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1. Some Backgrounds of Problem

A complete and noncompact manifold (M",g)
is called C*® conformally compact if

o M = Int(M), OM # ¢

o7 M— R",s.t. Ty =0, dr|os; #0, g 22 €
C*e(M)



http://cn.math.pku.edu.cn

1. Some Backgrounds of Problem

A complete and noncompact manifold (M",g)
is called C*® conformally compact if

o M = Int(M), OM # ¢
o7 M— R",s.t. Ty =0, dr|os; #0, g 22 €
C«k,a(M)

Remark 1.1 : 7 2s not unique.



http://cn.math.pku.edu.cn

1. Some Backgrounds of Problem

A complete and noncompact manifold (M",g)
is called C*® conformally compact if

o M = Int(M), OM # ¢
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1. Some Backgrounds of Problem

A complete and noncompact manifold (M",g)
is called C*® conformally compact if

o M = Int(M), OM # ¢
o7: M— RY, s.t. 7|y =0, dr|om # 0, § = T2g €
C«k,a(M)

Remark 1.1 : 7 2s not unique.

{ g1 =Tig
G2 =T3¢
T1.\9

= G1lomr = <Tz> 92lont

= conformal class of g on OM make sense,
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denoted by |g].

] N 3 4dS?
Example 1.2 : H° = (IB% ,W)

M =B, r(z) = 5L, g = dSj,

lg] = [g0] the standard conformal structure
on S* 1.
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Example 1.2 : H? = <B3,%).

M =B, 7(z) = ZL, 5= ds2,

lg] = [g0] the standard conformal structure
on S* 1.

Definition 1.3 : (M",g) is called AH manifold
if it is
e conformally compact

® sectional curvature goes to —1 approaching
to the infinity boundary
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denoted by [g].

Example 1.2 : H? = <B3,%).

M =B, 7(z) = ZL, 5= ds2,

lg] = [g0] the standard conformal structure
on S* 1.

Definition 1.3 : (M",g) is called AH manifold
if it is
e conformally compact

® sectional curvature goes to —1 approaching
to the infinity boundary

Remark 1.4 : All C?*- conformally compact Ein-
stein manifolds are AH manifolds
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Problem 1.5 : Given M" and conformal struc-
ture [ on OM, find an AH metric g on M
with

® Ric(g) = —(n—1)g;
o [g] = [¢] on OM
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Problem 1.5 : Given M" and conformal struc-
ture [ on OM, find an AH metric g on M
with

® Ric(g) = —(n—1)g;
o [g] = [¢] on OM

e Graham, J.Lee (1991): Find AHE metric

which is C*“ perturbation of hyperbolic space
metric at infinity boundary.
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ture [ on OM, find an AH metric g on M
with

® Ric(g) = —(n—1)g;
o [g] = [¢] on OM

e Graham, J.Lee (1991): Find AHE metric

which is C*“ perturbation of hyperbolic space
metric at infinity boundary.

e O.Biquard (2000): Find some asymptotic
symmetric Einstein metric;
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Problem 1.5 : Given M" and conformal struc-
ture [ on OM, find an AH metric g on M

with
® Ric(g) = —(n—1)g;

® [g] =[] on OM

e Graham, J.Lee (1991): Find AHE metric

which is C*® perturbation of hyperbolic space
metric at infinity boundary.

e O.Biquard (2000): Find some asymptotic
symmetric Einstein metric;

e J.Lee (2006): Find AHE metric which is C**

perturbation of non-degenerate AHE at in-
finity boundary.
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Problem 1.6 : V AHE gy on M, let [¢)] be a C*°-
perturbation of [g)] on OM = 34 an AHFE g with

lg] = [¢],
on OM
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Problem 1.6 : V AHE gy on M, let [¢)] be a C*°-
perturbation of [g)] on OM = 34 an AHFE g with

lg] = [¢],
on OM

® h(g)) = Ric(gy) + (n — 1)g; = small and higher
order terms of 7
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terms of 7
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® h(g)) = Ric(gy) + (n — 1)g; = small and higher
order terms of 7
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Problem 1.6 : V AHE gy on M, let [¢)] be a C*°-
perturbation of [g)] on OM = 34 an AHFE g with

lg] = [¢],
on OM

® h(g)) = Ric(gy) + (n — 1)g; = small and higher
order terms of 7

e (g1 +E&) = h(g1)+ Dh(g1)é+ higher order terms
of 7 = h(g1) + (A& + 2(n — 1))+ higher order
terms of 7

e higi +&) =0< AL+ 2(n — 1) =higher order
terms of 7

e non-degenerate condition: A {+2(n—1)¢ =0,
tro,€ =0, £ € L*(M, go)= £ = 0.
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{ 99i; _ th =Ly - (o — L)gy)
g{x 0) = go(w)

