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The Tri-diagonal Toda Lattice

The classical finite open Toda lattice is a Hamiltonian system
with

1 n n—1
H(p,q) = 5 Zpi + Z e (Gki1—a)
k=1 k=1

dax _ OH agx _
B _ P > A (1)
L = — 54 L — — e (W+1=%) + o= (qk—qk—1)

where k =1,....nand e (@1-%) = 0 = g (@n+1-a) with
Qo = —09, Qn+1 = .
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Flaschka’s change of variable for Kostant-Toda lattice
Making the change of variables
{ ax = —Px k
b = e (F+1—-%) k=
we obtain the Kostant-Toda (KT) lattice from (1)
d

1,
1, n—1

2L = [(D)20,L] = [L, (L)< @)
where
aq 1 aq 1
by a 1 0 a 1
L= . L ) , (D)so = T .
bn—2 an—1 1 0 an—1 1

bn7‘| an O an
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Kostant-Toda lattice on simple Lie algebras

Some notations:
Lie algebra: g,b,ny, by, M= (041, s ,O(/), Ay, wj, {Ha/a ch Ya}
Lie groups: G, H, N+, B, W

Let
/

T ={L=) X, + ajHa, + bjYo|a;, bj € C}
j=1
be the Jacobi variety. Then the KT lattice is defined as:

da. — p
d @t = bj

S L=[n,. L L /
at [ b+ 5 ]<:>{ dgtbj:_bjk21 Cjkak

where (Cj) is the Cartan matrix. It is Hamiltonian with
H = JtrL2.
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Integrability and Kostant’s solution

The solution of Kostant-Toda lattice can be written down by the
factorization method:

exp(tLy) = n_(t)b. (1), where n_(t) € N_ and b, (t) € By,
where Ly = L(0), then
L(t) = Ad(n—(t)")(Lo) = Ad(b(1))(Lo)- @)



Outline  Background: The Finite Open Toda Lattice  f-KT Lattice and its singular solutions ~ The Kowalevski-Painlevé analysis
[e] [eJole] } 0000000 000000000000

Integrability and Kostant’s solution

The solution of Kostant-Toda lattice can be written down by the
factorization method:

exp(tLy) = n_(t)b. (1), where n_(t) € N_ and b, (t) € By,
where Ly = L(0), then
L(t) = Ad(n—(t)")(Lo) = Ad(b(1))(Lo)- @)

Let (p¥i, V«i),1 < j < I be the fundamental modules with
highest weight vector v*/, and we define the j-th 7-function as

7j(t) = (v*1, exp(tlo) - v*7) (4)
Then the solution is given by
a(t) =24 |nIT,(t)

(1) = b I1 ()% = L in7(t).
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Toda lattice as coadjoint action of B

According to (3), Toda lattice should be viewed as the coadjoint
action of a Borel subgroup By C G on b’.. For example, the
classical QR and LU decompositions of SL, identify b* with the
linear space of symmetric matrices and the affine space of
lower Hessenberg matrices which correspond to the symmetric
and the Kostant-Toda lattice, respectively. Now to study the
generic coadjoint orbits we consider the so-called full
Kostant-Toda (f-KT) lattice with Lax matrix

Ly =01 Xi+ i1 @i(t)Hi + Yaca, bal(t) Ya, e.9. in type A

ai 1 o --- 0
b2’1 ds — a4 1 0
L=| : P
bm bl,2 1

biy11 b1z oo —a
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The full Kostant-Toda (f-KT) lattice

The f-KT lattice can be defined as

d
L=

The factorization method still works, that is, let

exp(tlo) = n-(t)by(t), n-(t)e N, bi(t)e By,  (6)

[nb+L7 L] = [L7 nt‘lf L]7 (5)

then

L(t) = Ad(n-(1)~")(Lo) = Ad(by.(£))(Lo)-
Note that the Chevalley invariants are still constants of motion,
but they do not provide enough first integrals for the integrability

of f-KT lattice. The Toda flows stay on the iso-spectral variety
defined as

= {L € H|L has Chevalley invariants A = (/,..., 1))}



Outline  Background: The Finite Open Toda Lattice  f-KT Lattice and its singular solutions ~ The Kowalevski-Painlevé analysis
[e] 0000 00e0000 000000000000

Integrability: The chopping method

As it turns out the Toda flows on generic coadjoint orbits in
simple Lie algebras are still completely integrable. The
additional constants of motion can be obtained from the
chopping method.

