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F (r) = min(ar + b, 1− r)
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Aggregation Model

d

dt
xk =

∑
j 6=k

F (|xk − xj |)
xk − xj
|xk − xj |

k=1...N

F (r) > 0 for small r (repulsive)

F (r) < 0 for sufficiently large r (attractive)
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Simplified Model

Rewriting f (r) = F (r)/r yields a simpler model:

d

dt
xk =

∑
j 6=k

f (|xk − xj |)(xk − xj) k=1...N
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Clusters & Spots
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Clusters

Occur when F (r)→ 0 as r → 0

K clusters or ’holes’

n = N
K particles in each hole

xk,l ∈ Rd , k = 1...K , l = 1...n
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Clusters

We can then rewrite the system as

d

dt
xk,l =

∑
g ,j

f (|xk,l − xg ,j |)(xk,l − xh,j) k,g=1...K l,j=1...n

with steady state xk,l = xk satisfying

0 =
∑
g

f (|xk − xg |)(xk − xg )
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Stability

Linearize xk,l = xk + φk,l , φ << 1

φ′k,l =
∑
g ,j

[
f ′(|xk,l − xg ,j |)
|xk,l − xg ,j |

(xk,l−xh,j)⊗(xk,l−xg ,j)+f (|xk,l−xg ,j |)I ](φk,l−φg ,j)

where v ⊗ u = vuT and I is the identity in Rd×d
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Stability

Solution decouples into two subspaces

A:
∑
l

φk,l = 0

B: φk,l = φk
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Reduced system in A

If
∑

l φk,l = 0,

φ′k,l = nMkφk,l

where Mk is a d × d matrix

Mk =
∑
g

f ′(|xk − xg |)
|xk − xg |

(xk − xg )⊗ (xk − xg ) + f (|xk − xg |)I
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Reduced system in A in 2D

If all clusters are positioned along a ring,xk = re2πik/K , by symmetry all K
problems are identical and we write Mk = M̂, where

M̂ =

(
M̂1,1 0

0 M̂2,2

)
with

M̂1,1 =
K−1∑
g=0

2rf ′(2r sin(πg/K )) sin(πg/K ) sin2(πg/K ) + f (2r sin(πg/K ))

M̂2,2 =
K−1∑
g=0

2rf ′(2r sin(πg/K )) sin(πg/K ) cos2(πg/K ) + f (2r sin(πg/K ))
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Reduced system in B

If φk,l = φk ,

φ′k = n
∑
g

[f ′(|xk − xg |)
|xk − xg |

(xk − xg )⊗ (xk − xg ) + f (|xk − xg |)I ](φk − φg )

Equivalent to stability of K holes with one particle in each hole
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K-Cluster Stability Overview

The K-cluster steady state is stable iff

1 the steady state is stable when each cluster contains one particle and

2 K matrices Mk ∈ Rd×d are all negative
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The K-cluster solution is guaranteed to be stable if a ∈ (a1, a2)
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Spots

Occur when F (r) > 0 at the origin

K spots with n = N
K particles in each spot

F (r) = δ at the origin, 0 < δ � 1

F ′(0) = a, a > 0
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Spots Steady State

Constructing spots solution as a perturbation of the clusters solution:

xk,l = xk + δφk,l

and considering self-consistent anzatz
∑

l φk,l = 0 yields the following
reduced system

φk,l =
∑
j 6=l

φl − φj
|φl − φj |

+ nMkφk,l

with

Mk = aI +
∑
g

f ′(|xk − xg |)
|xk − xg |

(xk − xg )⊗ (xk − xg ) + f (|xk − xg |)I
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Reduced system in 2D

K spots of equal size symmetrically distributed along a ring

fix arbitrary k = K , xK = (r , 0)

φK ,l = φl
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φl =
∑
j 6=l

φl − φj
|φl − φj |

− n

(
α 0
0 β

)
φl

α = −a−
K−1∑
g=1

2rf ′(2r sin (πg/K )) sin (πg/K ) sin2 (πg/K )+f (2r sin (πg/K ))

β = −a−
K−1∑
g=1

2rf ′(2r sin (πg/K )) sin (πg/K ) cos2 (πg/K )+f (2r sin (πg/K ))
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Spots of Uniform Density

f (r) = a +
δ

r2
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Continuous model:

ρt(x , t) +∇x · (v(x)ρ(x , t)) = 0

v(x) =

∫
R2

{∇x ln |x − y | − A
∇x |x − y |2

2
}ρ(y)dy ,A =

(
α 0
0 β

)

Let D be an ellipse, ∂D = (acosθ, bsinθ), θ = 0...2π

a =

√
2

α + β

β

α
, b =

√
2

α + β

α

β

The system admits a steady state ρ=constant inside D and 0 outside D
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Stripe Steady State

The system admits a ’1 dimensional’ stripe solution’

φj = (
2

βn
j − 1

β
(1 + 1/n))i
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Stability of a stripe

Perturb

φj = (
2

βn
j − 1

β
(1 + 1/n))i + ψj ψj << 1

Linearized system becomes

ψ′l =
∑
j 6=l

βn

4|l − j |
(ψ̄l − ψ̄j + ψl − ψj)− n(

α + β

2
φl +

α− β
2

ψ̄l)
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Two solution subspaces

Vertical Perturbation
<(ψl) = 0

Horizontal Perturbation
=(ψl) = 0
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Vertical Perturbation

Reduces to a 1-D problem. Let ψl = eλt i . Then we have

λ = −nβ
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Horizontal Perturbation

Reduces to

ψ′l =
∑
j 6=l

βn

2|l − j |
(ψl − ψj)− nαψj
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Key Lemma

The n eigenvalues for the problem

λψl =
∑
j 6=l

ψl − ψj

|l − j |
l = 1...n

are given by

λk = 2
k∑

j=1

1

j
, k = 0...n − 1

n∑
j=1

1

j
→ ln(n) + γ as n→∞ (γ = 0.5772156 )
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The stripe is stable if
α

β
> Sn−1

Or as n→∞
n < e

α
β
−γ ≈ 0.5614e

α
β
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