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1878

 
Kelvin

 stability of rotating ellipsoidal shells containing fluid

1880

 
Greenhill

 prolate

 

shells unstable, oblate stable
1883

 
Greenhill

 buckling of a screw-shaft of a steamer

1927

 
Nicolai

 buckling and flutter of shafts under 
compression and (also follower) torque

1952

 
Ziegler

 flutter of rods under follower force,
destabilization paradox due to small 

dissipation

1942

 
Sobolev

 instability of chemical artillery shells

1944

 
Pontryagin, 1950 Krein

 Hilbert space with indefinite metric,
Krein

 

collision, Krein

 

signature

1960

 
Sturrock

 Dissipation-induced instability of 
negative energy modes

?
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1952
 

Ziegler
 destabilization paradox

Ziegler‘s pendulum

b1 = b

b2 = b
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1952
 

Ziegler
 destabilization paradox

Ziegler‘s pendulum

Follower force, P

b1 = b

b2 = b
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1952
 

Ziegler
 destabilization paradox

Ziegler‘s pendulum

Follower force, P
Stiffness, c

b1 = b

b2 = b
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1952
 

Ziegler
 destabilization paradox

Ziegler‘s pendulum

Follower force, P
Stiffness, c
Damping, b

b1 = b

b2 = b
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1952
 

Ziegler
destabilization paradox

Ziegler‘s pendulum

Follower force, P
Stiffness, c
Damping, b

Stability of the vertical 
equilibrium

b=
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1952
 

Ziegler
destabilization paradox

Ziegler‘s pendulum Stability of the vertical 
equilibrium

b=
0:

 L
ya

p
un

o
v 

st
ab

ili
ty

 f
o
r 
P<

P k

b>
0:

 A
sy

m
p
to

ti
c 
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ty

m1 = 2m; m2 = m

a1 = a2 = l; b1 = b2 = b
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1952
 

Ziegler
destabilization paradox

Ziegler‘s pendulum Stability of the vertical 
equilibrium
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1952
 

Ziegler
destabilization paradox

Dissipation-induced instability

Pure imaginary eigenvalues

 
get positive real

 
increments

 under a dissipative perturbation
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1966
 

Herrmann & Jong
 Ziegler’s pendulum with the partially follower force

P p

Stability

μ
3 1
1 1

¶
Äx +

μ
b1 + b2 ¡b2
¡b2 b2

¶
_x +

μ
2¡ p ´p¡ 1
¡1 1¡ (1¡ ´)p

¶
x = 0

b1

b2
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1966
 

Herrmann & Jong
 Ziegler’s pendulum with the partially follower force

P p

Stability

Undamped

 

instability domain (b1=0, b2

 

=0)

b1

b2
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P p

Stability

Undamped

 

instability domain (b1=0, b2

 

=0)

 is not in the limit
of vanishing damping (b2=0.3b1

 

, b1 0)

1966
 

Herrmann & Jong
 Ziegler’s pendulum with the partially follower force

b1

b2
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1961 Holopainen, 1977 Romea
Ekman layer dissipation enhances the baroclinic instability

UcI =
2¯F

a2
p

4F 2 ¡ a4

Inviscid

 

instability (r = 0)

Baroclinic

 instability

Growth rate
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1961 Holopainen, 1977 Romea
Ekman layer dissipation enhances the baroclinic instability

UcI =
2¯F

a2
p

4F 2 ¡ a4
UcR =

2¯F

a(a2 + F )
p

2F ¡ a2

Vanishing viscosity

 

(r → 0) Inviscid

 

instability (r = 0)

Baroclinic

 instability

Growth rate
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“Suppose that a region of stability has been found based on two 
assumptions, the first ignoring damping and the second taking it into 
account. In the first case all the characteristic exponents were found to 
lie on the imaginary axis, and in the second case they were all in the 
left half-plane of the complex variable.

1961
 

Bolotin
highlights the structural instability
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1961
 

Bolotin
highlights the structural instability

“Suppose that a region of stability has been found based on two 
assumptions, the first ignoring damping and the second taking it into 
account. In the first case all the characteristic exponents were found to 
lie on the imaginary axis, and in the second case they were all in the 
left half-plane of the complex variable.

Does the addition of dissipative forces stabilize the undisturbed 
equilibrium?
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1961
 

Bolotin
highlights the structural instability

“Suppose that a region of stability has been found based on two 
assumptions, the first ignoring damping and the second taking it into 
account. In the first case all the characteristic exponents were found to 
lie on the imaginary axis, and in the second case they were all in the 
left half-plane of the complex variable.

Does the addition of dissipative forces stabilize the undisturbed 
equilibrium?

