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BIG PICTURE

+ Weyl group multiple Dirichlet series arise as
Fourier-Whittaker coefficients of metaplectic Eisenstein
series.

« When defined over algebraic function fields, they are
rational functions in several variables.

Long-term goal: Understand how these rational func-
tions encode arithmetic/geometric/combinatorial infor-
mation.




NOTATION

n>1

K=TFq(t)), g=1 mod2n

O = Fqlt]
) reduced root system of rank r
A root lattice of ®
w Weyl group of ¢

o1,...,0r  simple reflections

aq,...,ar  simple roots

wq,...wr fundamental weights
r
P =2 @i



ANALOGY BETWEEN QQ AND [ (t)

Q — Fq(t)
7Z integers — Fq[t] polynomials
Zo positive integers <—  Fgq[tlmon monic polynomials
p prime — P monic, irreducible
Nl . cf := gees¢



WEYL GROUP MULTIPLE DIRICHLET SERIES

Lets =(S4,...,Sr),and letm = (m,,...,m,) € O".

H(c; m)

Z(s;m; &, n, Fo(t)) = Z(s;m) == PEREEE
)r

CE(omon

« analytic continuation to C"
« functional equations form group isomorphic to W

We say Z(s; m) is untwisted when m = (1,...,1).

Let Z*(s; m) = =(s)Z(s; m) be the normalized series, where
=(s) is a product of zeta functions.



COEFFICIENTS

The coefficients H(c; m) are complex numbers defined so that
Z(s; m) has desired analytic properties. Existence of Gauss
sums gives a twisted multiplicativity:

The H(c; m) are completely determined by
H(PR, ... Pk ph . plry

for each prime P such that Pfi||c; and Pli||m;.

The p-parts are generating functions for the prime-power
coefficients.



FACTS:

 No Euler product in general; “twisted” analogue.
« Z*(s;m) isrationalinX; =q~*,.... X, =q*.
- Denominator of Z*(s; m) is known.

* Numerator not well-understood.



CHINTA-GUNNELLS CONSTRUCTION

Fix £ = (L,...,lr) € (Zso),and let 0 = > (i + 1)w;.

- Define a Weyl group action on A where A = C[A].
(Identify x}=Xkioi with xf ... xkr)

+ Build a W-invariant function by averaging:
F(x;0) = N(x; §)/D(x)

Let x; = |P|~%i. Then

N O)= > H(PR, . PR Ph L PRX X
R1,...,Rr>0

p-part




P-PART FUNCTIONAL EQUATION

Invariance of F(x;8) under W gives a functional equation.

The functional equation gives a recurrence relation on the
coefficients of N(x; 6). (See arXiv:1509.07400).



p-PART PROPERTIES

Write N(x; 6) = >_ axx*. Recall for A = > kia;, we have
ay = H(P*, ... pke.pl . ph),

Theorem (Chinta-Friedberg-Gunnells, F.)

The support of N(x; 0) is contained in weight polytope My,
defined as the convex hull 6 — w6; w € W.

Example: = A,,n =3

Support of N(x; p)

1+ g(P)x1 + g(P)X2 + |P]2X3x2 + [PI?G + g(P)|PI2X3x3
(1= [PPx3)(1 — [P2X3) (1 — [PI5X3x3)




p-PART PROPERTIES

Theorem (Chinta-Friedberg-Gunnells, F.)

Define © to be the set of all reqular dominant weights in the
irreducible representation of highest weight 6. Then up to the
coefficients ag_¢ for & € ©F, N(x; 0) is completely determined

by the functional equations of F(x; 6).

Example: ® = A,,n =3

Support of N(X; 4oy + w3)



Z*(s; m); UNTWISTED CASE

Proposition (F.)
Let F(X; p) denote F(x; p) after the variable change

S = 2-—S5;
v |P| — 1/q
gi(1,P) = (M)

Then F(X; p) = Z*(X;1,...,1).



