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1. HANTAVIRUS:
A Recent Emerging Zoonotic Disease is Carried by Wild

Rodents.
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We Summarize Hantavirus Infection in Humans and Its
Origin

• In Humans the disease is known as either Hemorrhagic
Fever with Renal Syndrome – HFRS (Europe, Asia)

Hantavirus Pulmonary Syndrome – HPS (Americas).

• HFRS was first recognized in 1951 when an outbreak
occurred in military personnel during the Korean War
(near Hataan River).

• HPS was identified in 1993 from an outbreak in New
Mexico. It is recognized as an emerging disease and
more recently, a biodefense agent.

• HPS case fatality rate in humans in the US ≈ 40%.
No cure or established drug treatment.
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Each Hantavirus is Associated with A Specific Wild
Rodent.
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A Zoonotic Disease Involves Multiple Species, the
Animal Reservoir and Spillover Infections.

• During an outbreak, the reservoir species is
identified by the large number of animals that have
positive antibody titers.

• Spillover species, secondary rodent species, are also
identified; a few animals that have positive antibody
titers.

• Humans are also spillover species but there is no
human-to-human transmission.
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Questions of Interest

1 Disease Maintenance: Can the spillover species be a
source for maintenance of the disease in the wild?

2 Host-Shifts: What are the important drivers for cross
species transmission that result in host shifts,
spillover becoming a reservoir?
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2. We Formulated an ODE Patch Model with Three
Regions
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Reservoir Species in its Preferred Habitat:
(Sr, Er, Ir, Pr).

Ṡr = brNr − Sr(βIIr + βPPr)− Srdr(Nr)−piSr + poSa

Ėr = Sr(βIIr + βPPr)− δrEr − Erdr(Nr)−piEr + poEa

İr = δrEr − γrIr − Irdr(Nr)−piIr + poIa

Ṗr = γrIr − Prdr(Nr)−piPr + poPa

pi =movement into boundary
po =movement out of boundary
Ir = newly infectious Pr = persistently infectious
Reservoir Species in the Boundary: (Sa, Ea, Ia, Pa).
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Spillover Species in its Preferred Habitat:
(Ss, Es, As, Rs)

Ṡs = bsNs − βASsAs − Ssds(Ns)−piSs + poSb

Ės = βASsAs − δsEs − Esds(Ns)−piEs + poEb

Ȧs = δsEs − γsAs −Asds(Ns)−piAs − poAb

Ṙs = γsAs −Rsds(Ns)−piRs + poRb

As = acutely infectious
Rs = recovered
Spillover Species in the Boundary: (Sb, Eb, Ab, Rb)
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Reservoir and Spillover Species in the Boundary – No
Births and Deaths.

Reservoir:

Ṡa = −Sa(βa1Ia + βa2Pa + βa3Ab) + piSr − poSa

Ėa = Sa(βa1Ia + βa2Pa + βa3Ab)− δaEa + piEr − poEa

İa = δaEa − γaIa + piIr − poIa

Ṗa = γaIa + piPr − poPa

Spillover:

Ṡb = −Sb(βb1Ia + βb2Pa + βb3Ab) + piSs − poSb

Ėb = Sb(βb1Ia + βb2Pa + βb3Ab)− δbEb + piEs − poEb

Ȧb = δbEb − γbAb + piAs − poAb

Ṙb = γbAb + piRs − poRb.



Background on Hantavirus ODE Patch Model CTMC Patch Model Branching Process Model

The Total Population Satisfies a Logistic Growth
Assumption.

dNr

dt
= poNa +Nr [br − pi − dr(Nr)]

dNa

dt
= piNr − poNa

dNs

dt
= poNb +Ns [bs − pi − ds(Ns)]

dNb

dt
= piNs − poNb.

Solutions approach their carrying capacities.

RESERVOIR:

lim
t→∞

Nr(t) = Kr and lim
t→∞

Na(t) =
pi

po

Kr = Ka

SPILLOVER:

lim
t→∞

Ns(t) = Ks and lim
t→∞

Nb(t) =
pi

po

Ks = Kb.
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The Basic Reproduction Numbers for Reservoir,
Spillover and Three-Patches are Computed.

~X = (Er, Ea, Eb, Es, Ir, Ia, Ab, As, Pr, Pa)
In the special case δi = 0 = γi, i = a, b, an explicit
expression for R0 can be obtained:

Rr
0 =

poKr(βIbr + βPγr)δr + piKa(βa1br + βa2γr)δr

po(δr + br)(γr + br)br
.

Rs
0 =

poKsβAδs + piKbβb3δs

po(δs + bs)(γs + bs)
.