For a system in equilibrium under the action of potential forces the 
addition of dissipative forces with complete dissipation ensures
asymptotic stability of the undisturbed equilibrium (Kelvin-Tait).
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1961
 

Bolotin
highlights the structural instability

“Suppose that a region of stability has been found based on two 
assumptions, the first ignoring damping and the second taking it into 
account. In the first case all the characteristic exponents were found to 
lie on the imaginary axis, and in the second case they were all in the 
left half-plane of the complex variable.

Does the addition of dissipative forces stabilize the undisturbed 
equilibrium?

For a system in equilibrium under the action of potential forces the 
addition of dissipative forces with complete dissipation ensures
asymptotic stability of the undisturbed equilibrium (Kelvin-Tait).

In the case of non-conservative systems the addition of dissipative 
forces can in certain cases have a destabilizing effect.”
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“Will the limit of stability corresponding to a gradually vanishing 
damping coincide in the limit with that found on the assumption that 
there is no damping? 

1961
 

Bolotin
highlights the structural instability
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“Will the limit of stability corresponding to a gradually vanishing 
damping coincide in the limit with that found on the assumption that 
there is no damping? 

In the case of conservative forces the answer is that it will.

1961
 

Bolotin
highlights the structural instability
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“Will the limit of stability corresponding to a gradually vanishing 
damping coincide in the limit with that found on the assumption that 
there is no damping? 

In the case of conservative forces the answer is that it will.

The greatest theoretical interest is evidently centered in the unique 
effect of damping in the presence of non-potential forces, and in 
particular, in the differences in the results for systems with slight 
damping which then becomes zero and systems in which damping is 
absent from the start.

1961
 

Bolotin
highlights the structural instability
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“Will the limit of stability corresponding to a gradually vanishing 
damping coincide in the limit with that found on the assumption that 
there is no damping? 

In the case of conservative forces the answer is that it will.

The greatest theoretical interest is evidently centered in the unique 
effect of damping in the presence of non-potential forces, and in 
particular, in the differences in the results for systems with slight 
damping which then becomes zero and systems in which damping is 
absent from the start.

These interesting aspects require further study for obtaining further, 
more definite, results.”

1961
 

Bolotin
highlights the structural instability
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1956
 

Bottema
 resolves the Ziegler’s paradox

Äx + (D + G) _x + (K + N)x = 0

K =

μ
k11 k12

k12 k22

¶

N =

μ
0 º

¡º 0

¶
D =

μ
d11 d12

d12 d22

¶

G =

μ
0 Ð

¡Ð 0

¶

A linear non-conservative system with 2 d.o.f.

Dissipative,

Forces:

Potential,

Gyroscopic, Circulatory,
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1956
 

Bottema
 resolves the Ziegler’s paradox

Äx + (D + G) _x + (K + N)x = 0

A linear non-conservative system with 2 d.o.f.

Characteristic polynomial:

x = e¹tu; q(¹) = ¹4 + q1¹
3 + q2¹

2 + q3¹ + q4

q1 = trD; q3 = trKtrD¡ trKD + 2Ðº

q2 = trK + detD + Ð2; q4 = detK + º2
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1956
 

Bottema
 resolves the Ziegler’s paradox

q(¹) = ¹4 + q1¹
3 + q2¹

2 + q3¹ + q4

qi > 0; q2 >
q2
1q4 + q2

3

q1q3

Hurwitz condition:
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1956
 

Bottema
 resolves the Ziegler’s paradox

q(¹) = ¹4 + q1¹
3 + q2¹

2 + q3¹ + q4

qi > 0; q2 >
q2
1q4 + q2

3

q1q3

Hurwitz condition:

¹ = c¸; c = 4
p

q4; ai =
qi

ci
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1956
 

Bottema
 resolves the Ziegler’s paradox

p(¸) = ¸4 + a1¸
3 + a2¸

2 + a3¸ + 1

ai > 0; a2 >
a2
1 + a2

3

a1a3

Hurwitz condition:

¹ = c¸; c = 4
p

q4; ai =
qi

ci
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1956
 

Bottema
 resolves the Ziegler’s paradox

p(¸) = ¸4 + a1¸
3 + a2¸

2 + a3¸ + 1

ai > 0; a2 >
a2
1 + a2

3

a1a3

Hurwitz condition:

Asymptotic stability inside
the ruled surface
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1956
 

Bottema
 resolves the Ziegler’s paradox

p(¸) = ¸4 + a1¸
3 + a2¸

2 + a3¸ + 1

ai > 0; a2 >
a2
1 + a2

3

a1a3

Hurwitz condition:

Generators:

a3 = ra1; a2 = r +
1

r

Asymptotic stability inside
the ruled surface



Seite 37
Dr. Oleg N. Kirillov | Magneto-Hydrodynamics (FWDH) | http://www.hzdr.de

