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Instability of an anti-parallel vortex pair
Leweke & Williamson: J. Fluid Mech. 360 (1998) 85
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plane perpendicular ta the vortex axes shortly after the end ol py g 4 Visualization of vortex pair evolution under the combined action of long-wavelength
{Crow) and short-wavelength instabilities. Re = 2750, The pair is moving lowards the observer. (a)
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Close-up views
of the short-wave
Instability

Leweke & Willlamson: J.
Fluid Mech. 360 (‘98) 85

Cooperative elliptic instability of a vortex pair 95

(b)

Figure 5. Simultaneous close-up views of the short-wavelength vortex pair perturbation in fig-
ure 4(c) from two perpendicular directions. Re = 2750, t* = 6.8. (a) Front view (pair moving
towards observer), (k) side view (pair moving down). The phase relation between the two vortices
is clearly visible.
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1. Three-dimensional instability of a
strained vortex tube

3D Linear stability cf. talks by Le Dizes, Llewellyn Smith

Moore & Saffman: Proc. R. Soc. Lond. A 346 (‘75) 413-425
Tsai & Widnall: J. Fluid Mech. 73 ('76) 721-733
Eloy & Le Dizeés: Phys. Fluids 13 (‘01) 660-676.

Fukumoto : J. Fluid Mech. 493 (‘03) 287-318
Krein’s theory of Hamilitonian spectra

Energy of Kelvin waves

Hirota & Fukumoto & Hirota: J. Math. Phys. 49 (‘08) 083101
Fukumoto & Hirota: Physica Scripta T 132 (‘08) 014041
Fukumoto, Hirota & Mie: Math. Sci. Appl. 43 (‘12) 53-70



Elliptically strained vortex

U = eUy(r,0) + V = Vo(r) + eVa(r,0) +
d = By(h) + ”fbl(r 9)

O(<”) Rankine vortex

] r (r<1)
. | 1r >, W ,f

O(e') Pure shear

Uy =—rsin20, Vi=—rcos20 (r<R(6,2)).

The boundary shape: R(0,=) ~ 1 + 4= cos 26

Question: “Influence of pure shear upon Kelvin waves ?"




Expand infinitesimal disturbance in &

Suppose that the core boundary is disturbed to
r = R(0,¢) + a(; )"

We seek the disturbance velocity @ in a power series of = to

first order:
(ug +cuq + - - )eilhz—wt)

with wavenumber k and frequency w being

k:-lt‘[]—'—fllfl—'—‘ L"-‘.:"J-}[]_FELL:]_—'—‘

O(e") : Kelvin waves
core: n(f,z,t) =1+ 4& expli(mb + koz — wot)] ,

ug = ul™ ()™, wo =7 ()™, by = T (r)e™ .

——> the linearized Euler equations
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Example of a Kelvin wave m
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Dispersion relation of Kelvin waves
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Equations for disturbance of

wpeF==wls g = {ug, v1, wi, T, 61

_l_ﬁ 5 +5T1 _ -|'( ﬂu-[j_l_ ) Eﬂ-l—a(] 2.
—iwn — — AT _— U r— 1 sin — C05
o] a0 1 Ay 1L A () a0

31: N u_; - _é t ikowr = —ikiwo (r<1).
82¢1 1801 1 8%2¢y

a2 7 or 72 a2 kg b1 = 2k1kodo (r>1).

Disturbance field for the m, m + 2 waves
Pose to O(&")

1) i 2) i(m
Uy = u{g ) im + u{g ) i(m+2)6

Then at O(e!)

O(¢)

. ugl}ﬁimﬂ _|_u(12)ﬁ'1{-m—|-2}9 + u{ ) l{m 2)6 + ’H( )

1 Ef

i(m+4)60
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Growth rate of helical waves (m==#1)
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Instability occurs at
@very intersection points
of dispersion curves of
(m, m+2) waves Why?