Diekmann, Heesterbeek, Metz, 1990; van den Driessche, Watmough, 2002; Roberts, Heesterbeek, 2003
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The Basic Reproduction Number for Three Patches
Depends on the Crossover Reproduction Number

R0 =
Rr

0 +Rs
0 +

√
(Rr

0 −Rs
0)2 + 4Rc

0

2
.

Crossover Reproduction Number in the Boundary
(δi = 0 = γi, i = a, b):

Rc
0 =

[
piKb(βb1br + βb2γr)δr

po(δr + br)(γr + br)br

] [
piβa3Kaδs

po(γs + bs)(δs + bs)

]
= RsrRrs.

Disease invasion occurs if R0 > 1.
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The Basic Reproduction Number Determines the Global
Dynamics.

Theorem

(ODE Model, δi = 0 = γi, i = a, b)
(i) If R0 < 1, then the DFE is globally asymptotically

stable, and
(iii) If R0 > 1, then the DFE is unstable and there exists a

unique positive EE.
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3. Continuous-Time Markov Chain (CTMC) Model for
Rodent-Hantavirus System

~Z =
(Sr, Er, Ir, Pr, Sa, Ea, Ia, Pa, Sb, Eb, Ab, Rb,Ss, Es, As, Rs)

∆~Z = (∆Sr,∆Er, . . . ,∆As,∆Rs)

Change ∆~Z Probability
(−1, 1, 0, 0, . . . , 0) βASrIr∆t+ o(∆t)
(0,−1, 1, . . . , 0) δAEr∆t+ o(∆t)

...
...
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Assumptions about Parameter Values

Reservoir Spillover
Parameter Value Parameter Value

Kr 100 Ks 50
br 3 bs 3
δr 26/yr δs 26/yr
γr 4 /yr γs 26/yr
δa 26/yr δb 26/yr
γa 4/yr γb 26/yr
βI 0.075 βA 0.025
βP 0.025 βb3 0.025
βa1 0.075 βb1 0.15
βa2 0.025 βb2 0.05
βa3 0.05

Table: Basic parameter values for the ODE and the CTMC
models for reservoir and spillover species. For pi = 8, po = 52,
Rr

0 = 1.4, Rs
0 ≈ 0.04, and Rc

0 < 2× 10−4.
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Comparison of ODE and CTMC Infectious Reservoir
Population in Preferred Habitat and in Boundary

Preferred Habitat Boundary

0 1 2 3 40

5

10

15

20

25

30

Year

Re
se

rv
oi

r S
pe

cie
s

 

 

Pr
Ir

0 1 2 3 40

2

4

6

8

10

Year
Re

se
rv

oi
r S

pe
cie

s 
(B

dr
y)

 

 

Pa
Ia

Figure: Solution to the ODE model (straight lines) and one
sample path of the CTMC model (variable curves)
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Probability Histograms for the Reservoir Species in
Preferred Habitat
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Figure: Probability histograms Ir and Pr based on 10,000 sample
paths of the CTMC model; µ̂Ir = 8.8, σ̂Ir = 4.3 and
µ̂Pr = 14.0, σ̂Pr = 5.4.



Background on Hantavirus ODE Patch Model CTMC Patch Model Branching Process Model

ODE and CTMC for the Acute Infection of Spillover
Species in Preferred Habitat and Boundary.
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The model shows sporadic infection in spillover species.
Spillover events may lead to “host shifts” and emergence
of new diseases.
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The Value of R0 as a function of pi (rate move into
boundary) and 364/po (average number days in bdry)
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4. We Formulate a Branching Process Model

We apply Galton Watson Branching Process to
approximate the probability of an outbreak, given
Ir(0) = 1, Ia(0) = 1, or Ab(0) = 1. Assume events are
independent. In each region, the population densities are
at their disease-free states.
Preferred Habitats:

Sr = Kr, Ss = Ks

Boundary Habitat:

Sa = Ka, Sb = Kb.

Ka =
pi

po
Kr Kb =

pi

po
Ks
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We will Formulate Probability Generating Functions
(P.G.F.) for the Offspring

At the disease-free state consider the offspring distribution
for ~X = (Er, Ir, Pr, Ea, Ia, Pa, Eb, Ab, Es, As) if one
individual is introduced, Er or Ir, etc. Given
~X(0) = (δ1j, . . . , δnj), then

fj(s1, . . . , s10)

=
∑

i1,...,i10

Prob{ ~X = (i1, . . . , i10)}si1
1 · · · s

i10
10

j = 1, . . . , 10, fj(1, . . . , 1) = 1.
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EXAMPLE: Branching Process Applied to the Spillover
Species in its Preferred Habitat– NO Dispersal

Es = 1: f1(s1, s2) =
δss2 + bs

δs + bs

As = 1: f2(s1, s2) =
βAKss1s2 + γs + bs

βAKs + γs + bs

Expectation Matrix M = (∂fj/∂si)s1=1=s2

M =

 0
δs

δs + bs
βAKs

βAKs + γs + bs

βAKs

βAKs + γs + bs



Lahodney, Allen (in progress)
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EXAMPLE: Probability of Disease Extinction for
Spillover Species

m = ρ(M) < 1 iff Rs
0 =

βaKsδs

(γs + bs)(δs + bs)
< 1

(i) If m < 1(Rs
0 < 1), the branching process is called

subcritical and the probability of extinction is one.

