Necessary Conditions for
the Optimal Control
of Differential-Algebraic Equations
with Arbitrary Index

Peter Kunkel and VVolker Mehrmann

“Control and Optimization with Differential-Algebraic Constraints”
Workshop Banff 24.—29.10.2010




Overview

Necessary Conditions for the Optimal Control
of Differential-Algebraic Equations with Arbitrary Index

1 Preliminaries
2 DAE theory
3 Necessary conditions
4 Numerical treatment

5 Conclusions




1 Preliminaries




1.1 Problem formulation

We consider optimal control problems of the form

T (x,u) = M(x(t)) —|—/t K, z(t),u(t)) dt = min!

subject to the differential-algebraic equation (DAE)
Fit,z,u,z) =0, z(t) ==z,
where
MeCcD;R), KelCIxD,xD,R), FeClxD,xD;xD,,R")

with
I=[t? and D,,D; CR" D, C R open.

We assume that all functions are sufficiently smooth.




1.2 Linear-quadratic optimal control problems 3

The corresponding linearized problem reads (omitting the argument t)

t
J(x,u) = %x(f)TMa:(f) -+ %/ (I Wax + 227 Su + v Ru) dt = min!
14

subject to
Ex = Ax+ Bu+ f, xz(t) ==z,
where
MeR™, W ecC(R™), SecCR*), RecCR"Y),
and
E,AcC,R™™), BeCIR"), feC,R")
are sufficiently smooth.

We are allowed to assume that M is symmetric and W und R are pointwise
symmetric.




1.3 Abstract optimization 4
For the abstract problem

J(z) = min!
subject to
F(z) =0,
where
JeCDR), FecCcDdY) DCZopen,
with real Banach spaces Y, Z, we have the following (classical) result due to
Ljusternik (1934):




1.3 Abstract optimization 4
For the abstract problem

J(z) = min!
subject to
F(z) =0,
where
JeCDR), FecCcDdY) DCZopen,
with real Banach spaces Y, Z, we have the following (classical) result due to
Ljusternik (1934):

THEOREM
Let z* € Z be a local minimum of the above problem and assume that

e 7 is Fréchet differentiable in z*,
e F is a submersion in z*, i.e., F is Fréchet differentiable in a neighborhood
of z* with Fréchet derivative DF(z*) : Z — Y surjective and kernel DF(z*)

continuously projectable.

Then there exists a functional A in the dual space Y* of Y with
DT (z)Az+ N(DF(z*)Az) =0 for all Az € Z.




1.4 Properties and questions 5

Properties
e [ he Lagrange multiplier A is unique.

e [ he above necessary conditions transform covariantly with diffeomor-
phisms ¢ : Z — Z.




1.4 Properties and questions 5

Properties
e [ he Lagrange multiplier A is unique.

e [ he above necessary conditions transform covariantly with diffeomor-
phisms ¢ : Z — Z.

Questions
e What is a suitable abstract formulation of a DAE?”
e What is a suitable representation of A7

e How do the necessary conditions in the case of DAEs |look like?




2 DAE theory




2.1 Illustrative example 7
The system

1= T4, T4 = 2T1T7,
To= x5, I5 = 2x2x7,
r3= Tg, Te = —1—x7,

0= xg—x%—zc%,

describes the movement of a mass point on a paraboloid under the influence
of gravity.
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2.1 Illustrative example 7
The system

1= T4, T4 = 2T1T7,
To= x5, I5 = 2x2x7,
r3= Tg, Te = —1—x7,

0= x3—x%—az%,

describes the movement of a mass point on a paraboloid under the influence
of gravity.

Differentiating the constraint twice and eliminating the arising derivatives of
the unknowns yields

O=xs — 22124 — 222T5,
O=—-1—x7 — 2@% — 433%x7 — 2:(:% — 4x%az7.

Hence, we may replace the original problem by

T1= T4,

To= Is,

O=x3 — :U% — a:%,

Ci74: 23U1$7,

r5= 2x2x7,

O=x6 — 2x1704 — 22275,

O=-1—x7 — 25’3% — 4:1:%:1;7 - 21;% — 433§x7.




2.2 Observations

Observations




2.2 Observations 38

Observations

e In order to solve a DAE we may be forced to differentiate parts of the
given DAE.




