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Partition

A= (A,...,A) Fk:
M=o 2N20 ) A=k

Schur function [Jacobi 1841, Schur 1901]
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SA(X1,X2y ...y Xp) IS @ symimetric polynomial:

SAX A1)y X72(2)y + + + 3y X)) = SA(X1,%X2y ...y Xp) for all me &,



Ring of Symmetric functions

A =Clmy] = @/\“

n>0

_ }\1 }\2 ?\g . . . .
ma(x) = 3 xy'xg7 - xgf is a monomial symmetric function

e powersum symmetric functions
(3 A3 2 1 2
P = (4 +x3+ )0+ g+ )
e clementary symmetric functions
€32 = (X1X2X3 + X1X2Xq + - -+ ) (X1X2 + X1X3 + X2X3 - - - )
e complete homogeneous symmetric functions

h(3,2) — (X?+"‘+X%X2+'"+X]X2X3+‘")(X%—l—“‘—i—X]Xz—i—“‘)

e Schur functions



Jacobi-Trudi determinants & combinatorial model

S = | —isjl St = |en,—i+jl

1 2 2 3
Semistandard tableau of shape A =(4,3,3): 2 5 6
4 6 8

S = Z x', T: semistandard tableau
T

S$(2.1) = XTx2 + X1%5 + XFx3 + x1%5 + 2x1X2X3 + - -



Bender-Knuth involution:
a proof of symmetry of s,
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(isomorphic) graded algebras

A =P, A™: ring of symmetric functions
sa(x)sp(x) = Z C;\:H Sv(x)
A%
R =&, R™: class functions (representations) on G, ’s
X oxt =) e x
A%
finite dimensional polynomial representations of GL,,(C)

VA @ V(W) =P i, V(v)

H*(Gr(n, m)): cohomology ring of a Grassmannian

_ A%
OAO| = E Ca O

v



e C[S,]: subalgebra of the tableaux algebra generated by S)’s
where Sy =) T

x x 1 2
1T 1 1 2
1T 1 1 2 x* k2 _
— (jat) 2
3 2 1 1
3
3

e P[S,\]: subalgebra of the plactic algebra P[X] generated by Sy’s
where Sy = > [W]

31T %212=311212=x321112

Knuth relation:
. yzx =x yxz if x <y <z
2. xzy =x zxy if x <y <z



Littlewood-Richardson coefficients

Cx = number of LR-tableaux
= number of integral honeycombs (hives)

— number of puzzles

AVAVAVLTAVAVA
NN/ NN\

A= (4>2)) H = (3>2))V — (7>4) C (7> 7)



[Stembridge 02] sxs, = > Satwt(T), Where T: semistandard tableau
of shape p such that A +wt(T>;) is a partition for all j > T.

(Proof) Sx(X1y...,Xn) = agjp, where a) = |x$iy, o=(n—1,...,1,0).
ot = T et 3

WESH TeS(un

LY 5 e = ¥

TeS(u) weSn TeS(u

Forn=4,A=(3,31),n=(421)
1 3 4 4 1 3 4 4
4 — T = 4

2
4
Awt(T)+p=1(7,6,4,3) «— A+wt(T)+p=(7,6,3,4)

Ax+wt (T)+p — —Ax+wt(T*)+p



Important Theorems

Horn’s inequalities Let A, u and v be partitions of lengths at most
n. Then cy, > 0 if and only if V| = |A| 4+ |y| and for all r < n,

Y ek Vi <X ier M+ X sep 1y holds for all (I,],K) € R}
Saturation For a positive integer N,

cxy >0 if and only if cNyn, >0

Fulton’s conjecture For a positive integer N,

Cxp = 1 if and only if CE}\’NH =1

Interior If A, i, v are partitions with n distinct parts, and each of
the Horn inequalities holds strictly, then cy,, is at least 2.



