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Warm up : Quantum Walk on Z = 75

Quantum particle with spin 1/2 on 1-dim lattice, i.e. K2 = [*(Z) ® C?

Spin evol.: C' unitary op. on C?, “coin” space

Spin dependent shift:
Let S+ shift to the right/left on 1*(Z), |£)(%| proj. on |+) € C?
S =51 ®|+){+|+5- ®|-)(—| on I*(Z) ® C?

One step dynamics: U:=5SI®C)|s.t.

Uz +)=(—|Ct)(z—1)@ =) + {(+|C £)|[(z+ 1) ® +)
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Warm up : Quantum Walk on Z = 75

Quantum particle with spin 1/2 on 1-dim lattice, i.e. K2 = [*(Z) ® C?

Spin evol.: C' unitary op. on C?, “coin” space

Spin dependent shift:

Let S+ shift to the right/left on 1*(Z), |£)(%| proj. on |+) € C?
S:=81 @|+){+]|+ S- @ |-){—| on I*(Z) @ C*

One step dynamics:

U:=S(IC)

S.t.

Uz +)=(—|Ct)(z—1)@ =) + {(+|C £)|[(z+ 1) ® +)

Analogy:

If H=—-A+V then U =e " suggests S ~e " and C ~ eV
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Warm up : Quantum Walk on Z = 75

Quantum particle with spin 1/2 on 1-dim lattice, i.e. K2 = [*(Z) ® C?

Spin evol.: C' unitary op. on C?, “coin” space

Spin dependent shift:
Let S+ shift to the right/left on 1*(Z), |£)(%| proj. on |+) € C?
S =51 ®|+){+|+5- ®|-)(—| on I*(Z) ® C?

One step dynamics: U:=5SI®C)|s.t.

Ur@+x) =(—-|CE)|(r—-1)® =) +(+|C H)|(z +1) ® +)
Analogy:
If H=—-A+V then U =e ¥ suggests S ~e ™ and C ~ eV
Random Quantum Walk: '10 J. - MerKkli
C ~{C,(x)}rez,iid. setof C,(zx) € U(2)
U~ Usle ®@£) = (=[Cu()) £)|(z = 1) @ =) + (+]Cu(z)) £)|(z + 1) @ +)

Banff, 27/10-1/11 2013 —p.2/17



Homogeneous tree 73 with coord. number ¢ =3

Az = {a, b, c} generators of a group with unit e s.t. a®> =b*> =c* =e.

Root: Origin \ \/
o N

Edges: Labels {a,b,c} in trig. order
Any x € T3 : Finite reduced WOI’d\ \ /

T =1X1T2- Tn, T; € Az / \ /
Length: |z| =n \ / \ y

Distance: Forany z,y € T3, / / (/\/$

d(z,y) = |z~ "yl
A, A
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Homogeneous tree 73 with coord. number ¢ =3

Az = {a, b, c} generators of a group with unit e s.t. a®> =b*> =c* =e.

Root: Origin \ \/
o N

Edges: Labels {a,b,c} in trig. order
Any x € T3 : Finite reduced WOI’d\ \ /

T =1X1T2- Tn, T; € Az / \ /
Length: |z| =n \ / \ y

Distance: Forany z,y € T3, / / (/\/$
d(z,y) = |t~ y|

L
7

y

/

1%(7T3) /\ /\\ C\\

v |z), st {|2)}ec, ONB of I12(T3) \

b= e V@), Toer (@) < oo
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Shifts on 73

Even/Odd: Sites z. / z, s.t. |z.| even/ |z,| odd

Let Sy : 12(T3) — 12(T3)
Sab|Te) = |Tea)

Sav|To) = |20D)
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Shifts on 73

Even/Odd: Sites z. / z, s.t. |z.| even/ |z,| odd

Let Sy : 12(T3) — 12(T3)

bz SN
TN y
\/\/

VRN
e

T~

Cyclic subspaces: \ \c
H2b = span {S5,|z), n € Z}/ a8,

Sab|av = shifton 1*(Z) . °

./ w\/
/ / N
TN

\/\
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Shifts on 73

Even/Odd: Sites z. / z, s.t. |z.| even/ |z,| odd

Let Sy : 12(T3) — 12(T3)

G SN
ab|Lo o / \/ /
N L

Cyclic subspaces: \ \c

~
b — gpan {S%|x), n —e
Hab"}-[%b p: sélfb; or’1 ZQ(Z)E Z}< > e‘< >
®_a /\
/ / / 0
Spectrum: \ /\ ‘ ‘