Stability of hyperbolic space under NRF':
go close to hyperbolic space metric = ¢(t) exists
all time and converges to hyperbolic metric.
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{ 99i; _ th =Ly - (o — L)gy)
g{x 0) = go(w)

Stability of hyperbolic space under NRF':
go close to hyperbolic space metric = ¢(t) exists
all time and converges to hyperbolic metric.

e R.Ye (1993): compact case;

e H.Li, H.Yin (2010);

e O.C.Schniirer, F. Schulze, M.Simon (2010);
e E. Bahuaud;
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Key observation: H" is non-degenerate in
the above sense.
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lgo — gull < € = llg(t) — gull < Ce™, Vt €
(0, +00).
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Key observation: H" is non-degenerate in
the above sense.

lgo — gull < € = llg(t) — gull < Ce™, Vt €
(0, +00).

Problem 1.7 For general AHE metric g, "non-
degenerate” = ”stability under NRF”?
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Key observation: H" is non-degenerate in
the above sense.

lgo — gull < € = |lg(t) — gull < Ce™, Vit €
(0, +00).

Problem 1.7 For general AHE metric g, "non-
degenerate” = ”stability under NRF”?

Problem 1.8 Can we reprove Graham, J.Lee’s
or J.Lee’s results by NRF?
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2. The main results
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2. The main results

Definition 2.1 (M", g) is said to satisfy condi-
tion B(ko, 50, )\) ’ Zf

e bounded curvature condition

”Rm(g) Hg S kOa

e the injectivity radius condition

where inj(M) is the injective radius on M
with respect to g.

e non-degenerate condition

/M (A +2(n — 1)), ) > A /M Jul

holds for any symmetric 2-tensor u such
that [, (|Vul* + |u]*)dv < co.
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(M", g) is said to be of Bl(ky, ki,00,\), if it fur-
ther satisfies

sup [|[VRm(g)|| <k,
M

for some positive number k;.



http://cn.math.pku.edu.cn

(M", g) is said to be of Bl(ky, ki,00,\), if it fur-
ther satisfies

sup [VRm(g)|| < ki
M
for some positive number k.

Definition 2.2 : g on M" s called c-FEinstein if

sup [|h(g) = Ric(g) + (n —1)glly(z) < e.
reM”
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(M", g) is said to be of Bl(ky, ki,00,\), if it fur-
ther satisfies

sup [VRm(g)|| < ki
M
for some positive number k.

Definition 2.2 : g on M" s called c-FEinstein if

sup [|h(g) = Ric(g) + (n —1)glly(z) < e.
reM”

g 1s said to be c-FEinstein of order ¢ if,

|7(g) = Ric(g) + (n — 1gl|(x) < ee™*0).
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Theorem 2.3 : Suppose
® (g 1s AH and B(l{?o, kl,(So, )\)
o [[h(g)]| < er

o VAl < O, s e (35, m5l 4\ [ER g
Then

{ 7 th = —2(Rij + (n — 1)gy)
gl,0) = glv)
exists on [ 0), and g(t) — g with

® g, s AHE;
® g, is C?-conformally compact

® (9] = |g]
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® Theorem is true for more general class of
Riemannian manifolds
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® Theorem is true for more general class of
Riemannian manifolds

e if the initial metric is AH and with negative
curvature then no assumption on derivative
of curvature is needed.
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® Theorem is true for more general class of
Riemannian manifolds

e if the initial metric is AH and with negative
curvature then no assumption on derivative

of curvature is needed.

e Maximum principle = curvature of ¢g(7) is
negative
= g(’T) is of B(ko, k1, 0o, )\)
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® Theorem is true for more general class of
Riemannian manifolds

e if the initial metric is AH and with negative
curvature then no assumption on derivative
of curvature is needed.

e Maximum principle = curvature of ¢g(7) is
negative
= g(’T) is of B(ko, k1, 0o, )\)

(M", g) is a CCE manifold with the con-
formal infinity (OM, [g]), and

g=r"2(dr* + g,),
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® Theorem is true for more general class of
Riemannian manifolds

e if the initial metric is AH and with negative
curvature then no assumption on derivative
of curvature is needed.

e Maximum principle = curvature of ¢g(7) is
negative
= g(7) is of B(ko, k1,00, A).