2.2 Observations 38

Observations

e In order to solve a DAE we may be forced to differentiate parts of the
given DAE.

e If differentiation is necessary, we get additional (so-called hidden) con-
straints for the states.




2.2 Observations 38

Observations

e In order to solve a DAE we may be forced to differentiate parts of the
given DAE.

e If differentiation is necessary, we get additional (so-called hidden) con-
straints for the states.

e [ he second formulation allows for weaker smoothness requirements for
the solution.




2.3 Behavior approach O

For the following, it is convenient not to distinguish between states and
controls, so-called behavior approach. Introducing

we write the DAE as
F(t,z,z) =0
or
Ez=Az+f, E=[E 0], A=[A B]
in the linear case.

We first study linear DAEs.




2.4 Derivative arrays 10

Since we may have to differentiate the given DAE in order to determine its
solutions, we consider so-called derivative array equations

Mpzp = Npzo + go,

where
(Mp)ij= (5)€07 — (. 1,) AT D, 4,5 =0,...,¢,
- _JA® fori=0,...,4, j=0,
(Ne)ij = {O otherwise,

(ze)j: Z(J)7 ] — 07° .. aga

(gﬁ)Z: f@)) 1= 077‘67
consisting of
£z = Az + f,
(E—-A)z + £z = Az + f,
(E—-2A):2 + (26— Az + 4 = Az + F,
etc.
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HYPOTHESIS
There are integers u,a,d € Ng with a 4+ d = n such that

1. rank M, = (u+ 1)n —a on I and thus the existence of
Z> smooth matrix function, max. rank a, orth. columns,
ZIM, =0 on I,
2. rank ZIN, = a on I and thus the existence of
T> smooth matrix function, max. rank d + [, orth. columns,

ZIN,(I,41 0 --- 0T =0 on I,

3. rank&T> = d on I and thus the existence of

Z1 smooth matrix function, max. rank d, orth. columns,
rank Z1'&T» = d on L
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2.6 Remarks 12

Remarks

e In the case | = 0, the hypothesis is equivalent with the assumption of a
well-defined differentiation index.

e Under the hypothesis, we can extract a so-called reduced DAE

E’x:AAx—l—Bu—l—f, E:[EI(\)]-]’AA:[AA]']7A:[§1]7f:[i1],

where
El = Z{E, AAl = ZlTA, Bl == ZlTBa fl — Zle7
[A2 Bo)l=ZIN,[I,4, 0 --- O], fo=2Z1yg,,
out of the derivative array equations satifying the hypothesis with u = 0.

e Original and reduced DAE have the same (smooth) solutions.

e For the reduced DAE there exists a linear feedback u = Kx 4+ w such that
the closed loop problem

Ei=(A+BK)x+Bw+f
satisfies the above hypothesis with [ = 0 and u = O for every continous w.
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2.7 Consequences 13

Consequences

e In the optimal control problem, one should replace the original DAE by
the reduced DAE.

e Since a feedback defines a diffeomorphism with respect to z, we may
assume that the reduced DAE satisfies the above hypothesis with =0
for every continuous u.

e \We omit the hats in the following.
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as
E4(ETEx) = (A+ Eg(ETE))x+ Bu+t f, (ETEx)(t) =z




2.8 Abstract formulation 14
Using

Ei# = EETE: = EL(ETExz) — EL(ETE)x,
we interpret
Ei=Az+ Bu+f, z() =2z, z¢crangeETE(t)
as
E4(ETEx) = (A+ Eg(ETE))x+ Bu+t f, (ETEx)(t) =z

Consider now
F: Z=XxU—=Y
with the Banach spaces

X=CLpLR") = {z € C°(LR") | ETEz € CL(I,R")},
U = CO(I,RY,
Y = CO(I,R") x range ETE(t)
defined by
F(z) = (EL(ETEz) — (A4 E4(ETE))z — Bu— f,(ETEz)(t) — z) .
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THEOREM

The operator F is Fréchet differentiable and the restriction F(-,u) : X —- Y
is invertible for every v € U.




2.9 Abstract formulation (cont) 15

THEOREM

The operator F is Fréchet differentiable and the restriction F(-,u) : X —- Y
is invertible for every v € U.

COROLLARY
The operator F is a submersion in every z € Z with F(z) = 0.




