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r Motivation 1

Introduction

o The Navier-Stokes' and second grade fluid equations play a role in many
fluids applications.

e The zero-viscosity limits are Euler's and averaged Euler’'s equations.
Both have a Hamiltonian structure with a Poisson structure map. An
important associated Casimir is the (potential) enstrophy.

e Constrained critical points of the energy on level sets of the Casimir
form families of stationary solutions for (averaged) Euler's equations. If
they are minima, the stationary solutions are Lyapunov stable.
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r Motivation 1

Introduction

o The Navier-Stokes' and second grade fluid equations play a role in many
fluids applications.

e The zero-viscosity limits are Euler's and averaged Euler’'s equations.
Both have a Hamiltonian structure with a Poisson structure map. An
important associated Casimir is the (potential) enstrophy.

e Constrained critical points of the energy on level sets of the Casimir
form families of stationary solutions for (averaged) Euler's equations. If
they are minima, the stationary solutions are Lyapunov stable.

Question: Do viscous solutions stay close to the minimal families for small
viscosity?

Answer: It depends on the boundary conditions!
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r Known convergence/stability results in 2D 1

Introduction

2D Navier-Stokes' (NS) and Euler’s equations:

e Boundaryless manifold: solutions of NS equation converge to the
solutions of Euler's equations with the same initial condition [EBIN &
MARSDEN (70)].

o Free boundary condition: the Euler families are invariant under NS
equations and they shadow solutions of the NS equations starting nearby
[VAN GROESEN (88); DERKS & RATIU (98)].

o For a fixed time interval |0,7T7], solutions of the NS equation converge to
solutions of Euler’'s equation with the same initial condition for various
boundary conditions: free boundary condition [LioNs (69); TEMAM
(77)]; no-slip in disk [BoNa & Wu (02)]; Navier-slip [CLoPEAU,
MIKELIC & ROBERT (98)].

o General belief: the no-slip boundary condition causes a turbulent
boundary layer in the zero viscosity limit.
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- 2D Navier Stokes and Euler -
Introduction NS 2nd grade Conclusion

In vorticity (w) formulation, Navier-Stokes equation for divergence free vector
fields in a bounded domain D C R? is

wy =u-Vw+rvAw, with u=V=%ty, w=-—Ay.
We will discuss two boundary conditions:

o Free: v =0=w on dD; or
e No-slip: Vi =0 (u=0) on 0D;
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r 2D Navier Stokes and Euler 1

NS

In vorticity (w) formulation, Navier-Stokes equation for divergence free vector
fields in a bounded domain D C R? is

wy =u-Vw+rvAw, with u=V+y, w=—A.

We will discuss two boundary conditions:

o Free: v =0=w on dD; or
e No-slip: Vi =0 (u=0) on 0D;

The viscosity is v and Euler’s equation follows from setting v = 0 and
reducing the boundary condition to v» = 0 (free) or u-n = 0 (no-slip).

The energy is H(w / ul? = / Yw

and the enstrophy C'(w =3 / is a Casimir.
D
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r Energy-Casimir manifolds 1

NS

The critical points of the enstrophy on level sets of the energy give a family of
stationary solutions of the Euler’'s equation. These solutions are

eigenfunctions of the spectral problem

(w=) — Ay =, plus reduced free or no-slip BC.

e For any bounded, simply connected domain D, this has spectral problem
has eigenvalues 0 < 79 < 71 < ... and the eigenfunctions span L?(D).

e The smallest eigenvalue is simple; its normalised eigenfunction is
denoted by xo.

UNIVERSITY OF

BIRS, 7 November 2012 SURREY



r Energy-Casimir manifolds 1

NS

The critical points of the enstrophy on level sets of the energy give a family of
stationary solutions of the Euler’'s equation. These solutions are
eigenfunctions of the spectral problem

(w=) — Ay =, plus reduced free or no-slip BC.

e For any bounded, simply connected domain D, this has spectral problem
has eigenvalues 0 < 79 < 71 < ... and the eigenfunctions span L?(D).

e The smallest eigenvalue is simple; its normalised eigenfunction is
denoted by xo.