Identities of LR-coefficients

v — YV
Symmetry cy , =c,

Conjugation c¢¥ = c¥
JHS AT R

Reduction I For any three indices 0 < 1,j,k <n with 1+j =k + n,

if A\ + W = Vi then C;\/H — C;\/:;\/EH—M :

Reduction II If there are Ai, uj, vi with i +j =k — 1 such that
A1 < Aq, Wi+1 < Wy, Vi < Vi1 and A; + W = Vi + Vg + 1, then
,v_(1k—1)
A—(T11), p—(17)"
Factorization If ¢y, > 0 and there exists (I, ], K] € R} for some
r <msuch that } | i Vi =2 ;o1 Mi+ D¢y 1, then

Y VK Vkc
C}\LL o C)\I},L]CAIC H]C ‘

A% _
Cxp =C
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Combinatorial proofs

Symmetry Benkart, Sottile and Stroomer, “Tableau switching;:
algorithms and applications,” JCTA 1996

Conjugation Hanlon and Sundaram, “On a bijection between
Littlewood-Richardson fillings of conjugate shape,” JCTA 1992

Reductions Cho, Jung and Moon,

“A combinatorial proof of the reduction formula for
Littlewood-Richardson coefficients,” JCTA 2007

“A bijective proof of the second reduction formula for
Littlewood-Richardson coefficients,” BKMS 2008

Factorization King, Tollu and Toumazet “Factorisation of
Littlewood-Richardson coefficients,” JCTA 2009
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Schur P-functions [Schur 1911]

For a strict partition A = (A7 > Ay > -+ > Ag) F K,

Q?\(X1>X2> o« )Xn) — Pf(Q(?\i,Aj)) y

where Pfaffian of a 2m X 2m skew symmetric matrix A = (ayj ) is

m

Pf(A) = Z S(W)Haw(zi—nw(ﬁ))

WESIm i=1

for w(2i—1) <w(2i) and w(l) <w(3) < --- <w(2Zm —3) <w(2Zm —1)

Qirs) =drds +2) (—1)'drriqs—+,
i=1

qr(X1y.evyXn) zsz{HXT_X7
i %

i=1  j#£i
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Qa(X1,X2y .00y Xn) = ZQPA(M,XZ,...,xn)

A specialized Hall-Littlewood function (t =—1)

Pa(X1,%X2y .0y Xn) = ”
‘wes i1 1<€,i<j w(i) 7 w(j)

pf xty

Pa(X1,X2y ...y Xn) = —
P (552)

Xi —|—Xj

Pa(X1,...,%Xn) is a symmetric polynomial and {P,} forms a basis of

F:C[q1,qz,q3,...] CA
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Combinatorial model for P,

Marked shifted semistandard tableaux of shape A = (5,3,2) on letters
1"<1<2' <2<}

T 1 1 2" 2
2 25
4 5’

Py = Z x', T: marked shifted semistandard tableau
T

1
Py =30r
3

_ 2.2 2.2 3
Piiy(x1,x2) =x3x2 + X

Tt 1T 1T 12112 1 202
2 2 2 2
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Combinatorial model for P,

A word w = wiw; - - - Wy, on the set of alphabets {1,2,...,n}is a
hook word if there is 1 < m’ < m such that

Wi >W2 > > Wiy SWirg ] <o < Wiy

A semistandard decomposition tableau (SSDT) R of shape A is a
filling of S(A) such that

1. the word R; obtained by reading the ith row of R from the left is
a hook word of length A;, and

2. Ry is a hook word of maximum length in R¢Ry_1 ---R; for all
i=1,...,0—1.

Pr=) x', T: SSDT
T

15



[Serrano 2010] There is a weight preserving bijection between the set
of shifted semistandard tableaux and the set of SSDT"’s

1 27 33 4
) 3 4 mixedﬁertion33z34213SK iﬁrtion
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Bender-Knuth type involutions:
proof of symmetry of P,

[Stembridge 1990] For each 1 < k < n — 1, an involution is defined on

the set of shifted semistandard tableaux

|C] Lascoux-Schiitzenberger involutions defined on the set of words

are Bender-Knuth type involution on SSDT"s
1 3 6 5
6

w

N NN
N =t =

4
5
5

5112|1365(2(|1|4654|2||1(|1|3—=52|2|365|2|1|4654|2|/1||1]|3
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Related algebras

I': subring of symmetric functions

PAIPL(x) = ) X, Pv(x)

H*(OG(n+ 1,2n + 2)): cohomology ring of orthogonal maximal

isotropic (Grassmannian
N
AT, = E T
Y%

projective representations of Gy,

shifted plactic monoid (L. Serrano 2010)

19



Shifted Littlewood-Richardson coeflicients
[Stembridge, 1989]

X, = number of LRS-tableaux

When v = (5>4>2>1)7 A= (3>1)7 U= (4>3>1)7
17 1

11 2
T = is an LRS tableau:
2 2
3

- T is a marked shifted semistandard tableau of shape v/A and content u

-Let ww =ajaz---an forw=11"2"11223, w=4'3"3"2"2"212".
For each ai =k + 1 or a; = (k+ 1)’, there are more k’s than (k + 1)’s in

a1 ...ai—]'

- The last occurrence of k' precedes the last occurrence of k in w.
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Shifted Littlewood-Richardson coefficients

fx. = number of LRS-tableaux
number of 777 SSDT?