Theorem (DLNT, EFS, GS)

Fork =0,...,[(n—1)/2], where n= 1+ 1 in type A, denote by
(L — Xld)k the result of removing the first k rows and the last k
columns from (L — \Id) (we call this the k-chop of L), and let
Ak, r =1,...,n— 2k, denote the roots of

Qi(L, \) := det(L — Md)x = Eox(A"72K + Iy A"=2K1 o okdk).

Then \’s (equivalently | ’s) are constants of motion.
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T-functions and their geometric structure

The 7-functions can be similarly defined as
7j(t) = (v, exp(tLo) - v*I),

then

Proposition

For t small enough, we have

aj(t) =
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T-functions and their geometric structure

The 7-functions can be similarly defined as
7j(t) = (v, exp(tLo) - v*I),

then

Proposition

For t small enough, we have

a(t) = ;Inf,-(t), 1<i<l. @)

Lete= Zf:1 X; € g. According to a theorem of Kostant, there
exists an /-dimensional linear subspace s C b_ such that
elements in the affine subspace e + s are regular. The map

N_x(e+s) — e+b_
(n,X) — AdpX,

is an isomorphism of affine varieties.
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Companion embedding and the flag varieties

Fix a choice of s, then for any L € Fx we have L = u~'Cpu,
Ca € e+ s and we use this s to embed F, into the flag variety
G/B;:

Crn:Fpn — G/B+

L — UB+.
Proposition
LetLy = uy 1Chuo, then -KT flow is linearized on the flag
variety
Lo # UoB+
JAdu(tH .

L(t) 2 { = upexp(tlo)B*

= exp(1Cp)Uo By

{ upu(t)B*
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Painlevé divisor and singular solutions

When there exists t, € C such that the LU factorization (6)
could not be performed, we have

exp(t.Lg) = u.Wyb,,

where w, € W. This means that the f-KT flow hits the boundary
of a Bruhat cell which happens when there exists 1 < k </
such that 7(t.) = 0 and the solution becomes singular at
t = t,. The set of t, where some of the 7, vanish is called the
Painlevé divisor. Setting t — t + ,, then
i(t; wi) = (VK Uy €M U U W by VK.
Note that
b, vk = di Vwk,

where di € C is a constant, we obtain

mi(t; wi) = di (v, eCruw, vy 1 < k<, (8)

where u = ugu, € N_.
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The main problem and the strategy

Note that N_B, from Kostant’s theorem only represents the big
cell in the Bruhat decomposition of G, and we would like to
know what kinds of singularities the f-KT flow may develop
which is equivalent to the

Problem

For which u € N_ and w, € W, with T-functions defined by (8),
the diagonal elements given by (7) satisfy -KT lattice?

Our strategy is to perform a complete local analysis which is
known as the Kowalevski-Painlevé analysis to obtain the
singular information of all possible Laurent series solutions for
f-KT lattice. Kowalevski-Painlevé analysis is a nonlinear version
of the classical Frobenius method solving linear ordinary
differential equations.
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The Kowalevski-Painlevé analysis

Assume solutions of (5) have the following form

a(t) =) apt"™ 1<i<t, ba(t) =) bkt ac A,
k=0 k=0
Kowalevski-Painlevé analysis takes the following three steps:
(1) Identify the leading singularities and leading coefficients,
i.e. (5,’,’7(1 and ajo, bao.
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The Kowalevski-Painlevé analysis

