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1 Overview of the Field
Symmetric functions form a significant area of research, especially within algebraic combinatorics, in par-
ticular because of the distinguished basis of Schur functions. These functions also arise naturally in repre-
sentation theory, enumerative combinatorics, algebraic geometry, quantum physics and are of vital interest
in geometric complexity theory in computer science. More precisely, in representation theory every Schur
function corresponds to an irreducible character under the Frobenius characteristic isomorphism. Meanwhile
in enumerative combinatorics they are generating functions for tableaux, and in algebraic geometry they arise
when studying the cohomology ring of the Grassmannian. In quantum physics they are the images of the basis
of semi-infinite wedges under the Boson-Fermion correspondence. Lastly, in geometric complexity theory
they are key to resolving whether P 6= NP .

Therefore a deeper understanding of this basis, and its properties, enables many of the beautiful and useful
results in these areas, and many applications via connections between diverse areas from pure mathematics
to applied mathematics and beyond. A key aspect of such a deeper understanding is knowing exactly how an
arbitrary symmetric function can be expressed in the basis of Schur functions. Indeed, it is a long-standing
and important open question to classify whether an arbitrary function is a positive linear combination of
Schur functions, that is, Schur-positive. This is because, for example, if a homogeneous symmetric function
is Schur-positive, then it arises as the Frobenius image of some representation of the symmetric group.

The positivity question is a timely one—it was the focus of a Research Note in the CMS Notes in Septem-
ber 2014. Furthermore, advances have recently been made regarding positivity for a diverse range of closely
related functions including quasisymmetric functions, Schur Q and P functions and Schubert polynomials.
We thus believed the time is ripe for a brief but focused workshop to exchange ideas and tools on various
aspects of this problem. The key goal of this two-day workshop was to create the intense atmosphere that
will facilitate new collaborations and jumpstart new research.

2 Objectives of the Workshop Proposal
In mathematical terms, the Schur function, sλ, and skew Schur function, sλ/µ, can be defined combinatorially
as a weighted sum over tableaux. By the Littlewood-Richardson rule, skew Schur functions and products
of Schur functions can be expressed in terms of Schur functions via sλ/µ =

∑
ν c

λ
µνsν , or, equivalently,

sµsν =
∑
λ c

λ
µνsλ where the cλµν are positive integers.

Generalizing this, what are the properties that ensure the Schur-positivity of the difference of skew Schur
functions, sλ/µ − sσ/τ? This is easily seen to be equivalent to inquiring about conditions necessary to
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guarantee the equality of skew Schur functions, sλ/µ = sσ/τ . Similarly, we can inquire as to the conditions
under which sλsµ − sνsρ is Schur-positive.

Despite the straightforward nature of the first question, it is still wide open after a century of active
research in the area, which includes the work of Fields medallists Tao and Okounkov. Consequently, the
Schur-positivity question has spawned many research results and reinterpretations, both in algebra and com-
binatorics, and our goal for this workshop was to make progress on a number of fronts, taking advantage of
some new avenues and tools in the area. In this regard we would like to make special mention of the following
specific questions, along with some very recent references:

• Apply quasisymmetric Schur function positivity and F-positivity to Schur-positivity (e.g. McNamara,
2014)

• Explore Schur-positivity of other function such as Schur P and Q functions, and cylindrical Schur
functions (e.g. Ardila and Serrano, 2012)

• Determine conditions for equality of symmetric functions (McNamara and Ward, 2014)

• Discuss combinatorial formulae for Schubert and Schur functions (e.g. Lam and Rietsch, 2012; Assaf,
N. Bergeron and Sottile, 2014)

• Determine necessary and sufficient conditions for Schur-positivity of symmetric function differences
(e.g. McNamara and van Willigenburg, 2012)

• Develop tools for specific functions to be Schur-positive (e.g. Ballantine and Orellana, 2014; Assaf,
2014).

Our overarching objectives were to share the latest results on the subject, search for common ground
between the various perspectives in algebra, algebraic geometry, representation theory, quantum physics and
combinatorics, and facilitate a cross-pollination of results. This was facilitated by gathering a diverse group
from around the world from areas impacted by Schur functions, ranging from graduate students to leaders of
the fields.

3 Presentation Highlights
Our two day workshop featured nine half hour presentations and one joint 45 minute presentation. We
invited specific participants to give these talks, aiming for good coverage and breadth in the topics, and for an
emphasis on open problems. Given that the time frame of the workshop was short, we felt that the focus had
to be on the future, including on facilitating new collaborations through open problems. An important part of
this was the one hour open problem session. As is evident from the comments received from the participants
and quoted in the next section, the open problem session alone led to fruitful collaborations.

Here are short summaries of each of the talks. Early career researchers are indicated by a *:

Victor Reiner, (University of Minnesota) Thrall’s problem and two coarsenings.

