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1. The model of N-particle random Schrédinger operators
2. Main results:
> Wegner estimate
» Integrated density of states
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projectors

» scUCPSP for N-particle random Schrodinger operators

» spectral averaging and exponential decay

5. Two region Wegner estimates
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N-body random Schrodinger operators-1

Model of N-quantum particles in RY moving in a random potential.

Hilbert space: L2(RNY) or symmetric or antisymmetric subspaces.

» The unperturbed N-body interacting Hamiltonian Ho y:

N
HO,N = — Z Aj+ U(Xl,...,XN),
j=1
where U is a bounded and vanishes at infinity, for example,
pair interactions:
U(XJ —Xk).
1<j<k<N

» The full N-body random Hamiltonian:

N

Hon = Hon+ Y Vo(xi),
i=1

where V,(x;) is a one-body random Anderson-type potential.



N-body random Schrodinger operators-2

Anderson-type random potential:

Vo(xi) = Z oju(x; — y;j).
jezd

» Random variables: {®;};c;+ independent random variables

with probability measures having compact support [0, M].

» Single-site potential: v e LB"(Rd) and strictly positive on a
ball: v > €x,(0), some finite € >0 and £ > 0.

» Points: {y;} located in A1(j), for j € Z9, so that for some
0<0<1/2, Bs(y;) C A()).

Mostly interested in u with small support: supp u C A1(0).



N-body random Schrodinger operators-3

Wegner estimate: Restrict H, n to a region A C RN H&N
Fix Eg, What is P{dist (G(H&N), Ep) < e}?
GOAL: Bound in terms of |A| and €

Local operators
Definition
An N-particle rectangle is a product

AL(Gs---odn)) = Ay () - X Ay (i)

where j; € Z9 and L; > 0. Forabox, write Ay if Li=Lo="---=Lp.

Finite volume operators HQ‘N: Restrict Ho n to A and take

N
V(E)A)(Xl,...,XN): Z Z O)j\/j(X,'—yj)

=1\ jeA,nzd

Sum over random variables in each component box.



Wegner estimate for N-body random Schrodinger operators

Restriction of the Hamiltonian Hy, y to N-particle rectangles in
RN with Dirichlet or periodic boundary conditions on dA.

» Levy concentration. Define conditional probability measures:
Wi(E,E+[1])=P{ay € [E,E+[I] | (@)rzj}-

and set

s(|1) = sup E{sup wi([E, E+ 111D}
jezd

» Wegner estimate:

Theorem

Let A C RN be an N-particle rectangle with L = max,—;
sufficiently large. For any Eqg >0, let | =[I_, ] C (—oo, Eg] C R be
an energy interval with |l sufficiently small. There exists a constant
0 < C(Eo,d,N,u,U) < oo so that

P{o(Hy )N #0} < C(Eo,d,N,u, U)s(|/])|A.



Integrated density of states for N-body random Schrédinger
operators-1

» Require: more regularity assumptions on probability
distribution: {w;} are iid with dug(wo) = g(wo)dmy,
g € L5(R), so that s(|/[) < lgoll-|/|-

> Require: the regularity assumption that y; =j € 74

» Require: Interaction potential U is a pair-interactions potential

Let NA(E) be the number of eigenvalues of H. , less than or equal
to E. '

Definition
The integrated density of states (IDS) N(E) is defined by
NA(E)
N(E)= lim ,
(B)= . Al

where A is an N-particle cube.



Integrated density of states for N-body random Schrédinger
operators-2

Theorem

Assume that the random variables are independent and identically
distributed and that the probability distribution is absolutely
continuous with a bounded density. The integrated density of
states N(E) for Hy n is locally uniformly Lipschitz continuous. The
density of states dN/dE exists and is locally bounded.

Form of the IDS from Klopp and Zenk:

The IDS N(E) is given by the free particle IDS

Let Ni(E) be the IDS for Hy1 = —A+ V,, and let v; be the
corresponding DOS measure.