C
0(Sap) = 0ac(Sap) ={z S.t. |z| = 1} \C \
Similarly for Sp., Sca
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Quantum Walk on 73

e Unitary evolution:
Particle with spin 1 on 73 jumping on nearest neighbors

Hilbert space: K3 =1%(T3) ® C*
ONB of C*: {|a), |b),|c)} ,
ONBof K3: {z @7 =|2) @ |7) }eecTy.recas
e Spin dep. shifton s :
S = Sbe @ |a){al + Sca @ [b)(b] + Sap ® |c){c]

e Spin update: For C € U(3) a unitary op. on C°
IRC:Ks3—Ks
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Quantum Walk on 73

e Unitary evolution:
Particle with spin 1 on 73 jumping on nearest neighbors

Hilbert space: K3 =1%(T3) ® C*
ONB of C*: {|a), |b),|c)} ,
ONBof K3: {z @7 =|2) @ |7) }eecTy.recas
e Spin dep. shifton s :
S = Sbe @ |a){al + Sca @ [b)(b] + Sap ® |c){c]

e Spin update: For C € U(3) a unitary op. on C°
IRC:Ks3—Ks

e Time one dynamics of the QW:

U(C) = SI® C)

S.L
U(C)re ®a =Chareb®a+ CroZec @b+ Ceqrea ® c

U(C)xo ®a = CupaToc® a~+ Chaoa ® b+ Cearob ® ¢ etc...
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Random Environment = RQW

Spatial disorder Different coin op. C,, at each site:

Cw (xe)Tﬂ' — eXp(iw;eT)CT,O'y

{ (LU)} €73 Cw (xO)T,O' == eXp(iw;oU)OT,U , T,0 € {CL, b’ C}'

e Random Quantum Walk:
UC) — U, (C)

Property: Set D(w) = diag(exp(iwy,)), then random time one dynamics
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Random Environment = RQW

Spatial disorder Different coin op. C,, at each site:

Cw (xe)Tﬂ' — eXp(iw;eT)CT,O'y

C C.. - with
= { (LU)} €73 Cw (xO)T,O' == eXp(iw;oU)OT,U , T,0 € {CL, b’ C}'

e Random Quantum Walk:
UC) — U, (C)

Property: Set D(w) = diag(exp(iwy,)), then random time one dynamics

Assumptions:

® {w]}7<7? areiid. T-valued random variables
WI(w) ~ du(0) = 1(6)do with [ € L™
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Random Environment = RQW

Spatial disorder Different coin op. C,, at each site:

Cw (xe)Tﬂ' — eXp(iw;eT)CT,O'y

{ (LU)} €73 Cw (CUO)T,U == eXp(iw;oU)CT,U , T,0 € {CL, b’ C}'

e Random Quantum Walk:
UC) — U, (C)

Property: Set D(w) = diag(exp(iwy,)), then random time one dynamics

Assumptions:

® {w]}7<7? areiid. T-valued random variables
WI(w) ~ du(0) = 1(6)do with [ € L™

Remarks:
@ The transition prob. |(z ® 7|U.(C) y ® o)|* are deterministic.

® Spectral transition expected between "large" and "small" disorder regimes,
Abou-Chacra, Anderson, Thouless '73, Kunz Souillard '83, Klein '94
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Landmarks in U(3)

Permutation mat.  For m € &3 on Az = {a,b,c} set Cr =3, |7(7))(7|

Consider U, (Cr) =D(w)U(Cy)
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Landmarks in U(3)

Permutation mat.  For m € &3 on Az = {a,b,c} set Cr =3 _, |7(7))(7|

Consider U, (Cr) = D(w)U(Ch)

® C(a)(b)(c) =1 = U, (I[) = ]D(w)S ~ S a.c. «+ deloc.
0O 0 1

¢ Clavy=11 0 0 = Uu(Clabey) Pp.> loc.  (asis Uu(Clach)))
O 1 O

Hz, = Span{zo ® a, roa b, ro R ¢, Toc R a, o ® b, Tob X c}
invariant under U, (C(4bc)) , V2o € T3
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Landmarks in U(3)

Permutation mat.  For m € &3 on Az = {a,b,c} set Cr =3 _, |7(7))(7|

Consider U, (Cr) = D(w)U(Ch)

