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1952 Ziegler

destabilization paradox

= Ziegler's pendulum
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1952 Ziegler

destabilization paradox
= Ziegler's pendulum = Stability of the vertical
equilibrium
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destabilization paradox
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1952 Ziegler

destabilization paradox

= Ziegler's pendulum = Stability of the vertical
equilibrium

» Follower force, P
s Stiffness, ¢
= Damping, b

o

0: Lyapunov stability for P<P,

b> 0: Asymptotic stability

b
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1952 Ziegler

destabilization paradox

= Ziegler's pendulum = Stability of the vertical

equilibrium
mi = 2m, Mm9g=m

(1,1:&221, blzbzzb 47

o

0: Lyapunov stability for P<P,

b> 0: Asymptotic stability

b

Mitglied der Helmholtz-Gemeinscha

Dr. Oleg N. Kirillov | Magneto-Hydrodynamics (FWDH) | http://www.hzdr.de



1952 Ziegler

destabilization paradox

= Ziegler's pendulum = Stability of the vertical
equilibrium
mi =2m, Mg =1m
(1,1:&221, b1=b2=b /%ip

b=0: Pk:=<;—\/§>%%2.086%
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destabilization paradox

= Ziegler's pendulum = Stability of the vertical
equilibrium
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1952 Ziegler
destabilization paradox
= Ziegler's pendulum = Stability of the vertical
equilibrium
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1952 Ziegler

destabilization paradox

Dissipation-induced instability

Pure imaginary eigenvalues get positive real increments
under a dissipative perturbation

N/
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1966 Herrmann & Jong

Ziegler's pendulum with the partially follower force

2-p np—1>
x =0
-1 1-(1-n)p
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1966 Herrmann & Jong

Ziegler's pendulum with the partially follower force

Undamped instability domain (6,=0, 6,=0)

Stability
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1966 Herrmann & Jong

Ziegler's pendulum with the partially follower force

Undamped instability domain (6,=0, 6,=0)
Is not in the limit
of vanishing damping (6,=0.36, b; 2 0

Stability

Seite 19



1961 Holopainen, 1977 Romea

Ekman layer dissipation enhances the baroclinic instability

Inviscid instability (r = 0)

Baroclinic|
Instability

UerF
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o
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1961 Holopainen, 1977 Romea

Ekman layer dissipation enhances the baroclinic instability

Vanishing viscosity (r — 0) Inviscid instability (r = 0)
o 23F g 26F
- a(a? + F)v2F — a? o a?v/4F? — g4

| I T
- Baroclinic.?
|\ Instability
L5\ \28 - .
ur | aC;
2B 1ol |
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1961 Bolotin

highlights the structural instability

» “Suppose that a region of stability has been found based on two
assumptions, the first ignoring damping and the second taking it into
account. In the first case all the characteristic exponents were found to
lie on the imaginary axis, and in the second case they were all in the
left half-plane of the complex variable.
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1961 Bolotin

highlights the structural instability

» “Suppose that a region of stability has been found based on two
assumptions, the first ignoring damping and the second taking it into
account. In the first case all the characteristic exponents were found to
lie on the imaginary axis, and in the second case they were all in the
left half-plane of the complex variable.

= Does the addition of dissipative forces stabilize the undisturbed
equilibrium?

= For a system in equilibrium under the action of potential forces the
addition of dissipative forces with complete dissipation ensures
asymptotic stability of the undisturbed equilibrium (Kelvin-Tait).
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1961 Bolotin

highlights the structural instability

» “Suppose that a region of stability has been found based on two
assumptions, the first ignoring damping and the second taking it into
account. In the first case all the characteristic exponents were found to
lie on the imaginary axis, and in the second case they were all in the
left half-plane of the complex variable.

= Does the addition of dissipative forces stabilize the undisturbed
equilibrium?

» For a system in equilibrium under the action of potential forces the
addition of dissipative forces with complete dissipation ensures
asymptotic stability of the undisturbed equilibrium (Kelvin-Tait).

= In the case of non-conservative systems the addition of dissipative
forces can in certain cases have a destabilizing effect.”
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1961 Bolotin

highlights the structural instability

= “Will the limit of stability corresponding to a gradually vanishing
damping coincide in the limit with that found on the assumption that
there is no damping?

N/

Mitglied der Helmh
Dr. Oleg N. Kirillov | Magneto-Hydrodynamics (FWDH) |



1961 Bolotin

highlights the structural instability

= “Will the limit of stability corresponding to a gradually vanishing
damping coincide in the limit with that found on the assumption that
there is no damping?