Pty (Xn,y...y%x1)
P?\(Xn)xn—h )X1)
[ x )\2 ---xM Xj + Xi
’ n n—~L{+1 .
. L . X T XY
TTES 1 n—0+1<55, i<

X

Let Dy = Pfo(xn,y...,x1) H1<1<) <n X T , then

21



Dn - Pa(Xny...yX1)Pu(Xny ooy x1) X (N —4£)!

_ A A w(T) Xj —Xi
= E E e(m) m| xn' - xRt g X© ||
Xj + Xi

TeEVn () \TESH 1<i<j <n—¢
_ 2 Z A+ w (RID ) H Xj —Xi
RED, (1) TESH 1<i<j <n—2¢ ) v
R 1S (- essentlal
ZZ Y elmm| VTR ke T
—€—k ' " TTETER X5 + Xi
( R TTESn 1<i<j <m—~€—kp ]+ t
R _
where « :(oc]f,...,oc]ER):sh(RH1 Y and

an SSDT R is (-essential if w(RI?_e) = (Pn—¢y...,P1) Where
p = sh(R[}H).
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When n = 3,

31 2
R, = is not T-essential: Pmix (212)= 1 2/ 2 isof
2

shape (3,0) and is not the lowest weight tableau of shape (3,0).

Dn°P)\(Xn, e ooy X )Pu(xru “ o ,X]) = Z Dn'P7\+r(w(R))(Xn) .« o ,X])
R: {-essential
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There are only 7 T-essential SSDT’s among 24 SSDT’s of shape
w=(3,1), when n = 3:

212 13221321213
SSDT R
2 2 2 2
r(w(R)) 0,3,1) 1,3,0 (1,2,1) (1,2,1)
At r(w(R)) || (2,3,1) (3,3,0) (3,2, 1) (3,2, 1)
323113221323
SSDT R
2 3 3
r(w(R)) (2,2,0) (2,2,0) 3,1,0
A+r(w(R)) || (4,2,0) (4,2,0) (5,1,0)
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D3 - P200)(x3,%2,%X1)P31,0)(x3,%2,%X1)
= D3 -P31)(x3,%2y%x1) + D3 - P330)(x3,%2,%1) + D3 - P3271(x3,%2,%7)
+D3 - Pi32,1)(x3,%2,%1) + D3 - Pra20(x3,%2,%7)

+D3 - Pa20)(x3,%2,%x1) + D3 - P510(x3,%2,%1)

An {-essential SSDT R is A-bad if read(R) = wjuy - - - uyy is A-bad:
There is i such that A + r(w(ug...uq)) is not a strict partition.

Among 7 1-essential SSDT’s of shape u= (3,1),

2 1 2 3 2 2
R; = , Rr = and R3 = are A-bad,
2 2

where A = (2):
read(Ry) =2212, r(w(22)) =(0,2,0) and (2,0,0) + (0,2,0) ¢ DP,

25



Define a sign reversing involution on the set of A-bad
{-essential SSDT"s:

For u = uwju,...u,,, = read(R) let iy be the first i such
that A +r(w(uy...w)) € DP, and uy, = k then

R® = 02041 Oh_gq - Ok10 (R)
Theorem [C]
P?\(XTw e ooy XT )Pu(xna . Z P7\+r Xn> X1) )

where the sum runs over the A—good -essential SSDT’s of
shape L.
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Remarks

1. S.-J. Kang et.al proved that the set of SSDT*’s forms a crystal of
the quantum queer superalgebra Ugq(q(n)) and obtain a similar
result to the theorem on the decomposition of the product of two

Schur P-functions using crystal basis theory.

2. We have constructed counter examples of the conjecture on

plactic skew Schur P-functions made by Serrano.

L. Serrano, The shifted plactic monoid, Math. Z. 266 (2010), no. 2,
363-392
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(Generalizations

quasi-

affine-

- of Lie type (algebraic and geometric)
G/P ~ G/B

equivariant-

quantum-

K-theoretic
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Thank you !!



