra of a Coxeter Group W = (W, S)

Hy = @ Z|v, v‘1] “Hy, « (stggggd)

weW
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7_{W = Z[V, V_1] . HW « (standard (joint work with
basis Larry Smith)
weW
b Hys ifw< ws
w s — .
(vi' = v) - Hy+ Hys ifws<w

(P(v))= P(v7)
(Hy) = HJ,
» 1 Kazhdan-Lusztig basis, {C}, [w € W} characterized by
the following properties:
 (Cy) =Gy,
> Chy=Hu+ D (V) - He hew(v) €Z[V]

X<w

» Janinvolution ¢: Hyw — Hw s.t. {

Kazhdan-Lusztig Positivity Conjecture
hxw(V) € Zso[Vv] for all pairs x < w in W.
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Let R = F[V] have doubled degrees, i.e. deg(V*) = 2.
R = the category of R bimodules

v

v

v

For any simple reflection s € S define the simple
bimodule
Bs .= R®ps R(1)

v

Soergel’s Bimodule Category: 8s = the full Karoubian
monoidal subcategory of R generated by the simple
bimodules Bs.

Fact
The Bott-Samelson bimodule BS(w) is a Soergel bimodule
for every sequence of simple reflections w = sy, ..., Sk.
Proof.

BS(w)(k) R ®pgsi - - ®gsk R(k)

(R®grst R(1))®r ---®r (R®gs R(1))
Bs, ®r -+ - ®R Bs,

1R IR
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» Hy Hecke algebra Chris McDaniel

(joint work with

» Bg = category Soergel bimodules Larry Smith)
» Define the split Grothendieck group of Bs:

85] = D 2 [8]] (81 0 8] - [81] - [B2])

BeBs

> aring via tensor product, i.e. [By] - [Bz] = [B1 ®r Ba]
» aZ[v,v'] algebra, i.e. v/ - [B] = [B(j)]

Theorem (Soergel '07)
There is a Z[v, v~'] algebra isomorphism

&E: Hy — [Bs]

defined by &(v) = [R(1)] and &(C}) = [Bs].
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The Character Map and Soergel’s Conjecture

Theorem (Soergel ’07)

The (left) inverse of the categorification map is the character
map &' [Bs] — Hw defined by

&7([B]) = ), Poin(Hom(B, Dy), v) - Hs.
xeW

for some “standard bimodules” D, € R.

Recall: Cy, = > hew(v) - My
xeW

Conjecture (Soergel '07)
There are bimodules B,, € Bs (w € W) such that

EY[Bw])=Cj, YweW.
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Theorem (Soergel ’07)

There is a one-to-one correspondence between
(isomorphism classes of) indecomposable R bimodules in
Bs and W x Z,

(w.)) = Bu(j).
where B,, = ‘") (B_W)' lives in degrees “centered

i=—€(w)
around zero”.

Soergel’s Conjecture
Forallw e W,
&'([Bw]) = Cy.
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Theorem (Elias-Williamson ’14)

1. Soergel’s Conjecture is true, and

2. B, is a Lefschetz R module, i.e. there is { € V*(= R?)
such that - L
xt': (Bw) i— (Bw)

is an isomorphism for each 0 < i < £(w).

Proof.
By induction on the Bruhat ordering of W. O
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Decomposing Bott-Samelson Bimodules Ngebras andt

Junzo’s Bold
For a sequence of (simple) reflections s, ..., sk, we have Sl
Chris McDaniel
’ ’ (joint work with
- , ,
7’(W El CS1 . CSk _ ZWEW PW,(S1 ..... Sk)(v) CW Larry Smith)

[BS] el [Bs1 ®R - ®R Bsk] = [@WEW Pw,(s1 ,,,,, sk)(v) : Bw]
Conclusion:
BS(st,.... ) (k) = €D Pu(sy....s) (V)Bu-
weW
Fact

BS(sy,...,sk) is a Lefschetz R module (if and) only if the

.....
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Example

W= A3 = G4, S=:s t U Wo =S, u,t,u,s,t

» The Bott-Samelson map is an embedding

beddi —_
twy: Ry~ BS (o)

> In H: C'(wo) = C4 - C, - C{ - C} - C4 - G
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/ —GAP - ’ ’ ’ ’
C (ﬂ) (V 1 + V) CSUt + CSIU[ + CSUIS + CWO
> In Bg:
S., E.-W.
Bs(ﬂ)(G) - Bsut(_1) ® Bsut(1 ) ® Bstut @ Bsuts @ Bwo
Observation

The embedded coinvariant ring 1y, (Rw) € BS(wo) does
NOT inherit the sLp from BS(wy).
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results extend to complex reflection groups?

2. Prove Junzo’s Bold Conjecture for all coinvariant rings!
3. Prove Junzo’s Bold Conjecture for all complete
intersections!!

Thank you!