» In the case of conservative forces the answer is that it will.

Mitglied der Helmholtz-Gen scha



1961 Bolotin

highlights the structural instability

= “Will the limit of stability corresponding to a gradually vanishing
damping coincide in the limit with that found on the assumption that
there is no damping?

» In the case of conservative forces the answer is that it will.

» The greatest theoretical interest is evidently centered in the unique
effect of damping in the presence of non-potential forces, and in
particular, in the differences in the results for systems with slight
damping which then becomes zero and systems in which damping is
absent from the start.
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1961 Bolotin

highlights the structural instability

= “Will the limit of stability corresponding to a gradually vanishing
damping coincide in the limit with that found on the assumption that
there is no damping?

» In the case of conservative forces the answer is that it will.

» The greatest theoretical interest is evidently centered in the unique
effect of damping in the presence of non-potential forces, and in
particular, in the differences in the results for systems with slight
damping which then becomes zero and systems in which damping is
absent from the start.

» These interesting aspects require further study for obtaining further,
more definite, results.”

VA
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1956 Bottema

resolves the Ziegler's paradox
A linear non-conservative system with 2 d.o.f.
¥4+ (D+G)x+ (K+N)x=0

Forces:

. . dll d12 . kll k12
D= K=
Dissipative, ( 1o dos ) Potential, ( ko o )

Gyroscopic, G = ( _8 % ) Circulatory, N = ( 0 v )

Dr. Oleg N. Kirillov | Magneto-Hydrodynamics (FWDH) | http://www.hzdr.de



1956 Bottema

resolves the Ziegler's paradox

A linear non-conservative system with 2 d.o.f.
x+D+G)x+ (K+N)x=0
Characteristic polynomial:

x =e"u, q(p) =p*+qapd +@pt 4 art

g1 = trD, ¢3 = trKtrD — trKD + 2Qv

g = trK +detD 4+ Q?, ¢4 = detK + v/

VA
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1956 Bottema
resolves the Ziegler's paradox
a(p) = p* + @ + @i’ + @+ @ Hurwitz condition:

9 9
_|_
g >0, q2> 194 T 95

4d143




1956 Bottema

resolves the Ziegler's paradox
q(p) = p* + qup® + qop® + gap + qu Hurwitz condition:

. 2 2
= C)\, C= qq, a;= & > 4194 + 45

¢ >0, @

c' q143




1956 Bottema

resolves the Ziegler's paradox

p(A) = A + a1\ +a\® +ash + 1 Hurwitz condition:
) 2 2
p=c\ c= Y@ a;=" >0, ap> 1T

c’ ai1as




1956 Bottema

resolves the Ziegler's paradox
p(A) = A + a1\ +a\® +ash + 1 Hurwitz condition:

. .- .. 2 2
Asymptotic stability inside 0 >0, ay> ai +aj
the ruled surface a1as
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1956 Bottema

resolves the Ziegler's paradox

p(A) = A + a1\ +a\® +ash + 1 Hurwitz condition:
. - . 2 2
Asymptotic stability inside 0 >0 ay> 4 1 a3
the ruled surface a1as
Generators:
1
az =ray, ag=7T-+ —
-
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1956 Bottema

resolves the Ziegler's paradox

p(A) = A + a1\ +a\® +ash + 1 Hurwitz condition:
. - . . 2 2
Asymptotic stability inside 0 >0 ay> 4 1 a3
the ruled surface a1as
Generators:
—~—— | 1
, as =rai, a2 =7+ —
-
r € (0,00)
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1956 Bottema

resolves the Ziegler's paradox

p(A) = A + a1\ +a\® +ash + 1 Hurwitz condition:
. - . 2 2
Asymptotic stability inside 0 >0 ay> 4 1 a3
the ruled surface a1as
Generators:
— | 1
, az =ray, ag=7T-+ —
.
r € (0,00)
Minimum:; a2 =2

r=1, 1.e. a3 =a;

VA
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1956 Bottema

resolves the Ziegler's paradox

2 2
ay = 01 + 43 > 2, as # ay ,Here is the discontinuity we
@143 mentioned above. It plays a
ag =2, az=a part in questions regarding

the stability of equilibrium.

The coefficients a; and a;,
depend on the linear damping
= | forces and it is well known

’ that the stability condition
may change in a
discontinuous way if a very
small damping vanishes at all.