This opening talk concerned Thrall’s problem, a problem concerning finding a combinatorial interpreta-
tion of the coefficients a(λ, µ) in the Schur function expansion∑

w

FDes(w) =
∑
µ

a(λ, µ)sµ.

Although this original problem remains difficult, the talk focused on two variations of it that are expected to
be more tractable. Partial results and connections to other algebraic results were also discussed.

Peter McNamara, (Bucknell University) Conjectures concerning the difference of two skew Schur
functions.
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This talk was a round up of a number of conjectures concerning the difference sA−sB of two skew Schur
functions. In particular the presenter explored the following questions: 1) What are necessary and sufficient
conditions on the structure of A and B for sA = sB?, 2) Among the connected skew shapes, which ones are
maximal in Schur-positivity order (i.e. A ≤ B if sB−sA is Schur positive)?, 3) Row-overlap conditions give
necessary, but not sufficient, conditions for A ≤ B—is there another algebraic inequality that is equivalent to
the row-overlap conditions?, 4) the most obvious generalization of the Saturation Theorem of Knutson and
Tao fails when A is a skew shape—does a less obvious, but still natural, generalization hold?

Vasu Tewari*, (University of British Columbia) Littlewood-Richardson rules for symmetric skew
quasisymmetric Schur functions.

The Littlewood-Richardson rule shows how to expand a skew Schur function in terms of Schur functions,
and is an important classical result in symmetric function theory. A natural question is to find an analogous
rule for quasisymmetric Schur functions. This talk gave two such quasisymmetric Littlewood-Richardson
rules and showed how they reduce to the classical result in special cases, and how they can be used to solve
an outstanding conjecture.

Olga Aznehas and Ricardo Mamede*, (Universidade de Coimbra) Skew-shapes with interval support in
the domination lattice.

Given a Schur function, sλ, its support is the set of partitions µ such that the Schur function, sµ, ap-
pears with positive coefficient in the Schur expansion of sλ. This talk focused on conditions in which Schur
functions have, or do not have, interval support. In particular, the main results explored conditions for clas-
sifying when multiplicity-free skew shapes, shapes that are disjoint unions of ribbons, and products of Schur
functions have interval support.

Louis Billera, (Cornell University) Some positivity questions for Coxeter groups.

This talk focused on positivity questions for coefficients of Kazhdan-Lusztig polynomialals for Bruhat
intervals in Coxeter groups, in particular on some open problems, including a conjecture on the nonnegativity
of the coefficients of the complete cd-index (defined by the presenter and Brenti), and a direct enumerative
proof of the nonnegativity of the a-vector.

Alejandro Morales*, (UCLA) A q-analogue of Naruse’s hook-length formula for skew shapes.

This talk gave in an introduction to Naruse’s 2014 result which gives a skew version of the hook-length
formula for symmetric functions. It followed this introduction with proofs of two q analogues of Naruse’s
formula and explained how they relate to well-known symmetric function theory.

Sara Billey, (University of Washington) Trees, tanglegrams, and tangled chains.

This talk focused on a number of new enumerative formulas for tanglegrams, which are graphs with
application in computational biology. These enumerative formulas include ones to count the number of
distinct binary rooted tanglegrams with n matched vertices, the number of tangled chains of binary trees of
any length, and a new formula for the number of binary trees with n leaves.

Angela Hicks*, (Stanford University) Reflections on Gessel’s fundamental basis.

This tablet-based talk explored the true meaning of particular form of result. From the abstract: “Many
recent conjectures and theorems in algebraic combinatorics have the following setup: a (sometimes graded)
module M has a clearly defined Sn action. A (not obviously) related set S of combinatorial objects has an
associated permutation (call it σ(s) for s ∈ S), which is used to define a quasisymmetric function (with an
associated theory for monomials and objects indexed by words). The statement is then made that

Fchar(M) =
∑
s∈S

Fides(σ(s))

(or a graded version, with additional variables), frequently followed by an indirect proof that the sum is
symmetric. What do we mean by this?” The talk explored various answers and frameworks for answers to
this question.
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Arthur Yang, (Nankai University) Schur positivity arising form log-concavity problems.

This talk looked at Schur positivity in the context of log-concavity problems, using the fact that log-
concavity can be derived from Schur positivity of certain symmetric functions. In particular the talk focused
on questions involving q-Narayana numbers and Narayana polynomials, along with questions regarding the
log-concavity of the generating functions for permutations with respect to the length of the longest increasing
subsequences.

Sami Assaf, (University of Southern California) Schur positivity.

This chalk and talk presentation that rounded out the workshop and presented the application of the
method of dual equivalence for obtaining Schur expansions of quasisymmetric functions.

4 Scientific Progress Made and Outcome of the Meeting
We organized this meeting on reasonably short notice a few short months before the workshop date, and
were pleased to have such good attendance by both early career and established researchers from all over
North America as well as some from China and Portugal. The fact that they were willing to travel so far
for such a short time is testament to the regard with which they held the workshop, the fellow participants,
and, presumably, the location. The short time frame of the meeting was clearly no object to progress either,
and we were gratified to see how many of our participants responded positively and specifically to outcomes
that had been achieved during that time. With such a strong foundation, the expectation is that these nascent
results will multiply, and we are inspired to organize a follow up meeting at some point in the future.

