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DEFINITION (ESS)

A strategy p € A is called an ESS; if for any mutant strategy r # p, there is
an invasion barrier € = &(r) € (0, 1) such that

u(p,er + (1 —e)p) > u(r,er + (1 —€)p) for all 0 < e < €. (1)
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DEFINITION
Let m be a positive integer. A strategy p € A is said to be evolutionarily
stable (or robust) against ‘m’ mutations if, for every r',--- ™ # p, there
exists € = &(r!,--- ,r™) € (0, 1) such that
up,ar' + -t emr™ +(1—€1 — - — €m)p)
> max u(r’,er’ + -+ emr™ + (1L —€1 — - — €m)D),
1<i<m
for all €1,...,€em € (0,¢.

A strategy p € A is said to be evolutionarily stable against multiple
mutations if it is evolutionary stable against ‘m’ mutations for each
m=1,2,---.



FIRST OBSERVATION

In Weibull, an example of a mixed strategy ESS in a 2 X 2 symmetric game
is given and this ESS is shown not to be evolutionarily stable against two
simultaneous mutations. In fact, we can prove that an evolutionarily stable
strategy against multiple mutations is necessarily pure.
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In Weibull, an example of a mixed strategy ESS in a 2 X 2 symmetric game
is given and this ESS is shown not to be evolutionarily stable against two
simultaneous mutations. In fact, we can prove that an evolutionarily stable
strategy against multiple mutations is necessarily pure.

THEOREM

An evolutionarily stable strategy against multiple mutations is necessarily a
pure strategy.



FIRST OBSERVATION

Proof:

Let p be evolutionarily stable against multiple mutations. If possible, let p
be a mixed strategy. Without loss of generality let
p= (p1,p2, - ,p1,0,---,0), with p; >0,i=1,2,--- |I. Let

g=¢(e',e?, - ,e*) be the invasion barrier corresponding to all the k pure
mutations. Let r = are’ + ase® + -+ - + agel + l-—a1—a2—-—aa)p,
where 0 < a1, 2, - ,a; < € Then, we have
l .
> paule’,r) = ulp,r) > max{u(e!,r), (e, r), - ule )} (2)
i=1

which is a contradiction. Thus p must be pure.



A CHARACTERIZATION

THEOREM

For p € A, the following are equivalent:
(a) p is robust against two mutations;

(b) p € ANE and, for every g € BR(p) \ {p} and r € A,

u(p,q) > ulq,q) and u(p,r) > u(q,r).

Note that the first condition in (b) characterizes ESS.



SECOND OBSERVATION

Our second observation says that the evolutionary stable strategy against
two mutations and evolutionary stable strategy against m mutations are
equivalent.

THEOREM

A strategy is evolutionarily stable against two mutations if and only if it is
evolutionarily stable against m mutations, where m > 2.



SECOND OBSERVATION: PROOF

Let p be evolutionarily stable against two mutations. Let r!,72,--- 7™ be
m mutations that appear with proportions €1, €2, - - , €, respectively. For
i=1,2,---,m, let

hi(er, €, em) :=u(p,e1r' +ear’+- - Aemr™+(1—€e1—e2—- - -—€m)p)

—ulrar' +er’+ - d e+ (1—e1 —ea— - — €m)p)

We need to show that for sufficiently small €1, €2, , €,
hi(ei,€2,-++ ,em) > 0 for each i =1,2,--- ,m. Note that

h”i(ela €2, " 7Em) =€ [u(p7 Tl) - u(ri7r1)] + 62['11,(]?7 7’2) - u(Tivr2)]

ot em(ulp, ™) —u(r ™)
+(1—€1 _62—~~~—em)[u(p7p)—u(7'i7p)]. (3)



SECOND OBSERVATION: PROOF

Fix i. If r* € BR(p), then u(r, p) — u(p,p) = 0.

From Theorem 4, we have
u(r',r) <u(p,r') and u(r',r’) < u(p,r’)

for all j # 4. As a result, we have hi(er, €2, - ,em) > 0 for
€1,€2, - ,€m > 0, whenever ' € BR(p).