N(E)=(Ny*vyxvy---xv1)(E), N—times. (1)



Other recent results on N-body random Schrédinger
operators

1. Wegner estimate:

» Chulaevsky and Suhov on Z¢
» Kirsch on Z¢
» Boutet de Monvel, Chulaevsky, Stollmann, Suhov on R4
» Klopp and Zenk on Z9 and R¢
2. Properties of the IDS
» Klopp and Zenk
3. Localization

» Chulaevsky and Suhov on Z9

» Boutet de Monvel, Chulaevsky, Stollmann, Suhov on RY
» Aizenman and Warzel on Z9

» Klein and S. T. Nguyen on Z9 and RY

Analog of Kirsch on Z9; extends Klopp and Zenk in removing the
covering condition on RY, and the other works with the correct
volume and Levy concentration dependance.



Scale-free unique continuation principle for spectral
projectors-1

A result of Klein (CMP, 2013):
1. Hamiltonian: H = —A + V be a self-adjoint Schrédinger
operator on L?(RP), where V is a bounded potential.
2. Let Ap(x0) C RP be a rectangle so that L; are large enough.

3. Potential: Fix § €]0,1/2] and let {y;}, for j € ZP be points so
that Bs(y;) C A1(j) for all j € ZP.

4. Define a nonnegative potential Wj (,,)(x) by

Wi () (X) = Y xB)(x) =0 (2)
j:/\l(j)C/\L(XQ)

5. For any Ey > 0, define a constant
K=K(V,E)=2||V|w~+ Eo.



Scale-free unique continuation principle for spectral
projectors-2

Theorem (Klein)

There exists a finite positive constant Mp > 0, such that, if we
define a constant y=y(D,K,8) >0 by

P = (1/2)eMo(+K), (3)

Let Ex(1) be the spectral projector for Hy («,) and interval I. Then
for any closed interval | C] — o, Ep|, with |l| <27y, we have

En(1) Wa,(x0)EA(1) = V*EA(])

» Improves a result of Rojas-Molina and Veseli¢ who proved the
result for eigenfunctions rather than spectral projectors

» Based on a quantitative UCP result of Bourgain and Kenig



sfUCPSP for N-body random Schrodinger operators-1

N-particle random potential Vé,N) on L?(RN9);

VIV (xa, ) = Vo) X 1o x T 1 1+ x Vi (xpy),
(4)

Vo(xi) = Z oju(xi—y;), Xi,yj € R, (5)
jezd

where

Denote by V(M) respectively, V, the Anderson potentials (4),
respectively, (5), with all random variables set equal to one.
For example,

\7(x,-): Z u(xi — yj), x,-,yjeRd.
jezd



sfUCPSP for N-body random Schrddinger operators-2

Theorem

> Let Hg y be the restriction to \ of the N-body Schrédinger
operator with a bounded N-body potential U and random

potential ch, ).

> Let \N/,EN) be the random N-body potential obtained from
VEVIA with all @ =1.
For any Eq >0, let y=y(d,N,U,u, Ey) > 0 be the constant in the
sfUCPSP depending on Ey, the dimension d, the N-body potential

U, particle number N > 1, and the single-site potential u, but
independent of A.

Then, for any interval | C (—oo, Eg] with |I| <2y, we have

eV EM (1) = nPEM ()



sfUCPSP for N-body random Schrédinger operators-3

The single-site potential u is chosen so that u(x) > €xn,0)(x), for
x € R9. Suppose 0 < § < ¢ so Bs(y;) C Ae(j).