Lemma Define wg = —Axyg, the family £ = {cwy | ¢ € R} and the distance
d(w, &) = inf e ||w — cwol|12-

Energy-Casimir method: The family is orbitally Lyapunov stable for solutions
w(t) of Euler’s equations, i.e., for all € > 0, there is some § > 0 such that for

allt =0 d(w(0),&) < d=dw(t),&) <e.
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- NS with free boundary condition -
Introduction NS 2nd grade Conclusion

Consider the Navier-Stokes (NS) equation with the free boundary condition.

e The family £ is invariant under the evolution of NS. For any ¢ € R: a
solution in £ decays like w(t) = ce ¥0twy.
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Q)(t; W, v) be a solution of the NS equation with viscosity v, starting at
. Define the shadowing curve Qo(t;&,v) = /270 H (Q(t; 0, v)) wo.
Then for all @ with d(w, &) < 2(v1 — 7o), there exists an M > 0 such
that

Vu>0Vi>0 [d(ﬂ(t; w,v),E) < M||Qo(t; 0, v)||12 e 2v(Y1=70)t

UNIVERSITY OF

BIRS, 7 November 2012 SURREY
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NS

Consider the Navier-Stokes (NS) equation with the free boundary condition.

e The family £ is invariant under the evolution of NS. For any ¢ € R: a
solution in £ decays like w(t) = ce ¥0twy.

o Solutions starting nearby £ can be shadowed by a curve on &: Let
Q)(t; W, v) be a solution of the NS equation with viscosity v, starting at
. Define the shadowing curve Qo(t;&,v) = /270 H (Q(t; 0, v)) wo.
Then for all @ with d(w, &) < 2(v1 — 7o), there exists an M > 0 such
that

Vu>0Vi>0 [d(ﬂ(t; w,v),E) < M||Qo(t; 0, v)||12 e 2v(Y1=70)t

e The family £ is stable under the NS evolution: There is some g9 > 0
and K > 0 such that

VCGR\V/0§5<8OVV>O\V’1520 [H@ — conLz <€ = d(Q(t; &3, V), 8) < K&‘]
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- NS with no-slip boundary condition in disk -

Introduction NS 2nd grade Conclusion

Consider the Navier-Stokes (NS) equation with the no-slip boundary condition
in a circular disk. Denote the solution of the NS equation with viscosity v and
starting vorticity @ by Q(¢; W, v).

e The family £ is not invariant under the evolution of NS.
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r NS with no-slip boundary condition in disk 1

NS

Consider the Navier-Stokes (NS) equation with the no-slip boundary condition
in a circular disk. Denote the solution of the NS equation with viscosity v and
starting vorticity @ by Q(¢; W, v).

e The family £ is not invariant under the evolution of NS.

e If v > 0, then solutions starting in £ have a v-independent deviation
away from &£ before returning to the zero state:

VeerInr>0Vr > 030 [d(Q2(E; cwo,v), E) > M.

Viscosity induced instability: Without viscosity (v = 0, Euler), the family £ is
Lyapunov stable. But with viscosity ( > 0, NS), the solutions move away
from £ in a viscosity-independent way.
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r NS with no-slip boundary condition in disk 1

NS

Consider the Navier-Stokes (NS) equation with the no-slip boundary condition

in a circular disk. Denote the solution of the NS equation with viscosity v and
starting vorticity @ by Q(¢; W, v).

e The family £ is not invariant under the evolution of NS.

e If v > 0, then solutions starting in £ have a v-independent deviation
away from &£ before returning to the zero state:

VeerInr>0Vr > 030 [d(Q2(E; cwo,v), E) > M.