The phenomenon may be
Illustrated by a geometrical
diagram.” Bottema, 1956 . .mm

A [

Mitglied der Helmholtz-Gemeinschaft
Dr. Oleg N. Kirillov | Magneto-Hydrodynamics (FWDH) | http://www.hzdr.de




1971 Arnold

Whitney umbrella singularity on the stability boundary

V. I Arnol'd 85

Dou ble pu re Imag | na ry two-parameter families." These singularities can be listed fo within diffeo-
eigenvalue at the singular ok as ol :

. z Unstable
p O I n t Unstable T/y

F

[
a,
Stable Srable

Fig. 4.14. Fig. 4.15.

Two faces meeting along a ridge (F;; Fig. 4.14): z + 1y 1 = 0.
Three faces meeting at a corner (G5 4 5; Fig. 4.15): z + max(x, 1y 1) =0.
Cuspidal point on a ridge (G, ; Fig. 4.17): z + | Re/(x + iy)| = 0.
) (This surface in R3 is diffeomorphic to that given by the equations

= XY? = 72, where Y > 0.)

Node on a ridge (G, ; Fig. 4.16): z + A(x, y) = 0, where \ is the
greatest real part of the roots of the equation \* = x\ + y. (This surface
in R® is diffeomorphic to that given by X*Y?* =Z7*, X >0, Y > 0.)

z

Unstable |* 5 A Unstable

Stable

=

Fig. 4.17.

The acute angles of the stability boundary always point into the domain
of instability.

{ | =
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1971 Arnold

Whitney umbrella singularity on the stability boundary

Double pure imaginary

4 3 2
eigenvalue at the singular AT+ AT+ aA" +azA + 1

point: A=| Companion matrix:
0 1 0 0
0 0 1 0
== A=l 0 0o o 1
\ —1 —a3 —a2 —aj
Jordan form:

1 1 0 0

0 =2 0 0

=190 i 1

0 O 0 —2

ydrodynamics (FWDH) | http://www.hzdr.de



Tangent cone:  {(a1,as,a2): a1 =a3, a1 >0, ax>0}

CL2
EP'Set: {(al,ag,ag) . aip — as, as = 2 -+ Zl}

Seite 42
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Tangent cone:  {(a1,a3,a2): a1 =a3, a1 >0, ax>0}

2
EP'Set: {(al,ag,ag) . aip — as, as = 2 -+ %}

Multiple eigenvalues
at the EP-set:

aq 1
)\1—)\2——Z—Z CL%—].G
1
Ag =Mt = ——2 4 =\ /a? — 16

Seite 43
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1972 Galin

bifurcation diagrams of families of real matrices

Double eigenvalues x+iy with the Jordan block:
codim=2

2
(X)) 10

Seite 44
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Movement of eigenvalues

Parameters change within the tangent cone
CL1=CL3=2, OSCLQSG
Collisions on the unit circle at exceptional points (EP,), ReA <0

2

Im A

L of----—

1
N
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Imperfect merging of modes

Parameters change right to the tangent cone
CL1:1.7, CL3:2, OS(IQSG
Avoided crossings near EP,, ReA <0

2

1
N
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Exchange of instability between branches

Parameters change left to the tangent cone
CL1:2, a3:1.7, OS(IQSG
Avoided crossings near EP,, ReA <0

2

Im A

% - |
’ | D l l l RG?\,

B ° HZDR




Selective role of the tangent cone

[t determines which mode is destabilized by dissipation
because
the set of multiple complex eigenvalues (EP-set) is within it

2




Spectral abscissa minimization

a(A) = max ReAi(A) a(A) — min
ai,az,as
0 : 1Im A
Re A : N
S S e ﬁ
: i of ¢ -
2] f Z
: | -
: : a ]
-3 . “1
0 5 10 3 2
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Spectral abscissa minimization

a(A) = maxReAg(A) a(A) — min

k ai,az,as

min a(A)=-1 The minimizer is at the EP-set

ai,az2,as

1lm A
EPR,

EP,

Seite 50
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2001 Burke, Lewis, Overton

non-derogatory matrices are minimizers of the spectral abscissa

min «a(A) =—1

al,az,as
11
0O 1 0 0 Jim &
O 0 1 0 Ly
A= o 0 0 1 ]
1 —4 —6 -4 :
0 -0 <
1 1 0 0 ]
0 -1 1 0 1
Ja(—1) = 0 0 -1 1 4
o 0 0 -1 ] -
3 . T