(M", g) is a CCE manifold with the con-
formal infinity (OM, [g]), and

g=r"2(dr* + g,),

=g =g+ g%+ 4+ g3 L hr"ogr
+ g(n—l)rn—l 4 ... = g + g(Q)TQ oo b g(k)r"’ + t(k) [g]
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g =g, + gPrt 4+ g®rk 1t Bg]  (22)

gy, =r2dr? + (1 - ¢)gr + ¢gt).  (23)

¢® = 1 near the infinity boundary; ¢ = 0 in
certain compact set.
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g =g, + gPrt 4+ g®rk 1t Bg]  (22)

gy, = 2dr* + (1 — @)g, + dg™).  (23)

Y

¢® = 1 near the infinity boundary; ¢ = 0 in
certain compact set.

gk, ‘near the boundary;

¢ _
= kv = { g, 1n a compact set.
¢

g, s-t. all assumptions of Theorem.

Y
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Theorem 2.4 : Let (M", g), n>5, be a smooth
conformally compact FEinstein manifold and
(OM, |g]) be the confornal infinity. Assume
that g 1s of the non-degeneracy )\, as defined
in Definition 2.1 Suppose that

—1
ma,x{Q,n = VAo < k+2.
Then, if a smooth metric [g,] is a sufficiently

small C*3-perturbation of [g], then there is a
smooth conformally compact FEinstein metric
on M whose conformal infinity is [g,].
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Theorem 2.5 : Let B" be the ball in R" and
g the standard metric on the S"'. For any

smooth Riemannian metric g, on S" ! which
is sufficiently close to ¢ in C*“, for some o €
(0,1), then there is a smooth metric g in B"

satisfying
(1). Ric(g) = —(n—1)g

(2). g can be C' conformally compactfied with
the conformal infinity (g,

If in addition, g, is C** close to § then g can
be C? conformally compactfied.
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Let gy be a small compact perturbation of

9gH,
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Let gy be a small compact perturbation of
9H

{ 001 — 2hzy — 2l Regy = (9 = 1y,

gl 0)
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Let gy be a small compact perturbation of
9H

{ 09ij _ 2hw —2(Rij + (n — 1)g;;)

gl 0)

= g 1S AHE metric with [g.] = [d]
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Let gy be a small compact perturbation of
9H

gl 0)

= g 1S AHE metric with [g.] = [d]
= 0o = 9gH

{ 09ij _ 2hw —2(Rij + (n — 1)g;;)
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Let gy be a small compact perturbation of
9H

9y
{ 9ij 2th —2(Rij + (n — 1)g;;)
gl 0)

= g 1S AHE metric with [g.] = [d]

= oo = gH
= stability of hyperbolic space under NRF.
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3. Proof of main theorem
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e Assume ¢(0,.) is B(ko, k1,99, ), e-Einstein of
order ¢ ;
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e Assume ¢(0,.) is B(ko, k1,99, ), e-Einstein of
order ¢ ;

e Let [0,7] be the maximal interval s.t. V¢ €
[0, T is B(2kg, 2 %'2), 2e-Einstein with order §;
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3. Proof of main theorem
e Assume ¢(0,.) is B(ko, k1,99, ), e-Einstein of
order ¢ ;

e Let [0,7] be the maximal interval s.t. V¢ €
[0, T is B(2kg, 2 %'2), 2e-Einstein with order §;

° S}.IOW that ¢(7T) is B(%ko,%&’,%), %E-Einstein
with order J;
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3. Proof of main theorem

e Assume ¢(0,.) is B(ko, k1,99, ), e-Einstein of
order ¢ ;

e Let [0,7] be the maximal interval s.t. V¢ €
[0, T is B(2kg, 2 %'2), 2e-Einstein with order §;

° S}.IOW that ¢(7T) is B(%ko,%&’,%), %E-Einstein
with order J;

o \> 0= ||h]| < Ce2M
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| Rm
(90)\
| <k
09 HVRm(
90)|| <
< ki