Now let r’ ¢ BR(p). Then u(p,p) — u(r’,p) > 0. Thus for sufficiently small
€1,€2," " ,€m > 0, we must have h(e1, €2, - ,€n) > 0. And hence p is
evolutionarily stable against m mutations.
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Pure ESS = muLTIPLE ESS

Can a pure ESS be evolutionary stable against multiple mutations?
Interestingly, this is the case with 2 x 2 games.

THEOREM

Every pure ESS of a 2 X 2 symmetric game is evolutionary stable against
multiple mutations.

Proof:

Without loss of generality, let the pure strategy e' be an ESS and let € be
the corresponding uniform invasion barrier.

Note that, for any o, 8 > 0 with a + 8 < 1, we have

u(el,ae1 +B+(1—a— B)el)
=u(e', fe’ + (1= B)e’) > u(e®, fe’ + (1 = B)e’)
= u(e®,ae’ + B’ + (1 —a—pPe'), (4)

by the definition of ESS, whenever 5 < € and for any a < 1.



Pure ESS = muLTIPLE ESS

Let 7', 72 be any two mixed (or pure) strategies different from e'. Let
0<e€r,ea < g and consider w = 17! + ear? + 1-—e - ez)el. We want to
show that for sufficient small €; and €2,

u(e',w) > max{u(r', w), u(r’,w)}.

Choose a1, az, f1, B2 such that

rt = alel + ﬁleQ and r? = age1 + B262.

Note that a1 + 81 = a2 + B2 = 1 and a1, ag, both are different from 1. Let
& = a1€1 + ases and B = B1e1 + Bzea.

Clearly 0773 < €. Using these notations, we have
w=ae' + e — (1 —a—pe'.

Applying (4), we obtain

u(e',w) > u(e®, w).



Pure ESS = muLTIPLE ESS

Now
u(el,w) = agu(elﬂu) +Bgu(el7w) > azu(el,w) +62u(e2,w) = u(r27w)
Similarly we can show that

u(el,w) > u(rl,w),

which completes the proof of the theorem.



CHARACTERIZATION FOR 2 X 2 GAMES

Thus we have the following characterization for evolutionary stability
against multiple mutations in 2 x 2 games.

THEOREM

In symmetric games with ezactly two pure strategies, the pure strategy e is
an ESS if and only if it is either a strict symmetric Nash equilibrium or

u(e', ') > u(e®, e') and u(e', e?) > u(e?, e?) (5)



UNIQUE NE + PURE — MULTIESS

Now we ask the following question. Can the above result be true for general
games? The answer is no in general. However, if the game has unique NE
and it is pure, then we can show that it is necessarily stable against
multiple mutations.

Note that a unique NE is not neessarily ESS.



UNIQUE NE + PURE — MULTIESS

DEFINITION

A Nash equilibrium is said to be regular (or quasi-strict) provided no player
has a pure best reply to the opponent’s optimal strategy outside the carrier
of his own strategy.
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UNIQUE NE + PURE — MULTIESS

DEFINITION

A Nash equilibrium is said to be regular (or quasi-strict) provided no player
has a pure best reply to the opponent’s optimal strategy outside the carrier
of his own strategy.

THEOREM

Let the game have a unique Nash equilibrium and assume that it is pure.
Then it must be evolutionary stable against multiple mutations.

Proof:

From the results of Jansen, Norde, every bimatrix game admits at least one
quasi-strict Nash equilibrium. Thus the unique pure Nash equilibrium must
be quasi-strict. Now by the definition of quasi-strict equilibrium, we infer
that the a pure Nash equilibrium must be strict. Consequently it is
evolutionarily stable against multiple mutations.



CONCLUSIONS

The evolutionary stability against multiple mutations provides a
refinement of strict Nash equilibrium.

Some applications to economic problems is currently under
exploration.

Evolutionary games with continuous action spaces is an active area
with lots of interesting mathematical questions. The difficulty is due
to several topologies on the space of probability measures.

(Evolutionary) games on graphs.
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