2.10 Derivative arrays

In the nonlinear case, the derivative array equations have the form

Fo(t,z,%,..., 24Ty =0,

where
[ F(t,z,z) ]
d .
EF(ta 2 Z)
Fo(t,z, %,..., 2010 = (%)QF(t, z2,2) |,
(D) F(t,2,2)
with

LF(t,2,2) = Fi(t,2,2) + F.(t,2,2)2 + F:(t,2,2)%
etc.
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HYPOTHESIS
There are integers u,a,d € Ng with a +d = n such that

L, = F,'({0}) # 0
and (locally)
1. rank F,.; wn» = (u+ 1)n —a on L, and thus the existence of

Z> smooth matrix function, max. rank a, orth. columns,

ZgF/J/;Z,...,Z(“—i_l) — O On Lu,

2. rank Z1F,.. = a on L, and thus the existence of
T> smooth matrix function, max. rank d + [, orth. columns,
ZgF,u;zTQ =0 on L,u,

3. rank Fy1> = d on L, and thus the existence of

Z1 smooth matrix function, max. rank d, orth. columns,
rank ZIF; T = d on L,.
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Remarks

e Given a solution z of the DAE in the form of a path

(ta Zv P(t)) S L,ua
the matrix functions fixed by the above hypothesis can be defined globally.

e We can then (under some additional technical assumptions) extract a
so-called reduced DAE

P(t,2,u,d) =0, F(to,u,i)= [ e ] ,
2 Y )

where
Bt z,u,z) = ZTF(t, z,u, )

and 5 is defined via the implicit function theorem, out of the derivative
array equations.

e Locally original and reduced DAE have the same (smooth) solutions.
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2.13 Remarks (cont) 19

Remarks (cont)
e With some further technical assumptions, the above reduced DAE is
equivalent to a DAE of the form
1= L(t,x1,u), x2=R(t, x1,u),
where (z1,22) = Qx with a pointwise orthogonal Q € C1(I,R™").




2.13 Remarks (cont) 19

Remarks (cont)
e With some further technical assumptions, the above reduced DAE is
equivalent to a DAE of the form
1= L(t,x1,u), x2=R(t, x1,u),
where (z1,22) = Qx with a pointwise orthogonal Q € C1(I,R™").

e In the optimal control problem, one should replace the original DAE by
the reduced DAE.
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We define F : Z — Y with
7Z = CYHI,RY) x CO(I,RY) x CYUL,RY, Y =CYIL,RY x C°(I,R%) x R%
by
F(z) =(z1— L(t,z1,u), 220 — R(t,z1,u),21(2)),
where z = (x1,x2,u).
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We define F : Z — Y with
7Z = CYHI,RY) x CO(I,RY) x CYUL,RY, Y =CYIL,RY x C°(I,R%) x R%
by
F(z) =(z1— L(t,z1,u), 220 — R(t,z1,u),21(2)),
where z = (x1,x2,u).

THEOREM
The operator F is a submersion in every z € Z with F(z) = 0.
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3 Necessary conditions




3.1 Linear case 22

THEOREM

The necessary condition for a local minimum of the linear-quadratic optimal
control problem is given by the boundary value problem

ES(ETEx)= (A+ EL(ETE))z+ Bu+ f, (ETEx)(t) =z,
ETL(EEYA)= Wz + Su— (A+ EETE)TA, (EETA)(®) = —(ETTM=z)(%),

0= STx + Ru — BT\,




3.1 Linear case 22

THEOREM

The necessary condition for a local minimum of the linear-quadratic optimal
control problem is given by the boundary value problem

ES(ETEx)= (A+ EL(ETE))z+ Bu+ f, (ETEx)(t) =z,
ETL(EEYA)= Wz + Su— (A+ EETE)TA, (EETA)(®) = —(ETTM=z)(%),

0= STx + Ru — BT\,

REMARK
The Lagrange multiplier A : Y — R has the form

t
Ngir)= [ Agdt+"r
t

with
A€ Crpi(ILR™), ~ € cokernel E(t)
given by the above boundary value problem and by v = E(t)"A(%).
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3.2 Observations 23

Observations

e T he necessary condition is a boundary value problem for a DAE even
when we start with an ODE.

e It may happen that this DAE satisfies the above hypothesis only for
non-vanishing .

e \We can characterize the case p = 0.
e We can achieve u = 0 just by modifying the costs.

e T he boundary value problem transforms covariantly with respect to feed-
back controls in the DAE.

e For every additional end condition on the state, we |loose an initial con-
dition on the Lagrangian function.