Moore-Saffman-Tsai-Widnall instability



Wave energy: Difficulty in Eulerian treatment

base flow disturbance
1
- - B 5 ~

Excess energy: %/quV _ %/UQdV

1
— a0 H + 50425211[;

OH = /U-&de, 52H :/ (’&,31 —I—U’&,()2) dV

« OH # const. §*H + const.
* Up2 is to be defined




Krein’s theory of Hamiltonian spectra

Hamiltonian pitchfork bifurcation Stationary (-1,+1) mode @, =0

Imo = wy | Imo Reo
y m = —1 y f
¢ ° * O >x:’ = A l_> ()_>, r‘{'_{:i—‘l i‘.”
T m = 1 COS 20 T
2(t) o o sin 26
Hamiltonian Hopf bifurcation Nonstationary (m,m+2) mode
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Cairns’ formula Rr A cains: 3. Fluid Mech. 92 (79) 1-14
Boundary (8, 2,t) = 1 + A" cos(mf + ko= — wot) .

Boundary pressure p. = ply—y—, P> = Plr=p+;
p= = D (kp,wo)AS™ cos(mf + koz — wot), pe = D (kg,wp)AY™ cos(m8 + koz — wot) .

—= dispersion relation : D(kp,wo) := D~ (ko,wo) — D (ko,wp) =0

Cairns’ formula ('79) equates wave energy E™), per unit
length in z, to work W by ‘external driving force:

: - dW
—??(P} —p<) = MD”?(P} —P{) — e
; _ypim) _ T 0D . (m)y2
(W =)E 905 (ai™h)?,
ko /1m )2 K |, -
- o(m) _ T . Eﬂf’-”] ) | l, [Q[Ldn—l—m}
wp —m koK|m—1 + [m|K|;ym | wo—m
m(wo +m) 5 Kym| ] (m)) 2
+( g Hu)kufﬂm_l pary oo (af™)

Fukumoto : J. Fluid Mech. 493 (‘03) 287-318



Energy signature of helical waves (m=+1)

# Blue: positive wave-energy
# Red: negative wave-energy
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2. Energy of waves

Justification of adapted Cairns’ formula?
(m) — _7 A(m)
= 2(.00 owq ( )

This is different in sign from Cairns’ original formula.
cf. Oliver Doarée (Nov. 7)

More systematic treatment?



Steady Euler flows

0. K. Vallis, 6. F. Comevale and W.2. Yoy K in@matically accessible variation
(= preservation of local circulation)

@ r— T = W=

1
Ee’ijkwk(wa t)dz; A dx;
1
/ = Eepqrar(ff?, t)dzp A dZg
isovortical sheets (&r = wr + dwr)
Theorem A steady Euler flow is a coditional

extremum of energy H w.r.t. kinematically accessible variations.




Isovortical disturbance on a steady Euler flow

Pa,t € SDIf(D) fluid flow map Lagrangian displacement

2
. . - r e a
. K. Vallis, 6. F. Carnevale and W. R. Young @a,t(fﬂ) — (eXD é()f(t)) T 50’, — 0{€1 + 352

2

@ & = pas(@) = @ + a1+ [(€1- V&1 + &2 + 0(a®)

T—T > w=w,

1
W = Eez-jkwk(:c, t)dz; Adz; 1
Eeijk.wk(:c, t)dxz; A d.’,Ej

isovortical sheets (@ — Wt aw + a? )
— 1 > 2
w1 =V x (£1 X w)
) 4

o =V x (§1 Xw1) +V X (£ X w)




Wave energy for kinematicaly
accessible disturbance
Lagrangian displacement €a=a£1+%2£2+--- o (x) = exp (£a(t)) ]

vlzp[glxw]a
vo =P [€ x (VX (& xw)) + &, X w)]

w =V X

2
H(Ue)=H('v)—|-eH1—|—%H2_|_...

SH %) |
H{ = <5v’v1> _-.-_—<£1,/8{> =0 If v Is steady
_ JSH §°H B 9 Ovq
o= (o) () =~ () - (0 52)
For steady flow

o o (el

Alternatively H>, = zf A - (8;1 + (U - ?}51) dv




Wave energy in terms of

dispersion relation

Hirota & Fukumoto: J. Math. Phys. 49 (‘08) 083101

For a rotating flow confined laterally
In a circular cylinder of radius 1

Eg

action

where

HO

WOHQ:

D
7Tg—Q(wo: m, ko)

