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Introduction

The goal of this lecture is to present the construction of a new
reflexive HI Banach space. This space is denoted as X, and
its definition uses the method of saturation under constraints
originated 20 years ago by E. Odell and Th. Schlumprecht.
This method permits to use Tsirelson space as the
unconditional frame and thus new features in HI spaces occur.

The most significant property of the space X g, is that it

satisfies the hereditary Invariant Subspace Property, which
means that every operator acting on every subspace of X
has a non trivial invariant subspace.
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We will start explaining the fundamental concepts of
saturated and saturated under constraints norms. At the
beginning we will present the paradigms that led to the
corresponding concepts.
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Tsirelson’s norm
(B.S. Tsirelson 1972)

For x € cpo(N) we set

1 n
Il = max {|Ixllo, sup{5 > IIEix|Ir}}
i=1

Where the supremum is taken overall n < Ey < --- < Ep.
Tsirelson space is

T = (coo, I - lI7)
@ The implicit formula is due to T. Figiel and W. B. Johnson.
The initial Tsirelson construction actually concerns the
dual T*.
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Saturated norms, paradigms

Schlumprecht’s norm
(Th. Schlumprecht 1992)

For x € cyo(N), f(n) =log,(n+ 1), we set

Ix1[s = max {|x]lo. SUIO{ ZHEXHS}}

Where the supremum is taken over all £ < --- < Ejp.
Schlumprecht’s space is

S = (Coo: || - IIs)
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Saturated under constraints norms, paradigm

Odell and Schlumprecht’s norm
(E. Odell and Th. Schlumprecht 1993)

For x € cypo(N), f(n) =log,(n+ 1), we set
1 n
IX[los = max {|Ix]o, SUD{@ > NEX]m}}
i=1

Where the supremum is taken over all (m;, E;)7_,
admissible and for m > 2, || - ||, is @ norm on ¢y given by

1 m
[Xllm = sup{ > |Fixllos : F <+ < Fm}
i=1

Odell - Schlumprecht space is
Sos = (oo, || - [los)
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Saturated under constraints norms, paradigm

@ The space Spg has the following remarkable property.

@ Every Banach space with a 1-unconditional basis is 1 + ¢
block finitely representable in every block subspace of Sps.

@ Three years later (1996) Odell and Schlumprecht
presented the conditional version of their space.

@ This is a HI space such that every Banach space with a
monotone basis is 1 + ¢ block finitely representable in
every block subspace.
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Concepts, regular families

A family F of finite subsets of the naturals is said to be
regular if

(i) Foreveryne N,{n} € F.
(i) Fis hereditary, i.e. if Fe Fand E C F,then E € F.

(i) Fis spreading, i.e. if E = {m;}}_, € F and F = {n;}¥_,
suchthat m; < njfori=1,...,k, then F ¢ F.

(iv) Fis compact, i.e. F does not contain an infinite strictly
increasing sequence of its elements.
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The fundamental examples of regular families are
Ap={F CN:#F <n}
The Schreier family S = {F ¢ N: #F < min F}.

For F a regular family, the F-admissibility is defined.

A sequence Eq < --- < E, of subsets of N is said to be
F-admissible, if {min E;}! ; € F.

A sequence xj < --- < X, of vectors in cyg is F-admissible,
if supp X1 < --- < suUpp Xp is F-admissible.
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Concepts, regular families

For F, G regular families, the convolution F « G is defined:

FxG={E=Ul,E :E € F,{E}]G-admissible}

Using the convolution and diagonalization, the Schreier
hierarchy S¢, & < wy, is defined.
(E. Odell, D. Alspach - S. A. 1986)
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Concept, norming sets

@ A subset W of cyg is a norming set if
(eynCc W, fe W= —fe Wand |fl < 1.
W is rationally convex
W is closed under projections on intervals of N
@ For W a norming set and x € cyg
Ix|lw = sup{f(x): fe W}
and Xw = (Coo, || - [lw)

@ The sequence (en)n is a bimonotone Schauder basis for
the space Xy .

