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< Minkowski sum: K, L € t%/(;’) a, 3 >0,
aK+pL={ax+py: xe K,y € L}.
< For K € Ji’(g):
4 Support function hx : "7 = R,

hk(u) = mea&(<x, u) for each ue S" 1.

4 Convex indicator functions Ix(x) : R" — R,

(%) 0, if x e K,
X) =
K 400, ifx¢&K.

4 Characteristic function xx(x) : R" = R,

o {1 ek
x) =
XK 0, ifx¢K.
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L, Minkowski combination

4 For K, L€e A/(Z) p>1and o, >0, the L, Minkowski combination:

Papict ot (8) = (@hic(u)? + Bhi(u)P)?
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L, Minkowski combination

4 For K, L€e A/(Z) p>1and o, >0, the L, Minkowski combination:
1
hayk o8-, (U) = (ahi (u)? + Bh(u)P)? .

* p = 1: the classical Minkowski sum.

Assistive Robotics and Manipulation Lab 4 /28



L, Minkowski combination

4 For K, L€e A/(Z) p>1and o, >0, the L, Minkowski combination:
1
ha.pKerg.p,_(u) = (ahK(u)p + ﬂh[_(u)p)" .
* p = 1: the classical Minkowski sum.

4 The L,-Brunn-Minkowski inequality when p > 1: given K, L € J{/(g) and
o, =0,

voly(ap K +p 35 L)% > avol,(K)% + Bvol,(L)"

)

where vol,, denotes the volume (or Lebesgue measure) on R".
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L, Minkowski combination

4 For K, L€e A/(Z) p>1and o, >0, the L, Minkowski combination:

1
hapkt,8-,L (1) = (ahic(u)? + Bhi(u)?)? .
* p = 1: the classical Minkowski sum.

4 The L,-Brunn-Minkowski inequality when p > 1: given K, L € J{/(g) and
o, =0,

voly(ap K+, 85 L)% > avol,(K)% + Bvol,(L)7,

where vol,, denotes the volume (or Lebesgue measure) on R".

* p = 1: the classical Brunn-Minkowski inequality.

+ L, space for convex bodies by Firey: (g, +p, voly).
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L, Minkowski summation for measurable sets

» % all measurable sets in R".
Non convex case (E. Lutwak, D. Yang and G. Zhang, AAM, 2012)
Fora,8>0 p>1, K,L € %, and %—1—%:1,

a.pK+pB-pL={a%(l—A)%erﬁ%A%y:xeK,yeL,ogAgl}

= U (eFa-nik+ps5aiL).
0<A<1
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L, Minkowski summation for measurable sets

» Z: all measurable sets in R".

Non convex case (E. Lutwak, D. Yang and G. Zhang, AAM, 2012)
Fora,8>0 p>1, K,L € %, and %—1—%:1,
a.pK+pB-,,L={a%(l—x)%erﬁ%A%y:xeK,yeL,ogAgl}

= U (eFa-nik+ps5aiL).

0<A<1

4 This definition of the L, combination agrees with the original one defined by
Firey for K, L € Ji/(g)

4 The L,-Brunn-Minkowski inequality has the same formula for compact sets
under this L, summation for non convex sets.

4 Extended L, space for measurable sets: (£, 4+, vol,).
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Quermassintegral for convex bodies

< w, :=vol,(B") where B" is the n-dimensional unit ball,
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Quermassintegral for convex bodies

< w, :=vol,(B") where B" is the n-dimensional unit ball,

& oCpji= o for j€{0,1---,n—1},

n—j

< Gp,n—j: Grassmannian manifold—the (n — j)-dimensional subspaces of R”
equipped with the Haar probability measure v, ,—j,

<> K|H: the projections of K € Ji/(g) on the (n — j)-dimensional hyperplane H.
Kubota's integral formula

For K € Ji/(g)

W;(K) := c,,J/ vol,_;(K|H)dvn n—j(H).

n,n—j
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Quermassintegral for convex bodies

< w, :=vol,(B") where B" is the n-dimensional unit ball,

$ cpji= 2 for je{0,1---,n—1},

Wn—j

< Gp,n—j: Grassmannian manifold—the (n — j)-dimensional subspaces of R”
equipped with the Haar probability measure v, ,—j,

<> K|H: the projections of K € Ji/(g) on the (n — j)-dimensional hyperplane H.
Kubota's integral formula

For K € Ji/(g)

W;(K) := c,,J/ vol,_;(K|H)dvn n—j(H).

n,n—j

> j=0: Wo(K) = vol,(K).
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Mixed p-quermassintegrals for convex bodies

Variation formula for quermassintegrals (E. Lutwak, JDG, 1993)

p d
Wpi(K,L) = n—j dSW(K+p5pL)‘
1

- n—j /Sn—l hL(u)th(u)l_pde(K7 u).
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& Si(K,-): the j-th surface area measure for K defined on S"~1.
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Mixed p-quermassintegrals for convex bodies

Variation formula for quermassintegrals (E. Lutwak, JDG, 1993)

p d
Wpi(K,L) = n—j dgw(K+p5pL)‘

1

- n—j /Sn—l hL(u)th(u)l_pde(K7 u).

& Si(K,-): the j-th surface area measure for K defined on S"~1.
& So(K,-) = S(K,"): the surface area measure on S"~1.