Basic idea:
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where y; = (yj,,...,¥jy) and A=ANzN,



Proof of the Wegner estimate for N-body random
Schrédinger operators-1

For a small energy interval A we must estimate from above:
P{o(H) )N A # 0} <E{TEM(A)}.
» sfUCPSP involving the spectral projectors for H,’\\,,w

» Allows improvement of Combes, Hislop, Klopp

Use sfUCPSP twice:

E{TrE " (A)}
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Proof of the Wegner estimate for N-body random
Schrédinger operators-2
Use positivity:

E{TrEL"(A))
< (Eot+ MY(NP) 2E{TREM (8) VM (H 4+ M) 1M,

We must estimate:
N ~ (N 1N
E{TrEN (2) UM (Hy + M) M)

Main tools
1. Spectral averaging result of Combes, Hislop, Klopp (2007):

2. Exponential decay of the resolvent localized between disjoint
regions



Proof of the Wegner estimate for N-body random
Schrédinger operators-3

Spectral Averaging:

Lemma

Let y; = (¥j;,---,Yjn) € RN and let &y, be a nonnegative
compactly supported function with support in a ball around y;. Let
K be a non-random bounded operator so that ®y. K®y, is trace
class. Let EA(A) be the random spectral projector for a random
Schrédinger operator restricted to N. We then have

E{TrE/\(A)(DYjKCDYk} < 85(|A|)||¢YjK(DYk”1’ (6)
where s(-) is the Levy concentration.

Reduces the problem to finding suitable K and computing
|y, Ky, [[1. This is obtained by expanding the potentials \N//SN).



Proof of the Wegner estimate for N-body random
Schrédinger operators-4

Exponential decay of the localized resolvent:

Resolvents localized between functions with disjoint supports
exhibit exponential decay:

Lemma

Suppose that y1 and x> are two functions with disjoint and
compact supports in A C RN and dy, is the distance between their
supports. There exist finite, positive constants Ao, 0 > 0,
depending on Ho n and M, so that

H?CI(Hc/)\,N‘i‘M)fllzﬂl < Appe %2, (7)

Proof of these known results follows from the Combes-Thomas
method.



Two region Wegner estimates-1
These were introduced by Chulaevsky and Suhov. These estimates
relate the eigenvalues of the local Hamiltonians associated with two
regions that are sufficiently separated. The potentials associated
with such regions need not be independent.

Projections:
> Let I;: RNY — RY be the projection onto the jM-coordinate.
» For an N-particle rectangle A € RV, the set M;A is the
jM-component rectangle of A in RY.

» TA is the subset of R? defined by

N
NA= [ JMACRY. (8)
j=1
» For a subset 7 C {1,...,N}, we define
Ny A= JNAcRrY (9)

jes



Two region Wegner estimates-2

Definition
Two rectangles A,A’ C RV are partially separated if there exists
a nonempty subset ¢ C {1,..., N} of indices so that either

N ,AN [N yeAUNN] =0,

or
N, NN N UNA] =o0.



Two region Wegner estimates-3

The notion of partial separation guarantees that there are random
variables in one rectangle that are independent of the random
variables in the second rectangle.

Theorem

Let H& n be an N-particle Hamiltonian restricted to an N-particle

rectangle N\. Let Iy C (—oo, Eg] be an energy interval for any Ey > 0
fixed. If N and N are two partially separated N-particle rectangles,

then for any € > 0,

P{dist (6 (Hiy 5) N o, o(HA n) N o) < €}

< CwC(Eo,d, N,u, U)EZ|N||\|s(2¢),

where the constant C(Eg,d,N,u,U) is as in the Wegner estimate
and Cyy is the constant from Weyl's law.



Application to Delone-Anderson Model

Definition
For positive constants 0 < m < M < e, an (m, M) Delone set
[mm is a discrete subset {z} C RY so that

1. Any cube of side-length m contains no more that one point,
2. Any cube of side length M contains at least one point.

Lattice MZ9 contains at least one point in each basic cube of side
length M.

Decompose I, y =1 U, with {y;} C 1 so yj € Am()).
Decompose V,, into two pieces according to I'; and I'5.

Treat the piece obtained by summing over z; € I'; according to the
sfUCPSP.



Conclusions for N-body random Schrédinger operators

> IDS is as well-behaved as the Levy concentration is
well-behaved.

» Systems have pair-interactions that are bounded and decaying
at infinity.

» One-particle random potentials may be Anderson-Delone type
as in Rojas-Molina and Veseli¢.

» Method yields two-region Wegner estimates used in multi-scale
analysis



