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Plan of the talk
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o The Vicsek model and the BDG-Boltzmann equationo Propagation of chaoso The �Choose the leader model�o More about BDGo Simulation results



The Vicsek model
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�The motion of self-propelled particles�

vi(t+ ∆t) = v0θ


∑

j∈Si

vj(t) + ηNiξ




vi(t+ ∆t) = v0 (Rη ◦ θ)


∑

j∈Si

vj(t)




Chaté, Ginelli, Grégoire, Raynaud,Collective motion of self-propelledparticles interacting without cohesion,arXiv, dec 2007



The Vicsek model: A Boltzmann equation
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∂f

∂t
(r, θ, t) + e(θ) · ∇f(x, θ, t) =

−λf(r, θ, t) + λ

∫π

−π

∫π

−π

p0(θ− η− θ ′)f(r, θ ′, t)dηdθ ′

−f(r, θ, t)

∫π

−π

|e(θ ′) − e(θ)|f(r, θ, t)dθ ′

+

∫π

−π

∫π

−π

∫π

−π

p(θ− θ̄− η)|e(θ2) − e(θ1)|f(r, θ1, t)f(r, θ2, t)dηdθ1 dθ2

E. Bertin, M. Droz, G. Grégoire



The BDG-Boltzmann equation
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■ Bertin et al: show that their binary model qualitatively similar to Vicsek
■ � derive �uid equations by �Fourier closure�
■ What about closure via �Maxwellian�?What is then the Maxwellian?

Can the BDG-equation be rigorously derived from a many particle system?The homogeneious BDG-Boltzmann equation
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■ � derive �uid equations by �Fourier closure�
■ What about closure via �Maxwellian�?What is then the Maxwellian?

■ Can the BDG-equation be rigorously derived from a many particle system?

■ The homogeneious BDG-Boltzmann equation
∂tf(t, θ) =

∫π

−π

∫π

−π

(
f(t, θ ′)f(t, θ ′ + θ∗)g(θ− θ ′ −

θ∗

2
)

−f(t, θ)f(t, θ + θ∗)

)
β(| sin(θ∗/2)|)

dθ ′

2π

dθ∗

2π



A particle system for the BDG model
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o The adjoint Markov transition operator

Q∗
NfN(θ1, ..., θN) =

2

N(N− 1)

∑

i<j

∫π

−π

∫π

−π

fN(θ1, ..., θ
′
i , ..., θ

′
i + θ∗︸ ︷︷ ︸
θ ′

j

, ..., θN)×

g(θi − θ ′
i −

θ∗

2
)g(θj − θ ′

i −
θ∗

2
)
dθ ′

i

2π

dθ∗

2π

θ ′
i

θ ′
j

θ̂ij

θ∗

o The master equation
fN = fN(t, θ1, ..., θN)

∂

∂t
fN(t, v1, ..., vN) = N

(
Q∗

N − I

)
fN(t, θ1, ..., θN)



The BDG model
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o Marginals:

f
(k)
N (t, θ1, ..., θk) =

∫
· · ·

∫
fN(t, θ1, ..., θk, θk+1, ..., θN)dθk+1 · · ·dθN

o Evolution of marginals:

∂

∂t
f
(k)
N (t, θ1, ..., θk) =

k(k− 1)

N − 1
Q∗

kf
(k)
N (t, θ1, ..., θk)+

2(N− k)

N − 1

∑

i≤k

∫∫
f
(k+1)
N (t, θ1, ..., θ

′
i , ..., θk, θ

′
i + θ∗)×

g(θi − θ ′
i −

θ∗

2
)g(θj − θ ′

i −
θ∗

2
)
dθ ′

i

2π

dθ∗

2π
−

−
2N − 3k+ k2

N− 1
f
(k)
N (t, θ1, ..., θk)



The BDG model
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■ Formally, when N → ∞

∂tf
(1)(t, θ)

= 2

∫π

−π

∫π

−π

f(2)(t, θ ′, θ ′ + y)g(θ1 − θ ′
1 −

θ∗

2
)
dθ ′

1

2π

dθ∗

2π

−2f(1)(t, θ)

The chaos assumption:
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■ Formally, when N → ∞

∂tf
(1)(t, θ)

= 2

∫π

−π

∫π

−π

f(2)(t, θ ′, θ ′ + y)g(θ1 − θ ′
1 −

θ∗

2
)
dθ ′

1

2π

dθ∗

2π

−2f(1)(t, θ)