EXAMPLE (CHINTA 2008)

(D = A2y n= 3

i ) — 1 9PV -+ 9(P)es & [P + PFxe + g(P)IPE
v (1= P23)(1 — PPAE)(1 — |Px3x)
211 = 1T AR + G +GXG + PTIEG

(1= g4X3)(1 — g4X3)(1 — q7X3X3)



IDEA OF PROOF

The p-parts and the global series have the same polar
behavior and satisfy the same functional equations (up to a
variable change).



Z*(s; m); TWISTED CASE

Theorem (F.)

Fixm € O" and put § = >_(degm; + 1)w,. Let ©* be the set of
regular dominant weights in the irreducible representation of
highest weight 6. Then

Z6m) = 3 My_cF(X; X%,
£eot

where for A = Y"i_, \j«, the coefficients M, are the character
sums
My= > H(cm).

cc(Omon)"
degci=X\;



c®=A,n=39=7

em= (2 +5t+2,1),0 = 4wy + @,

* ©F = {4w + @y, 2wy + 202, p}

c{0—-¢: €0t} ={0,a1,204 + a3}

= Ma1 i’L(X, 2w0q + 2@2))(1
+ Maa+a; ’?(X? PIX3Xa
Where

Mo = 1,M,, ~ 7(€)(—0.5—2.598i), Man, 10, == 7(€)3(6.5—2.598i).



Support of the numerator of Z*(X; m), in terms of the N(X; ¢).



c®=B,,n=2,9=5
‘m=(1,t?2+2),0 = 1w + 3w,
c{0—-¢:£€0t} ={0,02, 1 + 25}
Z*(X; m) = MoF(X; o + 3w2)
+ M, I:_(X; 2w + @2) Xz
+ Moy 20, F(X; p)XaX3

Where
MO =1, MOéz - —7'(6), MO&1+2042 = q2



Support of the numerator of Z*(X; m), in terms of the N(X; €).



IDEA OF PROOF

1. The F(X; £)x?—¢, ¢ € ©7 satisfy the global functional
equations = Z*(X;m) = 3" c.F(X; )X~¢.

2. The support of =(s)~"F(X; ¢) lies outside of ;. The
coefficients ¢ = M, are the X?~¢ = X* coefficients of

Z(s; m) (no normalizing factors), written as a power series
ing—i.



SUPPORT OF =(s)"F(X; €)

([ ] (] (<]
[ ] (<] o 0
® o o
(] o o 0 0o
[ J o o (]
(] © 0 0 00 (]
[ ° L ([ ]
[ ] o © 0 0 O
® o LI J
[ ] © 06 6 0 0 O

@ o e O

® = A,, n = 2, support of Z[x]"F(X; £)X?—¢



SUPPORT OF =(s)"F(X; €)

® = B,, n = 2, support of Z[x] "F(X; £)X?—¢



QUESTIONS

1. What do the My_¢, £ € ©T tell us?

2. Is there a connection between Zg,(t)(s; m) and Z(s; 1) for
K higher genus?



Thank you!



LOCAL FUNCTIONAL EQUATIONS

For a € @, let n(a) = Wand let A C A be the

sublattice generated by the set {n(a)a}aco.

Define A as the set of functions f/g such that supp g lies in
the kernel of the map v : A — A/A and v maps suppf to §.

Write F(x,£) = > fs(x) so that fs(x) € Ag. Then
BENIN

fa(X) = Pp o r(Xe)f5(0kX) + Qg 0. k(XK )fopes(0rX).



GLOBAL FUNCTIONAL EQUATION

Let I = (h,...,I;) foro <l < n(q;) — 1, and define

H(c; m)
|C1|51 . ‘Cr|5r :

Zism==(s)

degg=l; mod n(cy)
Then

Z(sim) = |mil'~= (Pl (527 (oisim) + QY5 (512 (cisi m))