Assume solutions of (5) have the following form

a(t) =) apt"™ 1<i<t, ba(t) =) bkt ac A,
k=0 k=0
Kowalevski-Painlevé analysis takes the following three steps:
(1) Identify the leading singularities and leading coefficients,
i.e. (5,’,’)/(1 and ajo, bao.
(2) Find the resonances. Substituting Laurent series in step
(1) into (5) and find the coefficients recursively, the
resonances are the the places where the iteration
procedure to uniquely solve the higher order coefficients
fail and new free parameters to be introduced.
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The Kowalevski-Painlevé analysis

Assume solutions of (5) have the following form

a(t) =) apt"™ 1<i<t, ba(t) =) bkt ac A,

k=0 k=0

Kowalevski-Painlevé analysis takes the following three steps:

(1) Identify the leading singularities and leading coefficients,
i.e. (5,’,’)/(1 and ajo, bao.

(2) Find the resonances. Substituting Laurent series in step
(1) into (5) and find the coefficients recursively, the
resonances are the the places where the iteration
procedure to uniquely solve the higher order coefficients
fail and new free parameters to be introduced.

(3) Check the compatibility and convergence of the Laurent
series. Check the compatibility conditions at the resonance
levels and show that the resulting formal Laurent series
have a positive convergent radius.
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Local analysis example: sos(C)

Consider the Lax equation % = [B, L] with
L=Xo+Xi+aHo+aiHi +b2 Yo+ b1 Y1+ C1 Yoy 1ap 71 You, +ap

a 1 0 0 0
bg 2a; — a 1 0 0
L= 2C1 2b1 0 1 0 and B= (L)ZO‘
4d1 0 2b1 ar — 2a4 1
0 44, —2C1 bo —das

Explicitly, the differential equations read as:

d d

a2 =P g =

d d

abg = (281 — 282)b2 + 2¢4 a_b1 = (ag — 281)b1 — Cq (9)

d d
EC1 = —apCy + 2d; Ed1 = —2a1d;.
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s05(C): the indicial equations

@ The Laurent series solutions have the following form (can
be proved by balancing the leading singularity):

ai(t) =Y awt™",  bit) =D but" 2,
k=0 k=0

cr(t) = okt ai(t) =) dht .
k=0 k=0
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s05(C): the indicial equations

@ The Laurent series solutions have the following form (can
be proved by balancing the leading singularity):

ai(t) =Y awt™",  bit) =D but" 2,
k=0 k=0

cr(t) = okt ai(t) =) dht .
k=0 k=0

@ Plugging them into (9), and comparing the powers of t, we
get the following indicial equations (k = 0):
— a0 = boo, —ajyo = byo,
— 2bp = (2a10 — 2820)b20 + 210, (10)
— 2b1g = (@20 — 2a10)b1o — Cio,
—3C1g = —axoCyo + 2010, —4djo = —2a190s0.
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s05(C): the indicial equations

@ Eliminating bjg, ¢10, dio from equation (10), we obtain the
following two equations for ajy:

ago —2320a1o+2a$0—2a10—a20 =0 (11)
ago(azo — 3)(ato —2)(1 +ajo — az) =0
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s05(C): the indicial equations

@ Eliminating bjg, ¢10, dio from equation (10), we obtain the
following two equations for ajy:
ago *2320310+28$0*2810 —ann=0 (11)
ao(azo — 3)(a10 — 2)(1 + @10 — ax) =0

@ Remarkably, solutions of (11) can be read through Weyl
group action on coroots (tridiagonal:Flaschka-Haine,
Casian-Kodama noticed some special cases and
connections): Let

n
> &= g,
aedy, J=1

then ajp = g; gives a solution to (11).
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s05(C): solutions to indicial equations

More explicitly, in the current case (so5(C)), all the solutions are
given by

qedy ovze<b:13
& = do; & = o + 284,
sedly RIS
2

> d =3+ dy; & = 3dp + 3dy;

deqﬁvm d€¢:r,,121
& = 4do + 2384; & = 4o + 34

decbj’,,mz Ovéed):r"o
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s05(C): the higher order terms