3.3 Adjoint DAE

24

The DAEs
d _ d Td _ T
EL(EYTExz) = (A+ ES(ETE))xz, E'S(EETA)=—-(A+ EETE)"X
are the correct formulations of the problems

Ei = Az, E'A=—-(A4+E)"'\




3.3 Adjoint DAE 24

The DAEs
d _ d Td _ T
EL(EYTExz) = (A+ ES(ETE))xz, E'S(EETA)=—-(A+ EETE)"X
are the correct formulations of the problems

Ei = Az, E'A=—-(A4+E)"'\

The role of A suggests to call the DAE for A the adjoint DAE of the DAE
for z and to call (=ET,(A+ E)T) the adjoint pair of the pair (E, A).




3.4 Nonlinear case 25

THEOREM

The necessary condition for a local minimum of the nonlinear optimal control
problem is given by the boundary value problem

1= L(t,z1,u), z1(t) = 24,
xo= R(t,r1,u),
A= Ko, (t,z1, m0,u)T — Lo, (21,22, )T A1 — Ry, (¢, m1,u) T o,
A () = =M, (z1(3), z2(2))"
0= Ku,(t, z1, 2, u)” + Ao,
0= Ku.(t,z1,22,u)T — Lo(t,z1,u) X1 — Ru(t, z1,u) Ao,

v=A1(t)




26

4 Numerical treatment




4.1 Linear case 27

Returning to the original data, we must deal in the linear case with the DAE
ZTEx= 7T Ax + ZTBu + Z1 f,
0= ZIN,[I, 0172 4+ ZEN,[0 I,]Tu+ ZLg,,
%(ETzl)\l) = Wx + Su — ATzl)\l — [In 0 ]NEZ2)\2a

0= STz + Ru— B"Z1A\1 — [0 L IN] ZaXo,
where
N,=N,[I,4;0 --- 0]%.




4.1 Linear case 27

Returning to the original data, we must deal in the linear case with the DAE
ZlTE:iC: ZlTAa: + ZlTBu + fo,
0=ZIN,[I, 0) 'z + ZIN,[O L] Tu+ ZTg,,
L(ETZi))= Wz + Su— ATZ121 — [ 1, 0INT Z2)z,
0= STz + Ru— B"Z1A\1 — [0 L IN] ZaXo,

where
N,=N,[I,+; 0 --- 0]".

Problem

We know that there exist smooth functions Z; and Z,, but numerically we
only can determine Z1U; and Z,U> with pointwise orthogonal but in general
non-smooth U; and Uo.




4.2 Linear case (cont)

28

Observe that
EYZi)\ = EY212] Zy)\ = EY 212 )\,
with 5\1 = /1)1 € range 2.
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E' 7\ = E'"Z212{ Z:\ 1 = ET 2171 )\,
with 5\1 = /1)1 € range 2.

Assuming that Z; gives a pointwise orthogonal [ Z1 Z1], we can write the
property A1 € range Z; as Zi\; = 0.
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Observe that
E' 7\ = E'"Z212{ Z:\ 1 = ET 2171 )\,
with 5\1 = /1)1 € range 2.

Assuming that Z; gives a pointwise orthogonal [ Z1 Z1], we can write the
property A1 € range Z; as Zi\; = 0.

The projector Z1Z1 is unique and thus smooth.




4.2 Linear case (cont) 28

Observe that
E' 7\ = E'"Z212{ Z:\ 1 = ET 2171 )\,
with 5\1 = /1)1 € range 2.

Assuming that Z; gives a pointwise orthogonal [ Z1 Z1], we can write the
property A1 € range Z; as Zi\; = 0.

The projector Z1Z1 is unique and thus smooth.

We can proceed in a similar way for NMZQAQ which gives A» = Z>)\> € range Zo.




4.3 Linear case (cont)

29

Therefore, we actually treat
Z1Er= ZT Az + ZIBu + Z71 §,
0=ZJNu[In 012+ Z3 N[O Li]"u+ Z3 gy,
L(ETZ1ZTN)= Wz + Su— ATA1 — [ I, O]NI Xz,
0= STz + Ru— B"A; — [0 I, ]NIXs,
0= ZTX,

0= ZI%.