0
a PAS [
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Non-conservative gyroscopic system
+ (D + QJ)z + (K + vd)z = 0,
J = ( 0 -l ) ., D=DT, K=K  «x,x, eigenvalues of K

5=0, v=0, eigenvalues: A\ =iw4(Q)

Wi () = Jw0+(\/mi\/ﬂ),/1

Mitglied der Helmholtz-Gemeinscha
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Gyroscopic stabilization

<<( %)
0=0, v=0: When Q increases, complex eigenvalues X = w4 (£2)
move along the circle in the complex plane
(ReM)? + (Im\)? = w

After the Krein collision at Q=Q,,
pure imaginary eigenvalues diverge along the imaginary axis

wi () >w_(2)>0

Krein signature is positive foriw, (Q), negative for iw_ ()

N/
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Full dissipation (6=1, v=0) destabilizes eigenvalues
with negative Krein signature (red curves)

Circulatory forces (6=0, v=1) destabilize eigenvalues
with positive Krein signature (green curves)

2 1
o (2 1)

Re A

a PAS [
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Gyroscopic stabilization
in the presence of damping and non-conservative positional forces

ki =—1, Ke=—-4, trD =3, trKD=-6, detD=1
0 =0.3,v=0.6 red eigencurves 6 =0.3,v =0.9 green eigencurves

a) b)




Switching surface
has a tangent cone as its linear approximation at the singular point

6%trD det D + 4057, + trD(Q? — Q3)

v = of) 52(trD)2 + 402

Tangent cone:

trKD + (23 — w}) trD

{fv=26, Q>0 v>0 §>0} 7=
2()s

Movement of eigenvalues (approximation near singularity):

(ImA — wp — ReA — a/2)? — (ImA\ — wp + ReX +a/2)? = 2d
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1995 Crandall

gyropendulum with stationary and rotating damping

. o+ p nQd -\ . —a® 0 B
Z+< —nQ 0+p)z+<—pﬂ —QZ)Z_O

o, be b o mel
n_Id, U_Id’ p_[d, T Iq
o
Drag force,
g‘ . stationary damping (&,)

Viscous friction force”,
rotating damping (b))

Dr. Oleg N. Kirillov | Magneto-Hydrodynamics (FWDH) | http://www.hzdr.de



1995 Crandall

gyropendulum with stationary and rotating damping

.. o+ p
z—l—( —nQ
T]—Id,

t
g\ .

L

n{d \ . —a?  pQ B
o+p >Z+< —pQ) —a? )Z_O

b b, 5 mgL
= — = — o =
Id Y p Id Y Id

o

Gyroscopic stabilization (o,p=0):
Q>Qf = 2a
n

Asymptotic stability (o,p0):

02 > 0% + 1a® (on+pn—=2))* 0
pn* on+pn—1) —

o+p>0 VA
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1995 Crandall

gyropendulum with stationary and rotating damping

. o+ p nQd -\ . —a® 0 B
Z+< —nQ 0+p)z+<—pﬂ —QZ)Z_O

ICL bs b?“ 2 mgL
— O = — = — o =
" I’ I’ P I; 1,
iﬁ Asymptotic

15-Q stability
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2008 Samantaray et al.

Fast/slow precession destabilization of the Crandall gyropendulum

o 2- o 92—
Fast: A Slow: Z>2—17
P n P n

240 A.K. Samantaray et al. / Physics Letters A 372 (2008) 238-243
2 Im A/ 21Im A/a
Q=ch ———
Q_ch —
1 1
Q=0 _ Q=0
Q=00
, y  ReMa / ~ _ Re o
2 0 1 2 2 0 1 2
22 2

(a) (b)

Fig. 2. Variation of the cigenvalucs (scaled) of the gyropendulum. (a) Case o/p < (2 — n)/n with paramcter valucs n = 1.5, « = 10 s7!, ¢ =0and p=1 s~

a PAS [

(b) Case o/p > (2 — n)/n with parameter values n =15, =10s"!, 6 =055 and p=1s"1.
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2008 Samantaray et al.

Fast/slow precession destabilization in the Crandall gyropendulum

o 2-— o 92—
Fast: A Slow: 227
p p 1

Whitney umbrella:

1a? (on+ p(n — 2))
pn* on+pn—1)

0% =Qf” +

2_
Tangent cone: %—Tn Q>Qf, p>0

Energy balance at the tangent cone: the work done by
damping equals to the work of circulatory forces
g PAS
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