For k > 1, ay, b,k can be obtained from the following iterative
procedure:

(k—l)agk—bgkio, (k—l)ﬁlk_blkzoa
k-1

(k-2 -2a10+ 2a20)bog + 2bapaok — 2bsgarx —2¢1 =2 Y, boy (a1 4 — G2 ki),
i1

k-1
(k=2 —ay+2a10)byx — bpask + 2bygayy, + cyp = 21 bh‘(ﬁz,k-e - Qal,k—i)v
k-1

(k=3 + asp)err + crotar — 2dix = X agicy g,
i=1

k-1
(k -4+ 2all))d1k + Qdmalk =-2 z alidl,k—i-

i=1
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s05(C): Kowalevski matrix
This system can be put in the form
Ak
(k|d—’C) aik :ﬁ(a“,“- ,a,,-,bah,-,---) with i < k.
quk
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s05(C): Kowalevski matrix
This system can be put in the form
Ak
(k|d—’C) aik :ﬁ(a“,“- ,a,,-,bah,-,---) with i < k.
quk

det(kld — K) =(k — 2)(k — 4)(k — 1 + 2a5 — 2a10)
(k —1—ay + 2810)(/( -2+ 320)(/( -3+ 2310)7
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s05(C): Kowalevski matrix
This system can be put in the form
a1k

(k|d—’C) aik :ﬁ(a“,“- ,a,,-,bah,-,---) with / < k.
quk

det(kld — K) =(k — 2)(k — 4)(k — 1 + 2a5 — 2a10)
(k —1—ay + 2&10)(/( -2+ 320)(/( -3+ 2310)7

Note that 2, 4: degree of Chevalley invariants;

E., =1 —2ap + 2a10, Eo, =1+ a2 — 2810, Eay = 2 — a0,
E., = 3 —2ayq: type “X" eigenvalues (here az = oy + ap and
a4 = 201 + ap).
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s05(C): type X eigenvalues

Level.case
0.1
1.1
1.2
2.1
2.2
3.1
3.2
41

-3
—1

-3
1
-3

20
e
St
S2
So 51
5182
515251
555152
55515251

{(w)

w
0
1
1
2
2
3
3
4

# of parameter:
6

NWWHAPAOoO

The number of free parameters are exactly / + ¢(wy) — ¢(w),
where ¢(wp) — £(w) is the dimension of the Schubert cell.
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Local analysis for f-KT equation: general setting

The above formula for solutions of indicial equations of Toda
lattice are true in all Lie algebras.

@ The indicial equations (k = 0) have )V| many solutions,
and they can be obtained from (R.J. Marsh and K. Rietsch)

n
da=> gda;, GeNg orag= Y (w,w 'd)

qedy, J=1 aeoy,
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Kowalevski-Painlevé analysis: eigenvalues of I

The higher order terms are recursively determined by
A1k

(k|d — ICW) aik = ﬁ(a”,m ,a,,-,bah,-, .. ) with i < k.
ba1k

@ The eigenvalues of Ky : | of them are degrees of Chevalley
invariants, the others are given by

EY = L(wa) (12)

(67

where L(«) is the height of root « € A .
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Kowalevski-Painlevé analysis: moduli

@ All the compatibility conditions for Laurent series solutions
of f-KT lattice at the resonant levels are automatically
satisfied and the Laurent series solutions are convergent
(majorant method).
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Kowalevski-Painlevé analysis: moduli

@ All the compatibility conditions for Laurent series solutions
of f-KT lattice at the resonant levels are automatically
satisfied and the Laurent series solutions are convergent
(majorant method).

@ The number of non-trivial free parameters in Laurent series
solution corresponding to w € W equals the dimension of
the corresponding Bruhat cell.

Theorem

For any A\ € C', the compactification of ca(Fp) is G/B,.. All the
Laurent series solutions of -KT lattice are parameterized by
G/B,. x C!, where G/B.. is the flag variety and C' parametrizes
the data for spectral parameters.




Thank you!
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