® C(a)(b)(c) =1 = U, (I[) = ]D(w)S ~ S a.c. «+ deloc.
0O 0 1

¢ Clavy=11 0 0 = Uu(Clabey) Pp.> loc.  (asis Uu(Clach)))
O 1 O

Hz, = Span{zo ® a, roa b, ro R ¢, Toc R a, o ® b, Tob X c}
invariant under U, (C(4bc)) , V2o € T3

= U, (Cley(ap)) =~ P.p. & a.c. <+ mixed

* Cley(ab) =
(@as are U (Cla)(be)) » Uu(Cvyac)))

o = O
o O =
_— O O

Hazy = Span{--- ,x.ba ® a,x,b ® b, xo ® a, Toa @b, xpabR a,-- -}
He, = Span{z. ® a, xe.c ® b} invar. under U, (Cap)(c)) s YTe, To € T3
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Spectral Phase Diagram

Theorem:
Mixed Loc.
Deloc.
\Nifa)(bo .f
o ®
C(b)CGCD
C(a)(b)CCD
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Interpolating Matrices |

Localizing Matrices: For 0 <r <1 and t=+1—1r2?,

C{ (7“) = 0 S.1. Ci(l) ~ C(c)(ab) and Ci (O) = C(abc)

—Tr

i )
~+~ O 03

and similar C4(r), C(r),...,Cs(r) .
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Interpolating Matrices |

Localizing Matrices: For 0 <r <1 and t=+1—1r2?,

0 r
C{ (?“) =11 O 0 S.t. Ci(l) ~ C(c)(ab) and Ci (O) = C(abc)
0 t —Tr \
b
o l l l b
and similar C5(r), C3(r),...,Cg(r). / * //a b//
b\ a X C ] .
®
N a
— o /"}/
‘/c a Nj‘ q ./ R
e b
y d A w‘ a C
Forall z. € T3, let H,_ gq be the ’ /bxe </ \0/}
U.,(C%(r)) -cyclic subsp. for z. ® a, b
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Reduction to 1D model

Property For each z. € T3, U (C1(7))|2,. ga = Vi(r)
where
1
O ¢t 0 r
r —t 0 0 0 O
O 0 0 O t
V(r) = D(w) T
1 0 0 O O O
r —t 0 O
0O O
O 0 0 t

\ ro—t 0 )

Allows for Transfer Matrix based analysis that yields localization Vr € [0,1).
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Interpolating Matrices Il

Delocalizing Matrices: For0<r<1and t=+v1—-1r2,

1 0 O
Cf’(?“) =10 r t | s.t Cfl(()) ~ C(a)(bc) and Cf’(l) = C(a)(b)(c) =1
0O —t r

and similar C4(r), C4(r).
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Interpolating Matrices Il
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1 0 O
Cf’(?“) =10 r t | s.t Cfl(()) ~ C(a)(bc) and Cf’(l) = C(a)(b)(c) =1
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Interpolating Matrices Il

Delocalizing Matrices: For 0<r <1 and t=+v1—1r?,

1 0 O
Cf’(?“) =10 r t | s.t Cfl(()) ~ C(a)(bc) and Cf’(l) = C(a)(b)(c) =1
0O —t r

and similar C4(r), C4(r).

Prop: U,(Ci(r)) ispurelyac. V r¢c (0,1],and V w

Path counting argument:

> ez lz@T|UMz @ T)|? < 00 = z @71 € a.c. spectral subspace of U .

(xR@T|U"xRT) = Z (xRT|Uy1 ®o1)(y1 ®01|Uy2@02) -+ (Yyn—1 Qop—1|UxRT)

Yj €T3
O‘j €A3

Spin |b) or |c):
Sst. . — x.c Or z.a Whereas x, — x,a Or x,b.

Only possibility for return in 2n steps z +— zaaa...a ~ Y _t°" < cc.
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Neighborhood of C(a)(b)(c) =1

Perturbation: C =1+ F,with ||[E]| <e¢
Crr =0(1), Cro =0(e), T# 0

Path counting argument to show (z @ 7|U(C) z ® 1) € I*(Z) if ¢ small

Expansion ~-

Path: x =xy1 y2y3 -+ yan < Weight: |Cr6,Cori0y - Coy, |
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Neighborhood of C(a)(b)(c) =1

Perturbation: C =1+ F,with ||[E]| <e¢
Crr =0(1), Cro =0(e), T# 0

Path counting argument to show (z @ 7|U(C) z ® 1) € I*(Z) if ¢ small
Expansion ~-
Path: x =xy1 y2y3 -+ yan < Weight: |Cr6,Cori0y - Coy, |

Lemma:
Weight of length 2n path from = to x contains at least n off diag. terms

Argument:
Strings with of m consecutive diag. elemts cannot reduce one another
= the need for enough off-diag. elemts to ensure reduction.