D(wg; m,kg) =0
Is the dispersion relation

————
—
~~




Wave energy in terms of dispersion relation: Derivation

Linearlized Euler equation for v € g*
O0v

by = Lv, Define A:g— g by A = —adgfuo
Equation for radial displacement &, (r; wg, m, kg)e ™ot

E(wo)ré& =0, where £(Q) =i(Q-L)A

One-sided Fourier transform (Laplace transform)
=(r,Q2) = [§°lr&(r; wp)e Wotle2tde,  Im() > 0

Wave action Hirota & Fukumoto: J. Math. Phys. 49 (‘08) 083101
1
2u0 = S p DAL,
271"& r(wo)

1 —
D(Q) ‘= 2n /O =(r. Q)E(Q)=(r, Q)dr

£(2) = £460) + (2 — wo) oo (wo) + ..



3. Mean flow induced by nonlinear
Interaction of waves

u = U0—|-€U1—|-Od'lL01-|—€O{’U,01—|—052’U,02—|-~-



Mean flow 0O(a?)

Lagrangian displacement w=V Xv

- a2 ’U]_ZP[S]_XQJ],
Ca—a§1+?§2+'”% UQZ’P[‘Slx(Vx(glxw))—I—fgxw-

Take the average over a long time

1
‘ §:U+§@2U—2+O(C¥3) U_QZ'P(g]_X[VX(ﬁ]_XQJ)]—I—&Q}/wj‘

/
for the Rankine vortex

Substitute the Kelvin wave &; = Re {C‘oéei(m‘ngoz_”oﬂ
iko|Co|2(0, &8 — §&, §&y — §&) (r<1
73(51><[V><(€1><w)]={I00| o0, £38r = 478z, &rbo = &4r) E:>1§_

i *k
J: = o [ 55504 = a?ko|CBl [ w- (€1 x €1) dA = kono

ko =0= J,=0 genuinly 3D effect!! pseudomomentum



Generalized Lagrangian mean (GLM) theory

a closed loop
C’—>C’§:a:—>ac§=m—|—a£
_'F,'i-r
r = fcg'v(:c,t) -dx = j{cv(m+a£,t)-d (x + af)
= fo [’vf ~+ avf(aigj)} dz; ('v5 = v(x + as,t))
€ 7 (vt =" —7b)
Pseudomomentum  p, := _a(aigj)vj — —05(53'53')’03-

. . 2
— _ a™ _ —
M= j{O ('U,!‘ — pi) dx; = %C (Ug + B3 v T ’U@S - Pz‘) dz;

. O{2 _
Isovortical dusturbance fCU cdx = j{c (U + 502 + 7> — p) . dx

2

o = _
‘PNP ?@‘F’US 7° =0




Mean flow induced by Kelvin waves
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Figure 2: The mean flow g induced by nonlinear interaction of Kelvin waves at (kg wy) =
(2.2,0.3) for m = —1 (left) and m = 1 (right). The solid and dashed lines represent the
axial (up2z) and the azimuthal (Up2g) components, respectively.
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Figure 3: The same as fipure 2, but at (ky, wy) = (3.0, 2.0) for m = 1.



4. Weakly nonlinear evolution of
Kelvin waves in a cylinder of
elliptic cross-section



Malkus (‘89), Eloy, Le Gal & Le Dizés (‘00)

FIG. 1. Experimental setup: (I) plastic elastic cylinder fillc
with water; (II) rollers.

Symmetry breaking
(\ perturbatlon

{ @ /30(2) Z / /

)

Excitation of unstable modes for a rotating flow in a elliptically strained cylinder

(d)




Three-dimensional linear instability
of an elliptically strained vortex f

Cylindrical coordinates (1. €.2) @)
Boundary shape I =1+&£€0526/2 i

Basic flow U=U, +eU, @)

U, =(0,r,0) |
U, =(-rsin26,-r cos 26,0) X i

————
—
~~

Question: “Influence of pure shear upon Kelvin waves?”



Resonance between
(m,m+2)=(0,2) modes

C. Eloy

Kerswell: Annu. Rev.
Fluid Mech. (2002)

Fipure 4 A smapshot of the (m, m 4+ 23 = (0, 2} elipiical mstabibity with resonant
(imisend) axial wavelength of 2. 7009 m a confamer of height-to-radius ratio of 8.20.
The Bevnolds mummber 15 2500 and the stramm £ = 0.1 {courtesy of C. Elov).



