la Search o Euler Ezuibé(‘éa

Utae €he MR Ezuaf:l'ons
M R E

Susan Friedlander, USc
Rojendra BeeRie , Duke

Viad Vieol , Coutant Instiute

Commun Makh Phys, 390, (2032)



Topological Flwd Uynamics
19¢ : Helmholtz, Tait, Maxwell, Keluin

20¢C: V-I Aenold : geemetry ot inEinite
1465 dwnens(onal groups e dolume preseriing
dEeomorphisms oyplied to dea( Shud>

1970 Ebcn = Macsden used Ehis (at.\cepf
Lo obtain sharp existence and Luiquencss

Elecorems Foc the Euler gpdatton Gr NSE)

Shaicelman , Holm, Ratiu, iChestn

Av ' . :
L?)Z? '%:%ilta g(ﬂ‘(e Sﬂ'(\Ae,l'ho&s . h yal roJH NAMICS -

1a¢ 4 ¢ :
1ag3 %;ﬁé_g?cil aspeets o{'gfuw\ Jynamics




Tdeal (NMHAD

2,8+ U VB =BV

Beu-l-U\-VU\ +Ve =BVB
vu=0, VB=o0

N\aqme‘cos{vd'(c cuilibria
Yé = BVE, VB:—

g

Euler e¢u¢|lbrm v
n-Vi + V=0, V=0

5&46“ I{'D)/LﬂSfaé((('(‘j D__o_f‘ +Hhe Same.

-8



Many examples o} 30 Euler a;a'((céria

€q - Hllls’ se\nenca[ vectex
Heek's vortex wifh swel
Kida's ellipbic Sartex
Gavtiley  Euler egiulibria, compact suppor
Chaotic : Beltrame ,flows
Rcoold obsecved Not enowgh BelCrame

gle.(oks to cover Svery Corceldalle

ko pology thak tay &< used as Ehe
abal Steld



Magnetic telaxakion Procedure
presevues the stream line topdeqy

4 an nitial 30 dw free Uectr B,
as k& evolves under %ﬂ‘j"‘c‘ozen”
Steld eguation

Dé@'(’ nve =B vu |
Ul o Uector 5idd W ¢) ‘Ulﬂ'cl\
s related to B(x,t) €y a
S(ME&()(-Q Cov\shé—u(—we law where

(v W) = o0 , Lormall
£+ >w > )



MosSatt (TFM, 2021)

(V\a?ne('(b relaxation Procedure
presesdes the stream line

topologg 0}' an w tral divfree
Uector Steld 6wt abandens the
Censtcaint that it remains Smodl4
os €-da -
Topologtca,( access| b'llil'?) weak er
than Eopological €quivatente decause
ko alloss fof e appearance o%
O\CSCdM-mwl'l'es in carent Slﬂeef'.s
T=UxB as €25



g v.
a3 —
2 untwsted Contraced —jullg
but (inked state whey Celaxed

Ehe tubes axisymetiic
Slux tubes Ma ke contact State

The Jiscontinwity ts o
Cuftent sheet on l:\\nsur"l"“f
o Contact:



Rckive Seckor PDE : NRE

OB+ UVl = B Vu (\)

L= B9 +YP, Yu=0 Q)
\%(1)03 — 60(2) USIH\ V‘BA:'O

Note: cuble nonlin eal‘i‘l“\g
vu=0 =5 V.(R VB)+ AP=0
Fstokes Eype €Y wlarmisatton :
EAY U = 3 YRB+VP , Vu=o (Qa)
alse presefues topoleg Y

=



Oissipative tature s MRE.
N\aﬂv\e_ézc evtefgq es:l-(maé.e
ﬂ.Xe“B” = [3 (gvu)_-[u CA)

=-fu. ((-Aw 70 = —lulyr

E necqy s ancHg o\ecredsmj&r W¥o
Globel (over 6ouma\ CAmalds mefuah(-,)

Lec, *)U e CEeeiunly
ekic helicit
A - SA B Magneme heely



Areanler (2014) % g(wewsion:

Admssifle dissepative Selufions
Saks{ying an energy kaeraa,ﬁ-l-g
d le\tok'x - f(btltolx + ﬂnyacg)Bsz
B -0 |
Ignored (ocal well pesedness.

Pr‘ooed un(yuemes 0} smootl solutons

among all dGSSl,(aHd-e .Solul'lfr\s 'f"' n
any gwen Plescribed stooth nikial Conds.

7



B-FV: local eristence wn Sobolev:
(2022) SPaces foc all ¥2o-

Let G, G‘H(‘n“) o(wfree 57.51-!

