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Summary

A shutfle of two words 1s a word obtained by concatenating the two
original words 1n either order and then sliding any letters from the
second word back past letters of the first word, 1n such a way that
the letters of each original word remain spelled out 1n their original

relative order. Examples of shuffles of the words 1234 and 5678 are,
for instance, 15236784 and 51236748.

In this paper, we enumerate the distinct shuffles of two permutations
of any two lengths, where the permutations are written as words 1n
the letters 1,2, 3,...,mand 1,2, 3, ..., n, respectively.

Shuffles of Words

Definition 1.1. A word is defined to be a finite string of elements (known as letters) of a given set
(known as an alphabet); in general repetitions of letters are allowed.

Definition 1.2. We define the length of a word u = ay . . . ay, to be [(u) = m and the support of u
to be supp(u) = {ay,...,am}.

Definition 1.3. A subword x of a word u 1s defined to be a word obtained by omitting a (possibly
empty) subset of the letters of w.

Example 1.4. For the alphabet A = {1,2, 3,5, 7}, the words u = 25372 and v = 123 have supports
supp(u) = {2,3,5,7} and supp(v) = {1, 2,3}, and lengths [(u) = 5 and [(v) = 3. Two subwords
of u are 232 and 537.

Definition 1.5. Given two words u = aja9...a;, and v = biby ... by, In some alphabet A, we
obtain a shuffle of u and v by concatenating u« and v to get

C1CO...Cmtn = a1a9 . ..amb1by ... by
and then permuting letters in such a way to achieve
= (1) (2) -+ - Cp(mAn)
for some permutation p € Gy, on m + n letters satisfying the order-preserving conditions
p ) <p @) << p N (m) (1)
and

pim+1) <p tm+2) <---<p Hm+n). (2)

The Main Question

Question 2.1. Given words u and v, how many distinct shuffles are there of u with v?

Assuming m and n to be the lengths of u and v, respectively, note that if supp(u) N supp(v) = 0,

then there are (m;g”) distinct shuffles (all shuffles are distinct).

We resolve this question for the case where the words « and v are assumed to be permutation
words. In this case, the supports are not necessarily disjoint.

Motivating the search to count shuffles of permutations is the beautiful result that the distinct
shuffles of the identity permutation with itself are counted by the Catalan numbers.

The Identity Permutation

Proposition 3.1. The number of distinct shuffles of the identity permutation on n letters with itself
is the nt"" Catalan number C'h, that is

1 /2
#sh(idy,, idy,) = — 1(:) (3)

Example 3.2. The (5 = 5 distinct shuffles of 123 with itself are
112233 112323 121233 121323 123123

Proposition 3.3. For m < n, the number of distinct shuffles of the identity permutation on m
letters with the identity permutation on n letters is given by

(m+m)l-(n—m+1)

4)

The Reverse Permutation

Definition 4.1. Let the reverse permutation word n,n — 1,...,2, 1 be denoted by rev,,.

Example 4.2. For instance, rev, = 4321.

The special case of finding the number of distinct shuffles of the reverse permutation with the
1dentity permutation illustrates the 1dea used to solve the general case: we determine what multi-
plicities can occur, then subtract the number of duplicates from the total number of shuffles with
multiplicity.

The following result can be shown via a bijective proof.

Proposition 4.3.

#sh(idy,, revy,) = (m i n) — (m L 2) . (5)

m m — 1

Example 4.4. The 14 distinct shuffles of the words 123 and 321 are as follows, with their multi-
plicities in parentheses:

123321 (2) 132321 (1) 312321 (1) 321123 (2)

123231 (1) 132213 (2) 312213 (2) 321231 (1)

123213 (1) 132231 (2) 312231 (2) 321213 (1)
132123 (1) 312123 (1)

The General Case

Fact 5.1. For any m < n and any a € Gy, § € &y, we have #sbh(a, ) = #sb(idy,, (&)_1 o f3),
where & € S, is the natural extension of o to a permutation on n letters.

The following proposition is key to solving the general case:

Proposition 5.2. Given any w € sh(idy,, o), the multiplicity of w is a power of 2, that is ji,, = ot
for some nonnegative integer t.

It will now be possible to derive the main theorem (Theorem 6.1, next column) by applying the
principle of Inclusion-Exclusion.

Examples of calculations using the theorem include #sh(ids, 321) = 14, #sh(id3, 4321) = 25,
Hah(ido, 3421) = 11, #sh(2431, 1432) = 44, #sh(idg, 126354) = 374, #sh(ids, 4321) = 375,
Lah(ids, 67812345) = 10930, #sh(ids, 43215678) = 3976, and #sh(idyq, 214365) = 4746.

Main Theorem

The following theorem provides a formula that can be programmed into a computer algebra

package in order to calculate the number of distinct shuffles of two permutations. Maple 11.0
running on a 2008 laptop can quickly handle calculations up to length 13.

For example, #sh(idy3, 789 10 11 12 13 123456) = 10104590.

Theorem 6.1. For any o € &,, and 3 € &, withm < n, letc = a ' o 3, where & € &, is the natural extension of

o. Then
#sh(a, B) = #sb(id,y,, o)
EA k k
— Z Z (_1>h(a) H det Sg@(a%: a27“—|—1) H det Aa(a23—17 a2$)7
k=0 acA,,(k) r=0 s=1
(6)
where
Ank)={{0=ay< a1 < - <ag <agr1=m+1}|a; € N}

and

h(a) =m —

t

<a2t — a2t—1)7

k
=1

and where we define the matrices

§led) = |7 Gi+ 1)

c<ij<d—1"

with

0, 1> ]

1, 1=

0, 0<i<j<m+lando (i) > o 1(j)
0o j—i—1+o"Y(j)—o"(i)-1 : - —1(; —1(
f.(i,5) =< ( L ), O<i<j<m+lando (i) <o '(j)
(j_1+(7_1<j)_1), i=0andj <m+1

N, j=m-+1landi>0

1 =0and j =m + 1,

and the matrices
A(e, f) = [Wg(iajﬂegz,jgf—l ;

with
(0, i—j>loro (i+1)#0 i) +1
wo(i,j) =< =1, i—j=lando Y(i+1)=0"1(i)+1
Cjiy i <jando '(i+1)=0""(i)+]1
and where

| o7 i
Cij=— ( (] ,Z)), the (j — )" Catalan number.
7—1+1\ 7—1
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