(ii) If m > 1(Rs
0 > 1), the branching process is called

supercritical and the probability of extinction is less
than one,

qa1
1 q

a2
2 ,

where (q1, q2) is the smallest fixed point of
fi(q1, q2) = qi, 0 ≤ qi ≤ 1, i = 1, 2, Es(0) = a1

and As(0) = a2.
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EXAMPLE: Explicit Expressions for the Fixed Points
when Rs

0 > 1

q1 =
δs

δs + bs

1

Rs
0

+
bs

δs + bs

q2 =
1

Rs
0

if the process is supercritical, Rs
0 > 1. In general, an

explicit expression for a fixed point for multi-type
processes may not be possible to compute. We compute
the fixed point numerically for our three-patch hantavirus
model.
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General Theory of Multi-Type Branching Process

Let fj, j = 1, . . . , 10 be the p.g.f. for a multi-type
branching process and let m be the spectral radius of the
expectation matrix

M = (∂fj/∂si)|s1=1,...,s10=1 .

(i) If m < 1, the process is subcritical and the
probability of extinction equals one.

(ii) If m > 1, the process is supercritical and the
probability of extinction is approximately

qa1
1 q

a2
2 . . . qa10

10 ,

where (q1, . . . , q10) is the unique minimal fixed point
of fj, 0 ≤ qi ≤ 1,Er(0) = a1, . . . , As(0) = a10.
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Formulating a Branching Process for Spillover and
Reservoir

For the spillover species ~Y = (Es, As, Eb, Ab),

∆~Y = (∆Eb,∆Ab,∆Es,∆As).

Change ∆~Y Probability
(0, 0, 1, 0) βAAsKs∆t

(0, 0,−1, 1) δsEs∆t
(0, 0,−1, 0) bsEs∆t
(1, 0,−1, 0) piEs∆t
(−1, 0, 1, 0) poEb∆t
(0, 0, 0,−1) (γs + bs)As∆t
(0, 1, 0,−1) piAs∆t
(0,−1, 0, 1) poAb∆t
(1, 0, 0, 0) Kb(βb1Ia + βb2Pa + βb3Ab)∆t

(−1, 1, 0, 0) δbEb∆t
(0,−1, 0, 0) γbAb∆t
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We Formulate the P.G.F. for Offspring for the Spillover
Species

~X = (Er, Ir, Pr, Ea, Ia, Pa, Eb, Ab, Es, As)
. (s1, s2, s3, s4, s5, s6, s7, s8, s9, s10)

Eb = 1: f7 =
δbs8 + pos9

δb + po

Ab = 1: f8 =
βa3Kas8s4 + βb3Kbs8s7 + γb + pos10

βa3Ka + βb3Kb + γb + po

Es = 1: f9 =
δss10 + bs + pis7

δs + bs + pi

As = 1: f10 =
βAKss9s10 + pis8 + bs + γs

βAKs + pi + bs + γs
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Probability of an Outbreak in Hantavirus Model with
Spillover and Reservoir

For the parameter values in the Table, m = ρ(M) > 1.
The minimal fixed point for fj is calculated. For one
infectious individual, the probability of an outbreak is
1− qj:

Three curves 1− qj are graphed as a function of
Ka = (pi/po)Kr.
Reservoir in Preferred Habitat, Ir = 1: 1− q2
Reservoir in Boundary, Ia = 1: 1− q5
Spillover in Boundary, Ab = 1: 1− q8
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The Probability of an Outbreak Increases as Ka

increases.
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Figure: Parameter values as in the Table with
Ka = (pi/po)Kr = 1000/po (Kr = 100 and pi = 10).
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Conclusion
Questions on Disease Maintenance and Host-Shifts

1 Disease maintenance? It is possible for the spillover
species to contribute to the maintenance of the
disease in the wild when the density of (or
transmission between) the reservoir and spillover
species in regions of overlap increase significantly.
Presence of spillover increases R0 and decreases
probability of disease extinction ( amplification
effect).

2 Host-shifts? Cross species transmission can lead to
host-shifts when a new viral strain is able to
reproduce in a new host. Evolution must lead to
Rs

0 > 1. More likely between closely related hosts.
Streicker et al. 2010
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