4.3 Linear case (cont) 29

Therefore, we actually treat
Z1Er= ZT Az + ZIBu + Z71 §,
0=ZIN,[I, 0V x4+ ZIN,[O L) u+ ZTg,,
L(ETZ1ZTN)= Wz + Su— ATA1 — [ I, O]NI Xz,
0= STz 4+ Ru— BTXA1 — [0 I;]NTX;,
0= 2T,
0= ZTXa.
Remarks

e Numerical solutions do not depend on non-smooth scalings from the left.

e In the case that u = 0 for the DAE of the boundary value problem, we
may use symmetric DAE collocation methods for discretization.




4.4 Nonlinear case
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In the nonlinear case, a corresponding approach yields
ZI'r=o0,
F,=0,
L(FI21ZTM) =KL + FI'\1 + FL X2,
0= Kl + FI'A\i + FL X2,
0= ZT\,
0= 21X,
with the boundary conditions
(EFE1)(t) =z, (Z{\1)@) = —Ef )" M.(z(®)".




4.5 An example 31

A model problem for a motor controlled pendulum to be driven into its equi-
librium with minimal costs is given by

J(x,u) =/03u(t)2 dt = min!

s.t. T1 =x3, x1(0) = %\/5, g = 9.81,
Tp = X4, x2(0) = —% 2,
r3 = —2x125 + T2U, r3(0)= 0,
T4 =—g — 2xox5 — xv1u, x4(0)=0,
0=a?+4 23 -1, x5(0) = —%gacg(O).




4.5 An example 31

A model problem for a motor controlled pendulum to be driven into its equi-
librium with minimal costs is given by

J(x,u) =/O3u(t)2 dt = min!

s.t. T1 =3, x1(0)= %\/5, g = 9.81,
2 =2, 22(0) = - 1v2,
13 = —2x175 + TOU, x3(0)=0,
T4 =—qg — 2xoxs — x1u, x4(0)=0,
0=a?+4 23 -1, x5(0) = —%gacg(O).

It is known that the differential-algebraic equation in the constraint satisfies
the above hypothesis with =2, a = 3, and d = 2.

Hence, only two scalar initial values are sufficient to describe the initial state,
e. d.

x2(0) = —% 2, x3(0) =0.
Similarly,

z1(3) =0, z3(3)=0
are sufficient to describe the equilibrium at the end point.




4.6 An example (cont) 32
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AsS initial trajectory we took
z1(t) = 3V2 — £V2t, z3(t) = 0,

vo(t) = —y/1—a21(t)%, 2a(t) =0,  as5(t) = —2gaa(t),

with all other unknowns set to zero on an equidistant grid of 60 intervals.
The required tolerance for the GauB-Newton method was 10~7.
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We used a simple symmetric discretization of order two.

AsS initial trajectory we took
z1(t) = 3vV2 — gV2t, z3(t) =0,

vo(t) = —y/1—a21(t)%, 2a(t) =0,  as5(t) = —2gaa(t),

with all other unknowns set to zero on an equidistant grid of 60 intervals.
The required tolerance for the GauB-Newton method was 10~7.

Denoting the Euclidian norm of the corresponding Gaul3-Newton correction

by ||Awgl|2, the course of the iteration was as follows.
k| [Awg|2 k| |[Awk|2
1| 0.140D+03 17 | 0.103D+01
2| 0.223D+03 18 | 0.610D-02
: : 19| 0.318D-06
16 | 0.561D+01 20 | 0.966D-11

The bad convergence behavior in the initial phase is due to the bad initial
guess, especially for the Lagrange parameter.

In the final phase, we see quadratic convergence.

The obtained final value of the cost function was Jopt = 3.82.
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Open Problems

e How can we treat the case when we have u #= 0 for the DAE of the
boundary value problem?

e How can we utilize the underlying structure of self-adjointness?

e How does this approach compare with Direct Transcription, where we
first discretize and then optimize?
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Conclusions

e In order to derive necessary conditions for an optimal control, we must
apply techniques of index reduction.

e \We are allowed to regularize by feedback for simplification.

e The Lagrangian functional possesses an integral representation via a La-
grangian function.

e T he necessary conditions have the form of a boundary value problem
for a DAE in state, control and Lagrangian function involving the index
reduction of the constraint DAE.

e [ he DAE of the boundary value problem may again have a higher index.

e Numerical techniques for the solution of the necessary conditions are still
under construction.