@ Conversely, every bimonotone Schauder basis is
isometrically defined by a norming set W.
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Concepts, (6, F) operation

For W a norming set, 0 < § < 1 and F a regular family we
say that W is closed under the (6, F) operation

if for every {f;}7_, F-admissible family in W, the functional

n
f:HZf,-
i=1

belongs to W.
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Concepts, Tsirelson type norms

A Tsirelson type norming set associated to a (6, F)
operation is:

The minimal norming set W, r), closed in the (0, F)
operation.

The minimality of Wy r) yields that every f € Wy r) has
one of the following forms

o f=¢j
® f=0%_1f ()i C W rF-admissible

@ a rational convex combination of the above.
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Examples

The set W,

(1,5) induces the Tsirelson norm.

=

Forn>2and 1 < g < o the set W(,,,1/q7An) induces a
Tsirelson type norm, equivalent to /,
(S. Bellenot 1986, S. A. - |. Deliyanni 1991)

@ The generalized Tsirelson space with the norm induced by
Wie.sc),§ < wr.
(S. A. 1987)
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Concepts, mixed Tsirelson type norms

A mixed Tsirelson type norming set associated to a (6;, F;);
sequence of operations is:

The minimal norming set Wy, 7)., simultaneously closed in
the operations (6;, j),j € N .

Examples

The set W(ﬁ,An)n induces the Schlumprecht norm.

The set W(i Sn); induces the Argyros - Deliyanni norm
m;’ nj
(1994).
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Concepts, (¢, F, a) operations

An «a-average in a norming set W is an average

withm>2 fi<---<fpinW
The size of vis  s(a) = m.

A sequence ay < ap < --- < ap < --- IS very fast growing
(v.f.g.), ifforn > 1

S(an) > (maxsupp ap_1)?
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For W a norming set, 0 < 6 < 1 and F a regular family we
say that W is closed under the (6, F, «) operation

if for every {qa;}_, F-admissible and very fast growing
family of a-averages in W, the functional

n
f:GZa/
i=1

belongs to W.
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A Tsirelson type norming set under constraints associated
to a (0, F, ) operation is:

The minimal norming set W, r ), closed in the (0, F, )
operation.

Example

The set W4 s,,) induces an under constraints norm.

This is a reflexive space with some interesting properties.
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constraints

A mixed Tsirelson type norming set under constraints
associated to a sequence (¢;, Fj, «); of operation is:

The minimal norming set W(ej’;/.’a)/, simultaneously closed
in the operations (6;, Fj,a),j € N.

Example

The set W(L An) induces a variant of the Odell -
f(n) )N

Schlumprecht norm.




Norming Sets

Completely Saturated Saturated under constraints

Tsirelson Tsirelson
Minimal and closed under | Minimal and closed under
(0,F) operation (0,5, a) operation

Mixed Tsirelson Mixed Tsirelson
Minimal and closed under Minimal and closed under
(0;,3,); operations (0,5, ); operations
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The new objects

@ In the case of saturated under constraints norming sets, a
new class appears which lies strictly between the
corresponding Tsirelson and mixed Tsirelson ones.

@ It is not difficult to see that for any (6, F) operation we have
that
Wio.r) = Wi, 7,
Where F/ is the j-times convolution of the family F.

@ In the case of Tsirelson space we have that S/ = S;, hence
W, 1 ., Iis Tsirelson’s norming set.
(gn 78”)
@ In the case of saturated under constraints norming sets,

the set

Wio.7.0) 7 Wi 7i.0),

This yields the new class W(9,7F,7a)_, which lies strictly

between the Tsirelson and mixed 'fsirelson ones.



Concepts

Saturated under constraints

T'sirelson

Minimal and closed under

(0,F, ) operation

\/
The new objects

Mixed Tsirelson

Minimal and closed under

(0,5, «); operations

Minimal and closed under

(07,5, 0);
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The space T,

We will discuss the Tsirelson space under constraints with
its norm induced by W4 s ) which is also described by the
following implicit formula.

For x € coo(N) we set

n
x|, , = max {|[xllo. sup{} _ IIEix]k}}
i=1

Where the supremum is taken overalln < Ey < --- < Ep.

Also k; > 2 and for i > 1,k; > (max Ei_1)?. || - ||m is a norm
on cyp given by

1 m
IXllm = sup{ - > IFix]7,, - Fi <+ < Fn}
i=1
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The spreading models of T,

@ The space T, is reflexive with an unconditional basis.