Viscosity induced instability: Without viscosity (v = 0, Euler), the family £ is

Lyapunov stable. But with viscosity ( > 0, NS), the solutions move away
from £ in a viscosity-independent way.

Note: this doesn’t contradict [BoNa & WU (02)] as it takes O(1/v) time to
get order 1 away from the manifold.
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r 2D second grade and averaged Euler 1

2nd grade

The second grade fluid equation in a bounded domain D C R? is
0iq=—u-Vqg+rvAw, with u= VLw, w = —A,
and potential vorticity ¢ = Ly = —A(1 — aA)y (not atmospheric PV).

e We consider the Navier-slip boundary condition: tangential component
of viscous stress is proportial to the tangential velocity: ¥» = 0 and
— A = 2kVy - n on 0D with k curvature and n the normal of 0D.
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r 2D second grade and averaged Euler 1

2nd grade

The second grade fluid equation in a bounded domain D C R? is
0iq=—u-Vqg+rvAw, with u= VLw, w = —A,
and potential vorticity ¢ = Ly = —A(1 — aA)y (not atmospheric PV).

e We consider the Navier-slip boundary condition: tangential component
of viscous stress is proportial to the tangential velocity: 1y = 0 and
— A = 2kVy - n on 0D with k curvature and n the normal of 0D.

o Averaged Euler is the zero viscosity equation, i.e. v = 0. The energy is

Hagp(q) = / qy and the potential enstrophy C'ap(q) = / q° is a
D

N - D
Casimir.

e Note: the 2nd grade fluid equation is a regular perturbation of averaged
Euler.

UNIVERSITY OF

BIRS, 7 November 2012 SURREY



r Energy-Casimir manifolds 1

2nd grade

The critical points of the potential enstrophy on level sets of the energy give a
family of stationary solutions of the averaged Euler’'s equation. These
solutions are eigenfunctions of the spectral problem

(q =) Ly = v, plus Navier-slip BC.

e For any bounded, simply connected domain D, this has spectral problem
has eigenvalues 0 < 79 < 71 < ... and the eigenfunctions span L?(D).

e The smallest eigenvalue is simple; its normalised eigenfunction is
denoted by xo.
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r Energy-Casimir manifolds 1

2nd grade

The critical points of the potential enstrophy on level sets of the energy give a
family of stationary solutions of the averaged Euler’'s equation. These
solutions are eigenfunctions of the spectral problem

(q =) Ly = v, plus Navier-slip BC.

e For any bounded, simply connected domain D, this has spectral problem
has eigenvalues 0 < 79 < 71 < ... and the eigenfunctions span L?(D).

e The smallest eigenvalue is simple; its normalised eigenfunction is
denoted by xo.

Lemma Define qo = —Axyo, the family Eap = {cqo | ¢ € R} and the
distance d(q,Eap) = inf.cr ||q¢ — cqol| 12

Energy-Casimir method: The family is orbitally Lyapunov stable for solutions
q(t) of Euler’s equations, i.e., for all € > 0, there is some 6 > 0 such that for
allt > 0

d(q(0),Ear) <6 =d(q(t),Eap) < €.

UNIVERSITY OF

BIRS, 7 November 2012 SURREY



r 2nd grade with Navier-slip BC in disk 1

2nd grade

Consider the second grade fluid equation with the Navier-slip boundary
condition in a circular disk. Denote the stream function of the solution of the
second grade equation with viscosity v and starting stream function ¥ by

W (t; ), v).

e The family £4g is not invariant under the evolution of the second grade
fluid equation.

e If v > 0, then solutions starting in £4 have a v-independent deviation
away from £ before returning to the zero state:

V¢0€$AE3M>0VV > OEIt>O[dH(%(\P(t,¢O, V), gAE’) > M]
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r 2nd grade with Navier-slip BC in disk 1

2nd grade

Consider the second grade fluid equation with the Navier-slip boundary
condition in a circular disk. Denote the stream function of the solution of the
second grade equation with viscosity v and starting stream function ¥ by