■ The chaos assumption: f(2)(t, θ1, θ2) = f(1)(t, θ1)f
(1)(t, θ2)

∂tf(t, θ) =

∫π

−π

∫π

−π

f(t, θ ′)f(t, θ ′ + θ∗)g(θ− θ ′ −
θ∗

2
)
dθ ′

2π

dθ∗

2π

−f(t, θ)



Propagation of chaos
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McKean graphsrepresenting solutions tothe Boltzmann equation

∂tf(v, t) = Q(f, f)(v, t)

f(v, t) =

∞∑

j=0

pjf(v, t
∣∣j)



Propagation of chaos
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McKean graphsrepresenting solutions tothe Boltzmann equation

f2(v1, v2, t) = f(v1, t)f(v2, t) ??



Propagation of chaos
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Finitely many particles

=⇒ positive probabilityof recollisions.Propagation of chaos:this does not happen within�nitely many particles.



Propagation of chaos according to Kac
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De�nition: A sequence of probability measures fN(v1, ..., vN), N = 1, ...,∞ issaid to have the Boltzmann property, or to be chaotic if for each k,
lim

n→∞

f
(k)
N (v1, ..., vk) →

k∏

j=1

lim
n→∞

f
(1)
N (vj, t)

De�nition: Propagation of chaos is said to hold if whenever the initial data ischaotic, then so is the distribution at later times.

Theorem[M. Kac] Propagation of chaos holds for a particular model of theBoltzmann equation.
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Pair interaction driven master equations
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o V = (v1, ..., vN) ∈ ENo Poisson stream of jump times tj, at which
(vi, vj) → (v ′

i, v
′
j) = (Wi(vi, vj),Wj(vi, vj))o Vk state after jump nr ko Markov transition operator:For φ ∈ C(EN), de�ne Qφ(v) = E

[
φ(Vk+1)

∣∣Vk = v

] .o Let Fk(v) be probability density of Vk.o Adjoint of Markov transition operator:∫

EN

φ(v)Fk+1(v)d
Nv =

∫

EN

Qφ(v)Fk(v)d
Nv =

∫

EN

φ(v)Q∗Fk(v)d
Nv



De�nition
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A pair interaction driven master equation is an equation of theform

∂

∂t
F(v, t) = L∗F(v, t)whereo F is a probability density on ENo

L∗ =
N

2

∑

i<j

pi,j(v)
(
Q∗

i,j − I
)
,

o Q(i,j) a Markov transition operator on ENo pi,j are pair selection probabilities: ∑
i<j

pi,j(v) = 1.

From now on, pi,j =
2

N(N− 1)



(almost) Kac's approach
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o ∫

EN

F(v, t)φ(v)dv1, ..., dvN =

∫

EN

F(v)etLNφ(v)dv1, ..., dvN.o Studying a k-th marignal equivalent to taking φ = φ(v1, ..., vk).o Power series of etLN convergent �uniformly in N�.o Analyse term by term and prove e.g.o

lim
N→∞

∫

EN

F0,Ne
tLφ1(v1)φ2(v2)dv1..., dvN =

(
lim

N→∞

∫

EN

F0,Ne
tLφ1(v1)dv1..., dvN

)(
lim

N→∞

∫

EN

F0,Ne
tLφ2(v2)dv1..., dvN

)



Estimates on exp(tL)
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Theorem: Let φ = φ(v1, ..., vK), and for N > K, let
(v1, ..., vN) 7→ φ(v1, ..., vk). Then there is t0 > 0 such that

etL =

∞∑

k=0

tk

k!
Lkφ

converges absolutely in L∞, uniformly in N, for 0 ≤ t < t0.Proof: If i, j > K, then (Q(i,j) − I)φ = 0, and hence
1

N− 1

∑

i<j

(
Q(i,j) − I

)
φ =

1

N− 1

K∑

i=1

N∑

j=i+1

(
Q(i,j) − I

)
φ =⇒

‖Lφ‖∞ ≤ 2
2

N− 1

K(2N− K− 1)

2
‖φ‖∞ ≤ 2K‖φ‖∞ .



Estimates on exp(tL)
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o For φ = φ(v1), Lk involves v1, v2, ..., vk+1

⇓

‖Lkφ‖∞ ≤ 2kk!‖φ‖∞

⇓
tk

k!
‖Lkφ‖∞ ≤ (2t)k‖Lkφ‖∞

⇓Series convergent for t < 1/2o Similar estimates for φ = φ(v1, ..., vK).o The symmetry assumption necessary for this estimate.