Below is a selection of feedback from our participants. Although the comments vary in terms of details,
two common themes emerge from them, themes expressed in the words of our participants as follows: “All
in all, I learnt a surprising amount of mathematics in the course of two days!” and “It goes to show that even
with all the new electronic gadgetry, there is no substitute for sustained face-to-face discussions, even over a
short period like a weekend.”

Edited selection of participant comments on outcomes and progress:

The workshop ”Positivity in Algebraic Combinatorics” was an invaluable opportunity to learn about
exciting new results in combinatorics. Furthermore, it provided me an opportunity to present my work in
front of the leading experts in the field. All in all, I learnt a surprising amount of mathematics in the course
of two days!

Some of the questions that were raised after my talk opened new avenues of research, and Stephanie
van Willigenburg and I hope to address them in the near future. In particular, inspired by a question of
Vic Reiner, we plan to investigate whether symmetric skew quasisymmetric Schur functions are obtained as
characteristics of certain projective 0-Hecke modules. Another question was on the existence of skew Pieri
rules in the spirit of Assaf-McNamara’s for skew quasisymmetric Schur functions. We already have results in
this direction and are in the process of writing them up. Finally, drawing motivation from Lou Billera’s talk,
we plan to investigate the cd-index and Schur positivity of a poset arising naturally from skew composition
tableaux. Additional interest comes from the fact that this poset can be seen as a subposet of the strong
Bruhat order on the symmetric group.

Amongst the exciting things I learnt from the talks were the use of dual equivalence graphs to establish
Schur positivity, Lie representations and associated combinatorics of the free Lie algebra, q-deformations
of Naruse’s hook-length formula for counting Young tableaux of skew shape, combinatorics of tanglegrams,
and log-concavity and Schur positivity of some interesting functions arising naturally in combinatorics. The
open problem session also featured a host of interesting questions and ideas.

The workshop gave us the opportunity to share our research with other participants as well as learning
from their contributions. This turned out into new insight and possible new directions of our results. In
particular, we have benefited of new inputs from Sara Billey and Vic Reiner. It is really enjoyable to learn
that one can go further in our work.
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At the workshop after my talk I heard from that one student of S. Assaf had a related result. In the near
future I want to get in contact with this student to discuss their work (we are in the same city). I also heard
interesting suggestions from two other participants (V. Reiner and S. Billey) to generalize the results in the
direction of forests and to see if the approach generalizes to certain identities of reduced works in Schubert
calculus. I agreed to exchange preprints with the second participant once our respective projects are done.

The meeting was indeed very helpful for me to attend. I learned useful things from the talks, but most
notably I found one of the open questions that Lou Billera mentioned in the problem session very interesting,
a question of understanding some rather fundamental looking symmetric functions that have arisen in his
work. Both Lou and I were still in Banff all of Sunday afternoon, and we both took the same shuttle back to
Calgary on Sunday evening, and this allowed us to spend several hours on Sunday afternoon and evening
working together on his question, and we seem to have made substantial headway. We are continuing to
email each other about his question and hope this will develop into a joint project. I also had quite helpful
discussions with Sami Assaf and Vic Reiner, but definitely this possible project with Billera was the most
valuable outcome of the meeting for me.

I very much enjoyed this workshop and thank you for having me! I am very happy to know more people
who are working on Schur positivity and related subjects. I also found some interesting open problems like:
the existence of Naruse type analogue for the hook-content formula of skew partitions, a quasisymmetric skew
Saturation Theorem, and more. You did a really good job in organizing the workshop!

I came to the workshop with an open mind, expecting to start a new collaboration and find a new di-
rection for my research. I was not disappointed. Without exception all the talks were engaging, and were
distinguished by the presenters’ enthusiasm and by their generosity with open problems. With respect to new
directions, while many avenues presented themselves, my collaborator and I were drawn most to tanglegrams
(discussed by Sara Billey) as being a promising mix of new and old, since they represent both a new direction
for us but are also related to phylogenetic trees with which I am already familiar. Since leaving Banff we
have actively been working on developing a research direction in this area.

Unusually for me, this meeting did spur two collaborations and ideas leading to possibly one more.
Ive begun discussions with both Sara Billey and Patricia Hersh about the symmetric function question I

gave at the problem session. There are already some partial results and new conjectures; hopefully the three
of us can push this to something more substantial.

Also, based on the question Vic Reiner asked me at my talk, we have formulated two very plausible new
conjectures on a topic that I have been working on for decades.

Strangely enough, all of these involve some aspects of positivity. It goes to show that even with all the new
electronic gadgetry, there is no substitute for sustained face-to-face discussions, even over a short period like
a weekend.
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