Then: Weight < €™, #{contrib. paths} < k", k ~ 72 =

> en e @ TIUZ(C) z @ )2 <37, n(ek)™ < oo, if € > 0 small enough.
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Neighborhoods of Cy, and C,q)

Theorem Let © € {(abc), (acb)}, Cr and U, (C') be as above and
U :={|z| = 1}.
Forall v > 0, there exists § > 0, K < oo, s.t. VC € U(3),
|IC —Cx|| <0 = Vz,ye T3 and Vo, 7 € As

E sup (z @ 7|f(U.(C)y®@o)|| < Ke o)
feC), lIflls<1

a la "Aizenman-Molchanov" '09 Hamza-J.-Stolz
Similar approach Asch, Bourget, J. '11, J. ’12
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Neighborhoods of Cy, and C,q)

Theorem Let © € {(abc), (acb)}, Cr and U, (C') be as above and
U :={|z| = 1}.
Forall v > 0, there exists § > 0, K < oo, s.t. VC € U(3),
|IC —Cx|| <0 = Vz,ye T3 and Vo, 7 € As

E sup (2@ 7|f(U.(C)y@o)|| < Ke "=
feC), lIflls<1

a la "Aizenman-Molchanov" '09 Hamza-J.-Stolz
Similar approach Asch, Bourget, J. '11, J. ’12

= Spectral localization:
o(U,(C)) is pure point, a.s. (Enss-Veselic '83)
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Remarks

® Generalizations to homog. trees of coord. number ¢ > 3:

4 opensets £L C C%,resp. D C C? sit.
CeLl=oU,(C))isp.p.,resp. C €D = o(U,(C)) is a.c.

® RQW "analog" of weak disorder Anderson deloc. on trees '94 Klein
® ;—=1: = dyn. localization Vnon-diag. C'. '10 J.-MerKili,
® |arge disorder localization: RQW on Z: 12 J.

® Spectral analysis for the deterministic case (¢ = 3) '13 J.-Marin
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Highlights of RQW in 74

The tree 7x: Hilbert space: K4 =1%(T1) ® C*
| 1
N | I
| || | | | 1
H e 1 2 -I__|-"!
H 4, (5L HE A
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Highlights of RQW in 74

The tree 7x: Hilbert space: K4 =1%(T1) ® C*
Shift on 1*(74):

Sa|x) = |za), etc. | |
|

AT AR F
CHE A, [ T

e Spin dep. shifton 4 :

S = Sa @ la)(al + Sy @ [b)(b] + Sa-1 @ |a™ W a™ |+ Sp-1 @ b ) (b7
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Highlights of RQW in 74

The tree 7x: Hilbert space: K4 =1%(T1) ® C*
Shift on 1*(74):

Sa|x) = |za), etc. | |
|

AT AR F
CHE A, [ T

e Spin dep. shifton 4 :
S = Sa @ a)(al + Sp @ [b){(b] + Su1 @ la™ ) a ™ [+ S @ [b7H) (b7

e Spin update: Via C € U(4)

e RQW: U,(C):=Dw)SI® C)
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Highlights of RQW in 74

® C(a)(b)(a_l)(b_l) =1 = a.C. UW(H) ~ S.

® Clgpg—1p-1y = a.C. q same for C',,-1,-1p)
@ .
-1
1 b9
b -1
b—l—-- b
''a b
L L
a
@ @
a
® Clua—1ypb-1) = P.P. same for C,pp-1,-1), €tC...

HE =span{z®a, za ' @a '}
Hy =span{z ®b, zb~' ® b~ '} invar. under U, (Cuo-1y@5-1)), V& € Ta.
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Highlights of RQW in 74

® C(a)(b)(a_l)(b_l) =1 = a.C. UW(H) ~ S.

® Clgpg—1p-1y = a.C. q same for C',,-1,-1p)
@ .
-1
1 b9
b -1
b—l—-- b
''a b
L L
a
@ @
a
® Clua—1ypb-1) = P.P. same for C,pp-1,-1), €tC...

HE =span{z®a, za ' @a '}
Hy =span{z ®b, zb~' ® b~ '} invar. under U, (Cuo-1y@5-1)), V& € Ta.
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QRW in 74 : Highlights

Theorem:;

Deloc.
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