A combinatorial lemma
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Lemma Let F0,N be symmetric, φ(k) = φ(k)(v1, ..., vk).De�ne

φ(k+1)(v1, ..., vk, vk+1) =

k∑

i=1

(
Q(i,k+1) − I

)
φ(k)(v1, ..., vk)Then

lim
N→∞

∫

EN

F0,NLφ
(k)dv1 · · ·dvN = lim

N→∞

∫

EN

F0,Nφ
(k+1)dv1 · · ·dvNo Proof direct from de�nitiono It follows ...

lim
N→∞

∫

EN

F0,Ne
tLφmdv1, ..., dvN =

=

∞∑

k=0

tk

k!
lim

N→∞

∫

EN

F0,Nφ
(m+k) dv1, ..., dvN .



Propagation of chaos
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o For chaotic initial data

lim
N→∞

∫

EN

F0,Nφ
(m+k) dv1, ..., dvN =

=

∫

Em+k

k+m∏

j=1

f(vj)φ
(m+k)(v1, ..., vm+k)dv1...dvk+m

o Can also prove

lim
N→∞

∫

EN

F0,Ne
tLφ1(v1)φ2(v2)dv1..., dvN =

(
lim

N→∞

∫

EN

F0,Ne
tLφ1(v1)dv1..., dvN

)(
lim

N→∞

∫

EN

F0,Ne
tLφ2(v2)dv1..., dvN

)



Propagation of chaos
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v1 v2

v1 v2 v1 v2

v1 v3 v2 v1 v2 v3

v1 v2 v1 v2 v1 v2

v1 v3 v2 v1 v3 v2 v1 v3 v2

v1 v4 v3 v2 v1 v4 v3 v2 v1 v3 v2 v4

φ1(v1)φ2(v2)

φ
(2)
1 (v1, v3)φ2(v2)+

φ1(v1)φ
(2)
2 (v2, v3)

lim
N→∞

∫

EN

F0,Ne
tLφ1(v1)φ2(v2)dv1..., dvN =

(
lim

N→∞

∫

EN

F0,Ne
tLφ1(v1)dv1..., dvN

)(
lim

N→∞

∫

EN

F0,Ne
tLφ2(v2)dv1..., dvN

)



Propagation of chaos
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Theorem: Let L be the generator of a pair interaction driven masterequation, and {F0,N} be f-chaotic. Let f(v, t) satisfy
∂

∂t
f(v1, t) = 2

(∫

E

Q∗
(1,2)f

⊗2(v1, v2)dv2 − f(v1, t)

)

Then {
etL

∗

F0,N

} is f(·, t)-chaotic.o The di�erence between this and Kac's theorem is that Q need not bereversibleo The BDG-model satis�es the hypotheses.



Another example: A choose the leader model
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o Each animal (�sh) moves with speed v ∈ S1.

v represented as θ ∈ [0, 2π[ or v = eiθ ∈ C.o When two �sh meet, one tries to choose the velocity of the other, butmakes a random erroro (θi, θj) 7→ (θj + ξ, θj) or (θi, θj) 7→ (θi, θi + ξ)where ξ ∈ [−π, π[ is random.alternatively

(vi, vj) 7→ (Wvj, vj) or (vi,Wvi) with W ∈ C, |W| = 1.o Density for noise term: g(z) (assume g(z) = g(z∗))



A master equation for the Choose the leadermodel
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o Markov transition operator:

Qϕ(v) =
1

N(N− 1)

∑

i<j

∫

S1

[
ϕ(v1, . . . , zvj, . . . , vj, . . . , vN)

+ϕ(v1, . . . , vi, . . . , zvi, . . . , vN)

]
g(z)dz .

o Fk(v) probability density of Vk, the state after jump k.

∫

(S1)N
ϕ(v)Fk+1(v)d

Nv =

∫

(S1)N
Qϕ(v)Fk(v)d

Nv .

o

Fk+1 = Q∗Fk



A master equation for the Choose the leadermodel
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o Adjoint Markov transition operator

Q∗F(v) =
1

N(N− 1)

∑

i<j

[
[Fk ]̂i(v1, . . . , v̂i, . . . , vN)+

[Fk ]̂j(v1, . . . , v̂j, . . . , vN)

]
g(v∗i vj) .

o Marginal of F
[Fk ]̂i =

∫

S1
Fk(v1, ..., vi, ...., vN)dvi

o Master equation:
∂

∂t
F(v) = N

(
N

2

)−1∑

i<j

(
Q∗

(i,j) − I
)