= || V?
Rm(g(®)] < <

Vi
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[1Bm(go)ll < ko, [IVEm(go)|| < k1
C

= [[V*Rm(g(t))]| < 7

0
— Rl = —9"{ViVihip + ViVihy, — ViV hji

ot
— V,;Vihiy — V;Vihip + V,;V, R}
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[1Bm(go)ll < ko, [IVEm(go)|| < k1

= [IV2Rm(g()]| < %

0
— Rl = —9"{ViVihip + ViVihy, — ViV hji

ot
— V,;Vihiy — V;Vihip + V,;V, R}

I1Rm(g(7)) — Bm(g(0))]| < Cv/T
IT5x(9(7)) — Tir(g(O)]l < C7
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[1Bm(go)ll < ko, [IVEm(go)|| < k1

= [V2Rm(g(®)] < %

0
— Rl = —9"{ViVihip + ViVihy, — ViV hji

ot
— Vjvihkp — Vjvkhip + Vijhzk}
[Rm(g(7)) — Rm(g(0))|| < CvV/T
IT(9(7)) = Tl (O < C7

= g(1) is B(5ko, 3?50, %), and is %5-Einstein of
order 9
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ot

0
hz’j = —(AL O 2(7?, — 1>>h2]

,/ (A, +2(n — 1))k, h) + C(e u/\mw

< _(2)\—C(e !/HMP
M
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0
&hz’j = —(AL +2(n — 1))hy;

/ b = [ (=0 200 = 1))+ [ e
<-@r-CE) [ [
M

= Vt € [5,T]
sp B < Cem @0 / [ %dvg)
Bo(w,\/3)x[t~5.1 M
()t
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= Vt € [5,T]

1
sip bl < CemO-CEN( / 12 dvy0)?
Bo(z,\/3) X[t~ 5] M

< Cem(-CEeNtg
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= Vt € [5,T]

sip bl < CemO-CEN( / 1A 2o
Bo(,4/3)x[t~5.1] M
< Ce-=CE)t,

0
—RL, = —g"{ViVihuy + ViVihjp — ViVyhjp

ot
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= Vt € [5,T]

sip bl < CemO-CEN( / 1A 2o
Bo(,4/3)x[t~5.1] M
< Ce-=CE)t,

0
—RL, = —g"{ViVihuy + ViVihjp — ViVyhjp

ot

[Rm(g(T)) — Rm(g(7))|| < Ce

IT5(9(T) — Tii(g(r))]| < Cee
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= g(T) is B(3ky, 22, %), 2c-Einstein with or-
der ¢

2™ 735 g
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= g(T) is B(3ko, %, %), e-Einstein with or-
der 0

=T =00, ¢(t) = geo-
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= g(T) is B(3ko, %2, %), 3c-Einstein with or-
der ¢

=T =00, g(t) = goo-

Maximum principle = ||h]|(-, 1) < Ce 70,
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= g(T) is B(3ko, %2, %), 3c-Einstein with or-
der ¢

=T =00, g(t) = goo-

Maximum principle = ||h]|(-, 1) < Ce 70,

= [Ir*g(t) — rglly < Cr°
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= g(T) is B(3ko, %2, %), 3c-Einstein with or-
der ¢

=T =00, g(t) = goo-

Maximum principle = ||h]|(-, 1) < Ce 70,

= [Ir*g(t) — rglly < Cr°

= [9o0] = [9(0)] on OM.
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= g(T) is B(3ko, %2, %), 3c-Einstein with or-
der ¢
= 1 = oo, g<t) 7 Yoo-
Maximum principle = ||h]|(-, 1) < Ce 70,
= ||rg(t) = r?glly < Cr°

= [9o0] = [9(0)] on OM.

IV < Cr° = [|0k01Gi5 (-, t) — OrBigiy (- 0)llg < Cr°~
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= g(T) is B(3ko, %2, %), 3c-Einstein with or-
der ¢
= T = oo, g<t) 7 Yoo
Maximum principle = ||h]|(-, 1) < Ce 770,
= ||rg(t) — r?glly < Cr°

= [9o0] = [9(0)] on OM.

IV < Cr° = [|0k01Gi5 (-, t) — OrBigiy (- 0)llg < Cr°~

= (5 can be C? conformally compactified
if 6 > 2.
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