@ Every spreading model of 7, generated by a weakly null
sequence is either ¢4 or ¢cy.

@ Every subspace Y of T, admits both ¢y and ¢, as
spreading models.

@ The space T,, does not admit /2 and c3 spreading models.
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The a-index of a block sequence (xp)n in T, , is equal to

zero (a({xn}n) = 0), if for every v.f.g. sequence () of
a-averages and every (Xp, )k

lim a(Xn,) = 0

@ The a-index determines completely the spreading models
generated by block sequences in Ty 1, in the following
manner.

@ Proposition: Let (x,), be a seminormalized block
sequence in Tg 1. Then

If a({xn}n) # O, then (x,), admits ¢4 as a spreading model.

If a({xn}n) = 0, then (xp), admits only c, spreading
models.
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Assume that a({xn}n) # 0.

Then there exists ¢ > 0, (x;)¢c. @ subsequence of (xp)n
and (ay)ser @ sequence of very fast growing «-averages
with ay(Xxp) > e.

Thenfor k < ¢ < -+ < e, f = 35 | au; € W1.5.,0), hence
125 %67, , > ek

If a({xn}n) = 0, then using induction on the tree
complexity of the f € W4 s ), we prove that (x,), admits
Co as a spreading model.
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Strictly Singular Operators on T,

@ Since the space T, admits ¢, and ¢4 spreading models,
the strictly singular operators on every subspace of it, form
a non separable ideal.

@ The following describes the structure of the strictly singular
operators in T ,.

@ Theorem: If S: T, — T is strictly singular, then for
every weakly null sequence (x»)n, the sequences (xn)n,
(Txn)n, do not generate the same spreading model.

@ The space T, is quasi minimal.
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e If Sis a strictly singular operator and (x,), generates a ¢y
spreading model, the above yields that (Sx,), is @ norm
null sequence. Also if (x,), generates an ¢ spreading
model, then (Sxp), is either norm null, or admits only ¢
spreading models.

@ As consequence, for every S, T strictly singular operators,
ST is compact.
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A problem

@ Since every subspace of T” admits ¢y and ¢4 as
spreading models, the space T does not contain an
asymptotic ¢, subspace. Hence by a theorem of N.
Tomczak-Jaegermann and V. Milman, it does not contain a
boundedly distortable subspace.

@ Problem: Is every T arbitrarily distortable? If yes, does
there exist an asymptotlc biorthogonal system determining
the distortion?
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(ii)

(i)

Theorem (S. A., P. Motakis) There exists a reflexive space
X s With @ Schauder basis {en}, satisfying the following
properties.

The space X, is hereditarily indecomposable.

Every seminormalized weakly null sequence {x,}, has a
subsequence generating either ¢4 or ¢y as a spreading
model. Moreover every infinite dimensional subspace Y of

X ¢ admits both /4 and ¢y as spreading models.

For every Y infinite dimensional closed subspace of X,
andevery T € L(Y,Xg), T = Aly v, + S with S strictly

singular.
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The space X,

(iv) For every Y infinite dimensional subspace of X ., the ideal
S(Y) of the strictly singular operators is non separable.

(v) Forevery Y subspace of X, and every Q, S, T in S(Y) the
operator QST is compact. Hence for every T € S(Y) either
T3 = 0 or T commutes with a non zero compact operator.

(vi) For every Y infinite dimensional closed subspace of X and
every T € L(Y), T admits a non-trivial closed invariant
subspace. In particular every T # Ay, for A € R admits a
non-trivial hyperinvariant subspace.
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The norming set W,

The norm on the space X, is induced by a norming set
W, which is the minimal set satisfying the following
properties.

(Type |, functionals) The set W, is closed in the
(%,Sn,a) operations. If f is of type |, and is the result of
(27, Sn, ) Operation, then the weight of f is w(f) = n.

(Type Il functionals) The set W, includes all E¢, with E an
interval of the naturals and ¢ =  >°7_, fi, where

fy <--- < fpis an S-admissible special family of type I,
special functionals.

(A special family satisfies the property, that for kK > 1, w(f)
determines uniquely the sequence {f;}%7)

For E¢ type Il functional, the weights of E¢ are
w(p) = {w(f) : ENnsupp fx # o}.
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The norming set W,

(5-averages) A [-average is an average (§ = ‘ﬁ > h—1 Exdk
where Ex ¢ are of type Il with pairwise disjoint weights.
The size s(3) and very fast growing sequences (Sx)x are
defined in the same manner as for o averages.