︸ ︷︷ ︸
L∗

F(v)



Invariant densities
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o

F∞(~v) =
1

N(N− 1)

∑

i<j

[
[F∞ ]̂

i
(v1, . . . , v̂i, . . . , vN)

+[F∞ ]̂
j
(v1, . . . , v̂j, . . . , vN)

]
g(v∗i vj) .

o 1 6= g(v∗i vj), hence uniform density not invarianto Marginals:

F(1)
∞
(v1)

=
1

N(N− 1)

N∑

j=2

∫

TN−1

[
[F∞]

1̂
(v̂1, . . . ) + [F∞ ]̂

j
(. . . , v̂j, . . . )

]
g(v∗1vj)dv2 · · · dvN

+
N− 2

N
F(1)
∞
(v1)



Invariant densities
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o .... =⇒ F(1)
∞
(v1) = F(1)

∞
∗ g(v1) =⇒ F(1)

∞

is the uniformdistribution.o Marginals:

F(2)
∞
(v1, v2) =

1

N− 1
g(v∗1v2) +

N− 2

2(N− 1)
H(v1, v2)where

H(v1, v2) =

∫

S1
F(2)
∞
(v2, z)g(z

∗v1)dz+

∫

S1
F(2)
∞
(vj, v1)g(z

∗v2)dz

o Can be solved using Fourier transform: F(2)
∞
(v1, v2) = f(v∗1v2),

f =
1

N− 2

∞∑

`=1

[(
N− 2

N− 1

)`

g∗`

]
.



Invariant densities
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o If g is �xed, f becomes uniform as N → ∞o With g = gN:

f̂(k) = ĝN(k) [1− (N− 2)(ĝN(k) − 1)]−1

o Conclusion: CL-model too di�usive unless the noise is scaled with thenumber of particles (�sh):
∂tF(v, t) = 0o With suitably scaled noise,
F
(2)
∞,N → f(v∗1v2)o The family of invariant densities is not chaotico Also the BDG-model has di�erent behaviour



The BDG-model
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o

∂tf(t, θ) =

∫π

−π

∫π

−π

f(t, θ ′)f(t, θ ′ + θ∗)g(θ− θ ′ −
θ∗

2
)
dθ ′

2π

dθ∗

2π

−f(t, θ)

o Look for solution as a Fourier series:
f(t, θ) =

∞∑

k=−∞

ak(t)e
ikθ ak(t) =

1

2π

∫π

−π

e−ikθf(t, θ)dθ

o

dak

dt
=

∑

n

ak−nan (γkΓ(n− k/2) − Γ(k))



Linearized stability of the uniform distribution
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o f(t, θ) = 1+ ε
∑

∞

k=−∞
bk(t)e

ikθ

o d

dt
bk(t) = bk(t)

(
2γkΓ(k/2) − Γ(0) − Γ(k)

)

︸ ︷︷ ︸
λk

+O(ε)

o All modes for k > 1 are stable, and for k = 1 if
λ1 = γ12Γ(1/2) − Γ(0) − Γ(1) < 0 ⇔ γ1 <

π

4

o Example: gτ(y) = 2π

∞∑

j=−∞

1

τ
ρ(

y− 2πj

τ
) ⇒ γk = ρ̂(τk)



Non uniform stationary distributions (Maxwelliancase)

30 / 36

o ak =
∑

n

ak−nanγk
sin(π(n− k/2))

π(n− k/2)o

γk =
1

∞∑

n=−∞

anak−n

ak

sin(π(n− k/2))

π(n− k/2)

(1)

o With whenwhen (2)

o can be computed.
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o ak =
∑

n

ak−nanγk
sin(π(n− k/2))

π(n− k/2)o

γk =
1

∞∑

n=−∞

anak−n

ak

sin(π(n− k/2))

π(n− k/2)

(1)

o With ak = e−σ2k2/2

γk = e−
σ2

4
k2

{
1 when k = 2m

1/(1−A) when k = 2m+ 1
, (2)

o A can be computed.



Simulation results
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Simulation results

32 / 36

o Results by Robin Chatelin: Studies di�erent models, including the BDGand CLD-models discussed here.
BDG-model100 particlest=0: uniform

CLD-model100 particlest=0: uniform



Simulation results
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o Mean velocity ∣∣∣∣
1

N

∑
vi

∣∣∣∣.

BDG model CLD model



Simulation results
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o Marginals. upper: BDG, lower: CLD 104 particles
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o Marginals. upper: BDG, lower: CLD 105 particles
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