W (t; ), v).

e The family £4g is not invariant under the evolution of the second grade
fluid equation.

e If v > 0, then solutions starting in £4 have a v-independent deviation
away from £ before returning to the zero state:

V¢0€$AE3M>0VV > OEIt>O[dH(%(\P(t,¢O, V), gAE’) > M]

Viscosity induced instability: Without viscosity (v = 0, averaged Euler), the
family €4 is Lyapunov stable. But with viscosity (v > 0, second grade fluid),
the solutions move away from £ in a viscosity-independent way.
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r Radially symmetric solutions 1

2nd grade

Some observations for radially symmetric stream functions

e Both the Navier-Stokes equation and second grade fluid equation are
radially equivariant in a disk, as well as all boundary conditions
considered. So the set of all radially symmetric stream functions is
Invariant.

e In a disk, the sets £ and £, consist of radially symmetric functions.

e In polar coordinates (7, ¢), the nonlinear term u - V becomes

1 0 0
u-V=- — — Y= .
r [¢¢ or Yr 8q§]
This vanishes for a radially symmetric stream function. Thus on a disk,
the Navier-Stokes equation and second grade fluid equation are linear for
radially symmetric stream functions.
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- 2nd grade fluid equation w. radial symm. -
Introduction NS 2nd grade Conclusion

The second grade fluid equation with Navier-slip boundary condition for
radially symmetric stream functions is

Oln) = —vA%*p, 0<r <R, t>0 and 9(R,t)=0=1.,.(R,t),t>0.
(1)

The eigenvalue problem
Ly = AA*), 0<r <R and ¥(R)=0=.,(R) (2)

will provide a basis for the solutions of (1).
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r 2nd grade fluid equation w. radial symm. 1

2nd grade

The second grade fluid equation with Navier-slip boundary condition for
radially symmetric stream functions is

O Ly = —vA*Y, 0<r<R,t>0 and (R,t)=0=1.,(R,t),t>0.
(1)

The eigenvalue problem
Ly =AA*)p, 0<r <R and 9(R)=0=1.(R) (2)

will provide a basis for the solutions of (1).

e Eigenvalues are 0 < Ay < A\; < ... and the eigenfuntions v, form an
. 1,rad
orthonormal basis in Hy ™.

o Define 5, = 1+’\£An, then v (t) = e "%, solves (1).

o The average Euler function yq is not an eigenfunction of (2)
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- Starting at £,p -
Introduction NS 2nd grade Conclusion

o Write xo = > > antn, then U(t; x0,v) => ", ane Prtah, and

2
(©.@) @)
dHé(\I!(t; X0, V), EAE)? Z a,, (eﬁm’/t — Z aneB“”t> , t>0.
m=0 n=0

e Maximal deviation of the solution curve {W(t; xo,v) | £ > 0} and the
family €4 is independent of v and given by

0 0@ 2
max a2 [ e PmT — E ale P >0
720

n=0

m=0

as xo is not an eigenfunction of (2).
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r Starting at £45 1

2nd grade

o Write xo = Y0 ; antn, then W(t; x0,v) = > 0% s ape PrVhh, and
o o 2
dHé(\If(t; X0,V EAE Z a,, (eﬁm’/t — Z aneﬁnyt> , t>0.
m=0 n=0

e Maximal deviation of the solution curve {W(t; xo,v) | £ > 0} and the
family €4 is independent of v and given by

0 0@ 2
2 —BmT —BnT
max a.. | e — a, e > ()
>0 ( Z " )
m=0 n=0
as xo is not an eigenfunction of (2).

Note: For the free boundary condition, xo would be the solution of the
eigenvalue problem.
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- Conclusions '
Introduction NS 2nd grade Conclusion

o With the free boundary condition, the energy-Casimir set £ (related to
Euler's equation) is invariant under the Navier-Stokes equation and
approximates its nearby solutions.
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