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Statement of Problem

Let E be a Banach space. The space L(E) of all bounded linear
operators on E is a Banach algebra. Determine the structure of
the closed ideals in L(E).
Particularly, look at E of the form (⊕En)c0 and (⊕E′n)`1 , where
En’s are certain finite dimensional spaces.

(⊕`2(n))c0 [Laustsen, Loy & Read, JFA, 2004].
(⊕`2(n))`1 [Laustsen, Schlumprecht & Zsák, JOT 2006].
(⊕`1(n))c0 [Laustsen, Odell, Schlumprecht & Zsák, Preprint
2010]. (Unique maximal ideal identified.)
(⊕`∞(n))`1?
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Notation

X,Y separable Banach spaces.

Gc0(X,Y) = {T ∈ L(X,Y) : ∃R ∈ L(X, c0), S ∈ L(c0,Y),T = SR}.

Gs(X,Y) = {T ∈ L(X,Y) : ∃ quotient Q : `1 → X,TQ ∈ Gc0(`1,Y)}.

T1, T2 operators. T1 ≺ T2 if T1 factors through T2, i.e., T1 = AT2B
for some operators A and B.

Theorems

LLR Let E = (⊕`2(n))c0 . If T /∈ Gc0(E), then 1E ≺ T.
LOSZ Let E = (⊕`1(n))c0 . If T /∈ Gs(E), then 1E ≺ T.
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Steps in the proofs

Let E = (⊕En)c0 , where En is finite dimensional for each n.
If I ⊆ N, let EI = (⊕n∈IEn)c0 and PI be the projection onto EI.
P{n} = Pn.
An operator T ∈ L(E) has a matrix representation (Tmn), where
Tmn = PnTPm.
T ∈ L(X,Y), ε > 0. Let

Facε
0(T) = inf{‖R‖ ‖S‖ : R ∈ L(X, c0), S ∈ L(c0,Y), ‖T − SR‖ ≤ ε}.

1 Let T ∈ L(E) and Tn = PnT. If supn Facε
0(Tn) <∞, then

d(T,Gc0(E)) ≤ ε.
2 Let Tn : (⊕n

i=1`
2(mi))`∞(n) → `2(jn) be uniformly bounded.

Then either
1 supn Facε

0(Tn) <∞ for all ε > 0, or
2 1`2(k) uniformly factor through Tn.
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0(TnQ) <∞, then for any
quotient π : `1 → E, d(Tπ,Gc0(`

1,E)) ≤ ε.
2 Let X be a separable Banach spaces and let Tn : X → L1

be uniformly bounded. Then either
1 For any quotient Q : `1 → X, supn Facε
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Dual cases

Let En be finite dimensional spaces and let F = (⊕E′n)c0 ,
E = F′ = (⊕En)`1 .

G`1(X,Y) = {T ∈ L(X,Y) : ∃R ∈ L(X, `1), S ∈ L(`1,Y),T = SR}.

Gi(X,Y) = {T ∈ L(X,Y) : ∃ embedding J : Y → `∞, JT ∈ G`1(X, `∞)}.

Theorems

LSZ Let E = (⊕`2(n))`1 . If T /∈ G`1(E), then 1E ≺ T.
· Let E = (⊕`∞(n))`1 . If T /∈ Gi(E), then 1E ≺ T.
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Preliminaries

T : X → Y, ε > 0.

Facε
1(T) = inf{‖R‖ ‖S‖ : R ∈ L(X, `1), S ∈ L(`1,Y), ‖T − SR‖ ≤ ε}.

T = A1 + A2 + A3, Ai ∈ L(X,Y). ε > 0. Then

Fac3ε
1 (T) ≤ 3 max

1≤i≤3
Facε

1(Ai).

If ‖Ai − SiRi‖ ≤ ε, let R : X → `1 ⊕1 `
1 ⊕1 `

1 be
Rx = R1x⊕ R2x⊕ R3x, and S : `1 ⊕1 `

1 ⊕1 `
1 → Y be

S(z1 ⊕ z2 ⊕ z3) = S1z1 + S2z2 + S3z3.

E = (⊕En)`1 . T ∈ L(E). Tn = TPn.

1 If supn Facε
1(Tn) <∞, then d(T,G`1(E)) ≤ ε.

2 If there exists an embedding J : Y →∞ such that
supn Facε

1(JTn) <∞, then d(JT,G`1(E, `∞)) ≤ ε.
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Beginning of proof

E = (⊕En)`1 . F = (⊕E′n)c0 . T ∈ L(E). Tn = TPn.
Gi(X,Y) = {T ∈ L(X,Y) : ∃ embedding J : Y → `∞, JT ∈ G`1(X, `∞)}.

Suppose that T /∈ Gi(E).
Take quotient Q : `1 → F and J = Q′. There exists ε > 0 such
that supn Fac3ε

1 (JTn) =∞.
We obtain a blocking of T, Wj = PIjTPnj , n1 < n2 < · · · ,
I1 < I2 < · · · , such that supj Facε

1(JWj) =∞.

n1 n2 . . .

I1 W1

I2 W2
...

Then supj Facε
0(W

′
j Q) =∞.

So 1`1(k) uniformly factor through W ′j . Thus 1`∞(k) uniformly
factor through Wj.
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More of the proof

We want to show that 1(⊕`∞(n))
`1 factors through T.

A submatrix of T factors through T, but a block diagonal may
not.
The columns of T are summable in operator norm (but not
necessarily the rows). For simplicity, assume that T has the
form

T =

 W1 · · · · · · V1 · · ·
0 W2 · · · V2 · · ·
... 0

. . .

 ,

where Wn : EIn → EIn , Vn : (⊕m>InEm)`1 → EIn . 1En ≺ Wn.

Let En = `∞(n). We have En
in
↪→ En+1

qn→ En, qnin = 1En .
‖imn‖ = ‖in−1 · · · im : Em → En‖ ≤ C.
‖qmn‖ = ‖qm · · · qn−1 : En → Em‖ ≤ C.
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T =

W1 + V1
W2 + V2

...

 ,Wn : EIn → EIn ,Vn : (⊕m>InEm)`1 → EIn .

1En = RnWnSn, ‖Rn : EIn → En‖ ≤ 1, ‖Sn : En → EIn‖ ≤ C.

Let Vm,n,j = VjSnimn : Em → EIj , j,m < n.
Up to small perturbation, we may assume Vm,n,j = Vm,n′,j if
j,m < n, n′.
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1En = RnWnSn.
Vm,n,j = Vm,n′,j if j,m < n, n′. Vm,n,j = VjSnimn.
Consider the matrix equation

(
0 R2 0 R4 · · ·

)


0
W2 + V2

0
W4 + V4

0
W6 + V6

...





0
S2i12x1
−S3i23x2
S4i24x2
−S5i35x3
S6i36x3

...


=


0

R2W2S2i12x1
0

R4W4S4i24x2
...



= 0⊕ i12x1 ⊕ 0⊕ i24x2 ⊕ · · · .

i12E1
c
↪→ E2, i24E2

c
↪→ E4, . . . with uniform constants.

It follows that 1(⊕En)`1 ≺ submatrix of T ≺ T.
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Thank you