Amplitude equations for (0,2)mode
up; = Re —Lplf{_}e‘fk:}—@}}_ d3+_}er‘(29+ﬂ':)}*[4_ dA—_}e—fﬁ':}* dB—_}ef(Q{;}_g)

dd.
dr
dB,
dr

=i [—(DoAi +éepBy + Oczz'li (5‘11 |Ai‘2 —l—Slz‘Bi‘z +513

=i [~ 0B+ + qds + 0B (s21]4= [ +52|B” + 52345 +524|B=[7) + 525 B d oAz
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Canonical Hamilton equations
z1+ = A /\/P, 22+ =Bi/\/q

dz
% =1 [_(UOZI:I: + €022+ + 21+ (011 |21:|:|2 ‘|“312|ZE:|:|2 +C13 \21:F|2 +c14|z2+ \2) +01521:F2ﬁ22ﬂ :
dz
% = —i[~0yzox — £071% + 22+ (ca1|z12 [ +co2|zos [ + ca3|ziz|* + caalzoz|*) + easZizz1=207 ]
Ifﬁ‘lg — —C21.C14 — —C23 and 15 — —C25.
Mo 2 2 2 2 - ]
(21_|_,Zg_|_,21_,22_) = 7 (‘Z]+| — ‘Zz+| —+ ‘Z]_l — ‘Zz_l ) —&0Re z14204 + 2120
l ) 4 4 l ) 4, 4y l 2 2 1 ) 2 2
—zou (214 1z [") + gz (le24 [ + le2- ") — Senslers Plei- | + S easleat [lz2-|
1 1

— e (214224 | + |21= 2= 7)) — 5 ¢4 (Iz14 7 22= | + [21- [P |z24[7) — c1sRe 214224 2122

Zi = q; + 1D, E:é’—pf’ E:_&—q-




Why chaos? First integrals

Hamilton equations with 4 degrees of freedom

E _ dH> | dzry _ dH,
dr JdZI1+ dr Jdot
3 first integrals
Energy of Kelvin waves Hyy = % [l214 P + 21 = (24> + [22- )]
Axial flow flux of Kelvin waves Jop = ‘%ﬂ lere P = 212 P = (1224 P — 22 )]
Hamiltonian
H(zi4,2240,21-,22_) = (;—0 (|21 * = |22+ |* + |21=|* — |z22—|*) — €ORe 214224+ +21_22_]
1 4 4, 1 4, 4y 1 2 » 2 2
L €11 (|z14]" + 21— )+4c22(|22+| lzo—|*) 2013|Z1+\ 21| +2c24|22+| |z2—|
- %‘312 (Iz1+ Plzz+ * + |21 Plz2—?) — %CH (21 |22 + [21-|*[22+ |*) — c15Re [214224 2122



Weakly nonlinear stability of an elliptically strained

vortex tube: Eulerian treatment sipp: Phys. Fluids 12 (2000) 1715
Waleffe: PhD Thesis (1989)

u= l||::|+E|.:|'_+'""

W
Speady 2D srraimed voitex

+ oy, + o g+ oyt ecn  + oty eau oo,

A"
Unsteady 30 pertorhation

A combination of two helical waves .

- - - - - - . '1 f‘
Wy (7. 0.2t =Ae e u,(r)+Bet e ug(r) + o,

A vortex tube in strain field

.. ._ ad | ) .
Amplitude equations | - =tieaB fed(b|A|*+¢|B[PFdCr_ undetermined const.
(a? =€) dB c‘// Influences linear term!
E=—EE{I..‘1+!;E.E{E'|:!|:+£J'|B|2-|-E?1 ]
Solvability condition _ [ac_ — — mean flow
al  O(a?e) = AT a ug=a-Ci(r)

|
Hamiltonian normal form for SO(2) x O(2) — Z5 x O(2)

Guckenheimer & Mahalov ‘92



Eulerian treatment sipp: phys. Fluids 12 (2000) 1715

Subspace

B=A

dr
in which

D=Dyr—Dwr. Equ=|4,|?