Then 3 T, 2(€18ll5) * such t(nat

MRE has & unighe So(u(ﬂon
B e ¢c°(lo,T); H(T?) wilh assoctaked

veloccty W,

The | B( *-)Il \s bouuded and
the enery ¢ efaald-g is Sakisfied
Lor €e [O,Tu):



ﬂQ°G(oEaL existence 5—or 3’7% + |
let ¥, s 7..:.._‘-\-1, Be H‘ma))alw—grec
Then T = + 0 - Mopeover

186, = MBI, exp(c IBL,)

2 & %
X exp (C+6|§L|v+ 237 IL. )9‘? (ct I/B,lg)
%o all £ 26 where C(%sd) >0

Precs: via showing the Lypschibe nom & U
\s 3\&5m6(< w 3éume au\t\ the Lipschitz viorm

oy B is Square tn‘v,mu-e w Evme.
*4



Coﬂvergeace as €t —SDod iof 3’75-14

’[_(:\_3 angp{‘bt‘:('c 6eha U'lcr j%r vele C-('(“g
Uwnadec Cona\r"lans d,]— ’”12, *er 2€/0 Méay

Uelocity W assoclaked 4o B € C°(Cow); HE)
has the property Ehat

Lm | Zue,l  =o
+ Ldb
O(’e“ . |ls the d.ecay fatsé thauglq
to ensure |l Vu(,e—)“l-ab = LI(O)GD) 7

Openr: does B(x,¢) itself Converge
to Bx) «hich s on fal«qaihbn'q




20 stability o) B =é') W=0
56& \(:'- (S .
Pcrturbatl'on . p=B-¢ V= bYb+VP

2,b+ U:Tb -bVur-3b =2 P (6-Vob)
u= b7b +VP

Vv=0 , Vb=0
Note: Aisstpative role ot -a,zb
- é__k{‘ €his Uai\:\s"\er on -Suo\c('(bns C'Mqﬂeﬂ-‘b'l

o X

Project onte the =, ~indep endent and
x, - dependent Compenents & D(x, F &)

2




:rh Lf*- Staliliby and Relax<tion -

There Cxists & unigue globel cn Crine

Selutton (b, ) where |i b(-,t)lll_,. =£ .

The ¢otal velecty UC)8) Do as D=

The total Magnetic Sield B = € +bGH

relaves e a sf‘eadq state B with
{ é—- é'ul‘\kﬂ < q4¢

\30"'\4 Convergence€s ta\za \ola.c.e.
with tespeck "€o Strong <opologies

un



Noalinear Tostability tn 3D

i S amE TS L p e

Recall 3D Euler exact selutions
( Yudovich, 7y, 0¢)

M(&,f) = (U'(x._n, 9(zu)t))

Wwhere U = VHJ' (=) | AH4'=F(¢)

ona '()eq + (U‘. VH) 9 = 0, 9%, ©) =9o(xﬁ7

ex Shear ?&:u u(x,) = (V(xz))a)
exack Euler seluklon

Ulx, t) = <\)(’1) s 95 90 (xl—tv(i))'x-l)
U\(')E\ Gounded wva L ¢at VKuILﬂfbM Lke
| R .



Psnalogam exact Sel's Soc 30 MR E (=)

’ e AR f
T — ST — = O — i
B e _ T

=(V(x, 9& D). U=(9 0 7)9)
53 (U’ VH) 9 (ank 1 d(Hks(M ??{4“’

ex Shear —g—(ou w(x) =(V(1,0)

%9 = Viz) 3,2
cWoose P& — 249 (=)= A 2'(90(2:) f%)

9 (%,%,6) = £9, 1 exp[) vé))(a,és) 4 )
Note : h-;mu -5 a L, B = (v(x),0)

&=
T e qlouih i\
‘6u’c} there \S u\famf.oa(ca:'e?” :Is\. A

{2



Speég-j'(é- Ex«m\ole:
U = é; + E(SwZx, 0, )

2 : :

Ca\c,“bdg . ﬂ (Dﬂ ’Zz &) = 1‘(‘2 CoS 9:' CXP(_&zSU‘Hé!:}t)

*
D?. 33 (%It) . "2t£.? S :3 (oS ss (o.SZ’ ekﬁ(‘ist—h‘zzzt')

Cow\?v\,\'c:
. (- ¢ S
[éwéab C_Z%:/; L “ % B: ’ )ul—ax,xz
| Ol o =
bwm 7, Y%. | 82 B(,(-) 2 L = |
E°¢ La, x2
=0 2

= . 2
Qeloaxation to B n weak t&fc(agtes,egl_
New linear instability in S;f‘:év.\j‘e,(‘ tepelegiex



H‘j Peréol(c F‘OLJ (e)(‘a 9(000“1 fnf)

U<1a) = V: (Sman, sinx,)

%9 =(v- 7,79, exst ond U,
aoéHh) h,{a S‘&EW\&

MRE Selution Satistres N
| %2 ef < 11V (-,f)\{_ = ‘”%S‘

where ¢ 70, constant onlyy on R

lre. we have o 30 MAE erample
which exhibibs exponential 9 rowth
tn €heir gradients



Concluding Coraments

MR E ts & clhallens ing and unusual FOE
an ackwe vector 610\46(0'9\ with o

cubic Nenlinearity .
NMany open ques Etons: Jo¥ example
Globa) €x\stence when ‘o’e[o,%\_-ﬂj

Gen & global sol” B¢, t) dees

Lim &> B e L)

D
% O solutions sheur thot

Owr Seeétal 2 |
9"“”“‘"0} we can net Cxpec,f Magnettc

z:d- ke Strong nofms.

hat (s the asumpbolis séructur
1.then é\c Lﬂf{'l'u(ﬁé'?le|d \S C"\GO‘HC‘?& Els




Than )Q Vo A

jcor Your Aind Louitation