1956
 

Bottema
 resolves the Ziegler’s paradox

p(¸) = ¸4 + a1¸
3 + a2¸

2 + a3¸ + 1

ai > 0; a2 >
a2
1 + a2

3

a1a3

Hurwitz condition:

Generators:

a3 = ra1; a2 = r +
1

r

r 2 (0;1)

Asymptotic stability inside
the ruled surface
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1956
 

Bottema
 resolves the Ziegler’s paradox

p(¸) = ¸4 + a1¸
3 + a2¸

2 + a3¸ + 1

ai > 0; a2 >
a2
1 + a2

3

a1a3

Hurwitz condition:

Generators:

a3 = ra1; a2 = r +
1

r

r 2 (0;1)

Minimum: a2 = 2

r = 1; i:e: a3 = a1

Asymptotic stability inside
the ruled surface
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1956
 

Bottema
 resolves the Ziegler’s paradox

„Here is

 

the

 

discontinuity we 
mentioned above. It plays a 
part in questions regarding

 
the stability of equilibrium.

The coefficients a1

 

and a3

 
depend on the

 

linear damping 
forces

 

and it is well known 
that the stability condition

 
may change in a 
discontinuous way if a very 
small damping vanishes

 

at all.

The phenomenon may be 
illustrated by a geometrical 
diagram.“

 

Bottema, 1956

a2 =
a2
1 + a2

3

a1a3
> 2; a3 6= a1

a2 = 2; a3 = a1
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1971 Arnold
 Whitney umbrella singularity on the stability boundary

Double pure imaginary
eigenvalue at the singular 
point
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1971 Arnold
 Whitney umbrella singularity on the stability boundary

Double pure imaginary
eigenvalue at the singular 
point: λ=i

A =

0BB@
0 1 0 0
0 0 1 0
0 0 0 1

¡1 ¡a3 ¡a2 ¡a1

1CCA

¸4 + a1¸
3 + a2¸

2 + a3¸ + 1

Companion matrix:

J2 =

0BB@
i 1 0 0
0 i 0 0
0 0 ¡i 1
0 0 0 ¡i

1CCA
Jordan form:
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½
(a1; a3; a2) : a1 = a3; a2 = 2 +

a2
1

4

¾f(a1; a3; a2) : a1 = a3; a1 > 0; a2 > 0gTangent cone:

EP-set:
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¸1 = ¸2 = ¡a1

4
¡ 1

4

q
a2
1 ¡ 16

¸3 = ¸4 = ¡a1

4
+

1

4

q
a2
1 ¡ 16

Multiple eigenvalues

 at the EP-set:

½
(a1; a3; a2) : a1 = a3; a2 = 2 +

a2
1

4

¾f(a1; a3; a2) : a1 = a3; a1 > 0; a2 > 0gTangent cone:

EP-set:
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1972 Galin
 bifurcation diagrams of families of real matrices

Double eigenvalues x+iy

 
with the Jordan block:

 codim=2
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Movement of eigenvalues

a1 = a3 = 2; 0 · a2 · 6

Parameters change within the tangent cone

Collisions on the unit circle at exceptional points (EP2

 

), Reλ < 0
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Imperfect merging of modes

a1 = 1:7; a3 = 2; 0 · a2 · 6

Parameters change right to the tangent cone

Avoided crossings near EP2

 

, Reλ < 0
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Exchange of instability between branches

a1 = 2; a3 = 1:7; 0 · a2 · 6

Parameters change left to the tangent cone

Avoided crossings near EP2

 

, Reλ < 0
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Selective role of the tangent cone

It determines which mode is destabilized by dissipation
because

the set of multiple complex eigenvalues (EP-set) is within it
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Spectral abscissa minimization

®(A) = max
k

Re¸k(A) ®(A) ! min
a1;a2;a3
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Spectral abscissa minimization

®(A) = max
k

Re¸k(A) ®(A) ! min
a1;a2;a3

The minimizer is at the EP-set

EP4

min
a1;a2;a3

®(A) = ¡1
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2001 Burke, Lewis, Overton
 non-derogatory matrices are minimizers of the spectral abscissa

A =

0BB@
0 1 0 0
0 0 1 0
0 0 0 1

¡1 ¡4 ¡6 ¡4

1CCA

J4(¡1) =

0BB@
¡1 1 0 0

0 ¡1 1 0
0 0 ¡1 1
0 0 0 ¡1

1CCA

min
a1;a2;a3

®(A) = ¡1
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Non-conservative gyroscopic system

Äz + (±D + ÐJ) _z + (K + ºJ)z = 0;

J =

μ
0 ¡1
1 0

¶
; D = DT ; K = KT ;

