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2. Incompressible Problem

Incompressible Navier-Stokes system:

divve = 0,

N
(NS) {&v+’v~Vv712Av+Vp = 0.

@ Unknowns: p: pressure, v: velocity.
@ R: Reynolds number; R « w/u

@ semilinear parabolic system.



@ Bifurcation of incompressible Taylor vortex:

— Velte (1966), ludovich (1966), Kirchgdssner-Sorger (1969), ...
o I critical value Ro > 0 such that
- R < Ro = Couette flow v¢ is stable,
- R > Ro = Couette flow v¢ is unstable and Taylor vortex vr bifurcates
from the Couette flow.
- vr is stable for R ~ Ryo.

o Crandall-Rabinowitz theory (1971, 1973) is applicable to show the bifurcation
and stability.
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Stability of incompressible Taylor vortex under localized

perturbations

@ Stability of incompressible Taylor vortex under localized perturbations
(non-periodic, decaying at z = +00): Eckhaus instability occurs.



-E&JC['\JMS fme&‘);/%_

(
R=% R=R,
= (pc,'l‘ l;,(o(-o(c)z

R = Re +3bs (-0e)™

Tayﬂv’\ vordesc

', UNStably
7 o T




Stability of incompressible Taylor vortex under localized

perturbations

@ G. Schneider (1998): Stability of Taylor vortex vy with wave number «.

w(z',z,t) ~ Op(r,2)t 2g (\/LE) as t — 00,
2

1=]

9x(2) = (4md)~3e 5 (d > 0: constant).




3. Compressible Navier-Stokes equations

(CNS)

Op + div (pv) =0,
p(Ov +v - Vv) — £Av — 2=Vdive + 5 Vp(p) = 0.

@ Unknowns: p: density, v: velocity.

=p'(1)=1.
p=1
@ £ > 0: Mach number (in this talk, 0 < ¢ < 1).
@ quasilinear hyperbolic-parabolic system.

d
@ p(p): pressure, d—p



Compressible Taylor Problem

(CONS) { Op + div (pv) =0,

p(Bv +v - Vo) — £ Av — Z=Vdive + £ Vp(p) = 0.

o Cylindrical coordinates (7,0, z):
Qo ={(r,0,2) 111 <r <79, 0 €T, 2€ T2x} = D X T2x
(0<r <ry<o0, a>0).

@ Boundary conditions on r =r1,19: v =v"e, + ey + vie,

e =1, 00y, =0, 0" =0* =0 0n 7 = 11,79



4. Compressible Couette flow

@ (CNS) has a stationary solution (Couette flow):

£
e __ pC
e (%)

1
Ve = U%(T)em UGC(T) = 617”+C2;7

po=po(r) =1+0(") (e —0).

£
o IfR<«1land0<e <1, then ug = (52) is asymptotically stable.

@ Question: Stability of ug, when R 77



Equations for perturbation

Perturbation: u =T (¢, w); p = p5 +£2¢, v =vc +w

¢+ div (veg) + Ldiv (pzw) = —div (¢w),

: "(p2)
O — b Aw — gl Vdive + V (282)) (1)
+vo - Vw +w - Voo = —g(e, R; u, Opu, 02w).

e g=w-Vw+¢e2g(e, R;u, Opu, d2w): nonlinearity
e £ — 0: since p& =1+ O(g?),

divw = 0,
=
dw— FAw+Vo+ve -Vw+w-Vog = —w-Vw.

@ Main Difference to Incompressible NS :

—div (¢pw) causes derivative loss (not Fréchet differentiable) !



Bifurcation of compressible Taylor vortex

@ Stationary problem:

Zu~+ N(uw)u+ G(u) = 0. 2)

Here
div (¢pw) 0

N(@u = < 0 > » Glw) = <g(5,R;u,8Iu, agw)>
for i = (¢, w) and u = T (¢, w).

e u = 0 is a stationary solution of (2) corresponding to the Couette flow ug,.



Theorem 1. Fix a ~ .. Then there exist critical Reynolds number Rf = R§(«)
and nontrivial stationary solution branch (R,u) = (R§, u5) (|d] < 1) with

R = RE +a“0” + O(6%) > RS

and
us = (g5, w5) € H () x H*(R0)?, [ ¢5dx =0

Here R§(a) = Ro(a) + O(e?), a® > 0 and
u§ = 6(u0F 4 6U%),

where Lg-ul" = 0, u()= # 0, and Us is a C* function of § with values in
H3 % [~ (0<¢<3).