(Type |g functionals) The set W, is closed in the
(%,Sn,ﬁ) operations. If f is of type I3 and is the result of
(27, Sn. B) operation, then the weight of f is w(f) = n.

on»

Since W1 ) is the same with W+ ¢ , . we have that W,
2 n)n
is a subset of W(% S)-
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In every HI construction one could find seminormalized
weakly null sequences (x,), with the property, for every
strictly singular operator S, (Sx,), is a norm null sequence.
In the case of X, space, the sequences (x,), generating
co spreading models have the aforementioned property,
thus it is critical to determine sequences generating ¢y
spreading models. There exists a criterion which is based
on « and g indices.
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@ («index) Let {xx}« be a block sequence in X, that

satisfies the following.
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For any n, for any very fast growing sequence {ag}q of
a-averages in W, and for any {Fy}x increasing sequence
of subsets of the naturals, such that {ag}qcF, is
Sp-admissible, the following holds.

For any {x,, }x subsequence of {xk}, we have that

limi > ger, log(Xn, ) = 0.

Then we say that the a-index of {xx }« is zero and write
a({Xk}k) = 0.

@ The g index is similarly defined.
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Co Spreading models in X,

The «, 5 indices provide the following criterion for
sequences generating ¢p spreading models.

If (xn)n is @ seminormalized block sequence in X .., then

the following are equivalent.

ISP’

@ (xn)n admits only ¢y as a spreading model.
@ The indices o and g on (xp), are equal to zero.

It is not difficult to see that if either « or 8 index is not equal
to zero, then (x,), contains a subsequence generating ¢4
as a spreading model.
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Special convex combinations

@ ((n,e) basic special convex combinations) A convex
combination » ", r ckex is a (n,e) b.s.c.c. if

() the set F belongs to Sy,

(i) forany G€ Sp_4,G C F,we have that ), s ¢k <e.

@ ((n,e) special convex combinations) Let x; < --- < Xy be
vectors in cop and (k) = minsupp xx, fork =1,....m.
Then x = >/, ckXk is said to be a (n, €) s.c.c., if
> heq Ck€y(k) is a (n,e) b.s.c.c.
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The basic inequality

The great advantage of using Tsirelson space as the
unconditional frame for the space X 4, is the following
inequality.

For a (n, <) special convex combination >, ¢ ¢ix;, with
{Xi}icF a finite normalized block sequence, we have that

6
H ZIEFCfoHlsP < 2n +12¢

The above yields the following. For every (xx)x normalized
block sequence such that either « or 5 index is not zero,
there exists 6 > 0 such that

@ For every n and for every % > ¢ > 0 there exist (n, ¢)
S.C.C. Y _xcF CkXk With

6 < H2n ZkEFCka”ISP <7
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Determining ¢, spreading models

We are ready to see how starting with an arbitrary
normalized block sequence (xy)n, in at most two steps, a
further block sequence can be chosen, generating a ¢,
spreading model.

@ If « and g indices of (x,), are zero, we are done.
Otherwise, there exists a further block sequence (yk)x with
each yi a (k, ﬁ) s.c.c. such that zx = 2Ky, is a
seminormalized block sequence.

@ It is shown the a index of (z) is equal to zero. If the 3
index of (z) is equal to zero, then we are done.

@ Otherwise repeating the previous procedure to the
sequence (zx)k, we arrive at a sequence (wk )k, for which
both « and g indices are zero.
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Strictly singular operators

@ The structure of the space X g, permits the easy
construction of strictly singular and non-compact
operators. More precisely, the following holds.

@ Proposition: Let (x,), and (yn)n be seminormalized block
sequences in X g, such that (x,), generates an /4
spreading model and (y,), generates a ¢, spreading
model. Then there exists L ¢ N and S a strictly singular
operator in £(Xg;), such that Sx, = yp, forall n e L.

@ On the other hand, the composition of every three strictly
singular operators is a compact one.

@ The previous two steps which we need to arrive to a ¢
spreading model is the reason for the necessity of the
composition of three strictly singular operators in order
obtain a compact one.



Thank you!