!§(Ð) =

vuut!2
0 +

Ð2

2

μq
Ð2 ¡Ð2

2 §
q

Ð2 ¡ Ð2
1

¶s
Ð2

Ð2
2

¡ 1

δ=0, ν=0,

 

eigenvalues: ¸ = i!§(Ð)

!0 =
1

2

q
Ð2

2 ¡ Ð2
1

0 ·
p
¡·2 ¡

p
¡·1 =: Ð1 · Ð2 :=

p
¡·1 +

p
¡·2

κ1

 

, κ2    eigenvalues of

 

K



Krein signature is positive for          , negative for
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Gyroscopic stabilization

¸ = i!§(Ð)

(Re¸)2 + (Im¸)2 = !2
0

K =

μ
¡1 0
0 ¡4

¶
δ=0, ν=0:

 
When Ω

 

increases, complex eigenvalues

move along the circle in the complex plane

After the Krein collision at Ω=Ω2

 

,

 pure imaginary eigenvalues diverge along the imaginary axis

!+(Ð) > !¡(Ð) > 0

i!+(Ð) i!¡(Ð)
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Full dissipation (δ=1, ν=0) destabilizes eigenvalues
with negative Krein signature (red curves)

δ=0, ν=0

D =

μ
2 1
1 1

¶
> 0

Circulatory forces (δ=0, ν=1) destabilize eigenvalues
with positive Krein signature (green curves)
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Gyroscopic stabilization
in the presence of damping and non-conservative positional forces

·1 = ¡1; ·2 = ¡4; trD = 3; trKD = ¡6; detD = 1

± = 0:3; º = 0:6 red eigencurves ± = 0:3; º = 0:9 green eigencurves
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Switching surface
has a tangent cone as its linear approximation at the singular point

Tangent cone:

º = ±Ð
±2trD detD + 4Ð2°¤ + trD(Ð2 ¡ Ð2

2)

±2(trD)2 + 4Ð2

°¤ =
trKD +

¡
Ð2

2 ¡ !2
0

¢
trD

2Ð2
fº = °¤±; Ð > Ð2; º > 0; ± > 0g

(Im¸¡ !0 ¡Re¸¡ a=2)2 ¡ (Im¸¡ !0 + Re¸ + a=2)2 = 2d

a =
trD

2
±; d =

Ð2

2!0
(°¤± ¡ º)

Movement of eigenvalues (approximation near singularity):
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1995 Crandall
gyropendulum with stationary and rotating damping

Äz +

μ
¾ + ½ ´Ð
¡´Ð ¾ + ½

¶
_z +

μ
¡®2 ½Ð
¡½Ð ¡®2

¶
z = 0

´ =
Ia

Id
; ¾ =

bs

Id
; ½ =

br

Id
; ®2 =

mgL

Id

Drag force,
stationary damping (bs

 

)

„Viscous friction force“,
rotating damping (br

 

)
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1995 Crandall
gyropendulum with stationary and rotating damping

Äz +

μ
¾ + ½ ´Ð
¡´Ð ¾ + ½

¶
_z +

μ
¡®2 ½Ð
¡½Ð ¡®2

¶
z = 0

´ =
Ia

Id
; ¾ =

bs

Id
; ½ =

br

Id
; ®2 =

mgL

Id

Gyroscopic stabilization (σ,ρ=0):

Ð2 > Ð+
0

2
+

1

½

®2

´2

(¾´ + ½(´ ¡ 2))2

¾´ + ½(´ ¡ 1)
¸ Ð+

0
2

Ð > Ð+
0 =

2®

´

Asymptotic stability

 
(σ,ρ≠0):

¾ + ½ > 0
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1995 Crandall
gyropendulum with stationary and rotating damping

Äz +

μ
¾ + ½ ´Ð
¡´Ð ¾ + ½

¶
_z +

μ
¡®2 ½Ð
¡½Ð ¡®2

¶
z = 0

´ =
Ia

Id
; ¾ =
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Id
; ½ =

br

Id
; ®2 =

mgL
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2008 Samantaray et al.
Fast/slow precession destabilization of the Crandall gyropendulum

¾

½
<

2¡ ´

´

¾

½
>

2¡ ´

´
Fast: Slow:
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2008 Samantaray et al.
Fast/slow precession destabilization in the Crandall gyropendulum

¾

½
<

2¡ ´

´

¾

½
>

2¡ ´

´
Fast: Slow:

Ð2 = Ð+
0

2
+

1

½

®2

´2

(¾´ + ½(´ ¡ 2))2

¾´ + ½(´ ¡ 1)

Whitney umbrella:

Tangent cone:
¾

½
=

2¡ ´

´
; Ð > Ð+

0 ; ; ½ > 0

Energy balance at the tangent cone: the work done by
damping equals to the work of circulatory forces 
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