Remark. One can also construct the solution u = u§,, = ' (¢5,,, w5,,) with
Ja. 5. dx=m for 0 < |m| < 1.
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Bifurcation results on compressible Navier-Stokes equations

@ Nishida-Padula-Teramoto (2013)
Bifurcation of compressible thermal convection patterns and Incompressible
limit (“e — 0") of the bifurcating patterns (convergence of the compressible
solutions to the Oberbeck-Boussinesq ones):

o Nishida-Y.K. (2019)
Bifurcation of traveling waves from the plane Poiseuille flow: € ~ 1.5

@ Stability results on bifurcating solutions have been yet missing.



Stability under axisymmetric periodic perturbations

o Linearized operator: L5 on H! . (Q4) x L2,;(Q24)?,
Lu = Leu+ M (a5)u + 9,G(15)u,

where



Theorem 2. Fix a ~ af. Then there are €5 > 0, Ay > 0 and 3 > 0 such that
for all 0 < e < eg and |§| < 02,

p(—E5) 5 {A € CiRe A = Ao} \ {0, X5},

Here 0 is a semisimple eigenvalue and \§ is a simple eigenvalue; A5 is a C*
function of §; and

A5 = —a®6% + O(6®) (a° > 0 constant).
Furthermore, Ker (—L5) = span {fis f5s} Here

fis = (Ont5 ) lm=0, 55 = 045.
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Resolvent

o Linearized operator L5u = Lizu+ M(uf)u + 0,G(u§)u

@ 0 is a semisimple eigenvalue of —L%. = —L§|s5—0-
@ Asymptotic expansions of the critical eigenvalues in ¢

< smoothness (C?) of the eigenvalues }
< the regularity of the Taylor vortex uj and the resolvent of —L5 in 4:

R5(N) = (A+ L§)~*



Proposition 1

(i) IfO<e<ey,

0| < &, then

p(—L5) D {Re X > —As, |A| > 7o}
and the resolvent R§(\) = (A 4 L5)~! satisfies
IRE)Fllarxa < ClIF |12

uniformly for small €, § and X\ with Re A > —As, [A| > 7.

(i) Let ¢ € Z with1 < ¢ <2 and let F € H® x H?. Then RE(\)F is a C*
function of & with values in H*~% x H3~* and 95R5(\)F satisfies

185RS(A) Fll e rs—¢ < ClIF || s are-




Stability under axisymmetric localized perturbations

@ Stability of compressible Taylor vortex under localized perturbations
(axisymmetric, non-periodic, decaying at z = +00)

o Linearized operator L5 is considered as an operator on H! .(Q) x L2 .(Q)3,

e Perturbation: u = T (¢,w) € HL ,(Q) x L2_,(Q)?

a axi






Proposition 2 3 Ay > 0 s.t.

p(—L5) D {ReX > Ao} \ { Mg, Aol

where
ClR

I €
5 2 235
52 g ) /\2 13 -

e~ == (g <)

Arg ~ —
with constants c1,co > 0 and

85 = (R — R) - 3b5(a — a2)?.

o <0 & R-—TRE<3b5(a—at)? (Eckhaus instability)



Nonlinear stability

Ou+ Lsu+ N(u) + G(u) =0, uli—o = uo. 3)
Thm 3. Let a=as. Ifug = T(¢o,wo) € [H?,;(Q) x H2, ()3 N[L' x (L')?]

axi axi

with wy € H}(Q)? is sufficiently small, then there exists a unique global solution
u(t) € C([0,00); H2,,(Q) x H2,,(Q)3) of (3) and u(t) satisfies, as t — oo,

|9%u(t)llze = O(™¥~%) (£=0,1)
[ut) = o1(2,) 5 5 — 02(2,) f5 ]l 2 = Ot~ 5H%) (5> 0)
Here ff 5 = (Om15 ,,[ec])lm=0, f5 5 = O-U5lag]; and o = 0;(2,1) satisfy
at0'1 — %8301 =+ dlaz(U%) = 0,
atO'Q — 0275320'2 —+ dzaz((j%) = 0,
Herec; > 0,75 >0andd; e R (j =1,2).

Cf., Johnson-Noble-Rodrigues-Zumbrun (2014)



(1) Stability of Couette flow under non-axisymmetric periodic perturbations ?
= Stability of Taylor vortex under non-axisymmetric perturbations
(2) Hopf bifurcation ?

Let wy:angular velocity of the inner cylinder, wy:angular velocity of the outer
cylinder

If wi <0< wsy and wy —wy > @ > 0, then Hopf bifurcation from
non-axisymmetric modes occurs in the incompressible system.

(1) = Hopf bifurcation in the compressible system could be proved.
— Zero Mach number limit e =07
— Stability of bifurcating solutions ?

(3) Existence of front solutions ? Incompressible case: Haragus-Schneider (1999)



Thank you for your kind attention !
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