DD=DI~{F|"-[{:||E-

daAd —
— =+jd+id(D|4|*—D,).

Hamiltonian normal form
Knobloch, Mahalov & Marsden
Physica D 73 (1994) 49

Energy of excited wave
at O(a?) |4]*+C'=E,.

EEEN — Do =0

Mie & Y. F. (2010)

D,=0.1  |A,'|=0.26

. D=0.75 |AS]=0.72

allowable condriions 4. Case k=2.261.
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FIG. 6. Trajectones in the phase space projected on a plane C"=cte m the cases Dy=0.1, 0.75, 1,2, 10. The cwcle in each fizure represents the instial



Summary

Linear stability of an strained vortex tube, a straight vortex tube subject
to a pure shear, to three-dimensional disturbances is reconsidered from
the viewpoint of Krein’s theory of Hamiltonian spectra.

1. Lagrangian approach: Energy of the Kelvin waves is calculated by
restricting disturbances to kinematically accessible field
geometric formulation helps

{

2. Wave-induced mean flow is available as a byproduct

Axial current: For the Rankine vortex, 2nd-order drift current
includes not only azimuthal g but also axial component Uz

. Xk
energy <%0  waveaction _~"0. pseudomomentum

3. Weakly nonlinear amplitude equation: Its coefficients all determined
Canonical Hamilton equations
Nonlinear saturation, though chaotic

mmmm)  Secondary instability (three-wave interaction)







How are many modes excited?

(a)

Secondary instability

(bh)

(C

Three-wave interactions

id)

FIG. 4. Four successive images of the flow for n = 2, Re =
5000, H/R = 7.96. and (a) {}t = 294 solid body rotation;
(b) L}t = 715, appearance of mode (—1,1,1); (c) {1t = 943,
vortex breakup; (d) {1+ = 1113, relaminanzation.



Three wave Interactions

Energy Energy
(m, ko,wo) =~ (3,3/2,3.32)  + (4,33/2,3.32)




Amplitude equations for three-wave interaction
Kerswell: JFM "99

energy
O(a) uy —[A+U4+ (6o ]4{4 uy e'%” AD‘] 0
—I—[B wp (30+kyz/2) ]—I—[B wup 1(39—:’1'{;,:/2)] +
Hcruc. e;(49+,~,aﬂ_ P ue 00T el —
O(a2) !
3
% =i|e(p1d=+pnds)+oagiBiCy2 | |
% =i|—woBs +EppB.+ogd Cy S
% =i|—woCs + €pp3Ce + 0q34.B. ]| === ' ' '
t o 1 2 3 4 5 6

(k — ko + 6k1) Fukumoto, Hattori & Fujimura ‘05



Amplitude evolutions for three-wave interaction

dzi+ y -
o = ilE (P1Z1F + p2121+ ) — 00O z2423 4]
dzy
= [Spr‘s +00z1+123+ j:
dt
dz34

= —1 :£p2323i — C‘J(Tflzzji:

dt




Hamilton equations for three-wave interaction
n1e =4 /g1l 24 =B/ /g, z3: =Cre 2 /\/|qs).

Z1+ : -
P —i|&(p1Z1F + pa1k1Z14) — 00z 234 |
) . 2w
7 = [8}9221(122:1: + O.'O'Z'lj:zki:}
t
Z — _ile 1zre — OOz 427+
- 1| Epa3kiz3+ 1+22 |

Hamiltonian H=H_,+H_

1

Hy = ooRe (:lz:gizji) + Ef [leE‘ (:1_|_:1_)

. . 2 2
First integrals ~|2s.]

22+

‘22—‘2 _‘23—‘2

JFP31|:11|'1 — P22

p, = —0.554202,
p,, = —0.238347,
p,, =—0.180616,
0,, =0.127444,
o =11.6724

224 +P23‘:3i|:]




Energy of Kelvin waves

Helical wave (m=1)

Buldge wave (m=0)

0 5 10 15

20

— 1 ~
E™ = 27wy |Co|? 22 > m/ €[2dr
0

15 115

52H 10 110

tS]

5 13

The sign of wave action (o = Eo/wo
1 i IS essential !
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