< j = 0: the classical L, mixed volume for convex bodies V,(K, L),

<> For K,Lec}i/(g):

W (K, )" = Wi(K)" =P W (L),
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Mixed p-quermassintegrals for convex bodies

Variation formula for quermassintegrals (E. Lutwak, JDG, 1993)

p d
Wpi(K,L) = n—j dgw(K+p5pL)‘

1

- n—j /Sn—l hL(u)th(u)l_pde(K7 u).

& Si(K,-): the j-th surface area measure for K defined on S"~1.
& So(K,-) = S(K,"): the surface area measure on S"~1.

< j = 0: the classical L, mixed volume for convex bodies V,(K, L),

<> For K,Lec}i/(g):

W, (K. L)' = Wi(K) =P Wj(L)P,
* j=0, Vo(K,L)" > vol,(K)" Pvol,(L)P.
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Mixed p-quermassintegrals for convex bodies

Variation formula for quermassintegrals (E. Lutwak, JDG, 1993)

p d
Wpi(K,L) = n—j dgw(K+p5pL)‘

1

- n—j /Sn—l hL(u)th(u)l_pde(K7 u).

& Si(K,-): the j-th surface area measure for K defined on S"~1.
& So(K,-) = S(K,"): the surface area measure on S"~1.

< j = 0: the classical L, mixed volume for convex bodies V,(K, L),

< For K, L € Ji/(g):
Wo (K, L)"™ = Wi(K)"™ = PWj(L)P,

* j=0, Vo(K,L)" > vol,(K)" Pvol,(L)P.

» L, space with quermassintegral for convex bodies: (l/(g), +p, W)).
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Background for functions

4 Given s € [—00,00] and a, b > 0, the s-mean of a and b with respect to
coefficients a;, 5 > 0 is

1
s

(aa® + pb°):, ifs#0,+o00,

M(o"ﬁ)(a, b) - aabﬁ’ if s = 0,
° max{a, b}, if s = +o0,
min{a, b} if s =—o0,

whenever ab > 0, and M{*?)(a, b) := 0 otherwise.
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Background for functions

4 Given s € [—00,00] and a, b > 0, the s-mean of a and b with respect to
coefficients a;, 5 > 0 is

1
s

(aa® + pb°):, ifs#0,+o00,

M(o"ﬁ)(a, b) - aabﬁ’ if s = 0,
° max{a, b}, if s = +o0,
min{a, b} if s =—o0,

whenever ab > 0, and M{*?)(a, b) := 0 otherwise.

4+ A function f: R" — R is s-concave if, for all x,y € R" and any t € [0, 1]:

F(1 = O)x + ty) = MEDD(F(x), f(y)).

® s =0: Log-concave function;

® 5 — —oco: Quasi-concave function.
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Borell-Brascamp-Lieb inequality

< Total mass of f: I(f) = [, f.
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Borell-Brascamp-Lieb inequality

< Total mass of f: I(f) = [, f.

Borell-Brascamp-Lieb inequality (BBL inequality)

Let t € [0,1] and s € [-1/n, c0]. Given a triple of measurable functions
h,f,g: R" — R, satisfying the condition

h((1 = O)x + ty) = MUED9(f(x), g(v))

for any x,y € R”, there is

I(h) > MG=99 (1(F), I(g)).

1+ns
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Borell-Brascamp-Lieb inequality

< Total mass of f: I(f) = [, f.

Borell-Brascamp-Lieb inequality (BBL inequality)

Let t € [0,1] and s € [-1/n, c0]. Given a triple of measurable functions
h,f,g: R" — R, satisfying the condition

h((1 — t)x + ty) > MIA=D9(f(x), g(y))

for any x,y € R", there is

I(h) > MG=99 (1(F), I(g)).

1+ns

» s =0: Prékopa-Leindler inequality.

1
n+s

> Measures having (1)-concave density must be (

)—concave fors < —n
and s > 0.

» Borell, 1975; Brascamp and Lieb, 1976.
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Supremal-convolution

4 The minimal function satisfies the BBL inequality:

mes(z) = sup  MUOTD(F(x), g(y)).
z=(1—t)x+ty
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Supremal-convolution

4 The minimal function satisfies the BBL inequality:

mes(z) = sup  MUOTD(F(x), g(y)).
z=(1—t)x+ty

Supremal-convolution (B. Klartag, GAFA, 2007)

Given s € [—00, 0], f,g: R" — R, the supremal-convolution of the functions f

and g:

l .

(F(x)* +8(y))7, ifs#0,%o0,

(f ®s g)(z) := sup f(x)g(y), !f s=0,
z=x+y max{f(x) g( )}, if s = +00,

min{f(x),g(y)}, ifs=—oc.
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Supremal-convolution

4 The minimal function satisfies the BBL inequality:

mes(z) = sup  MUOTD(F(x), g(y)).
z=(1—t)x+ty

Supremal-convolution (B. Klartag, GAFA, 2007)

Given s € [—00, 0], f,g: R" — R, the supremal-convolution of the functions f

and g:

l .

(F(x)* +8(y))7, ifs#0,%o0,

(f ®s g)(z) := sup f(x)g(y), !f s=0,
z=x+y max{f(x) g( )}, if s = +00,

min{f(x),g(y)}, ifs=—oc.

+ a>0,
asf (%), ifs#0,+o0,
(o x5 F)(x) = < F(x), if s=0,
f(x), if s = to0.
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Applications

<> The s-concavity is closed under the supremal-convolution operation.
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Applications
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<> Functional space equipped with supermal-convolution: (I, &, /(+)).

* F: the set of all integrable functions on R".
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Applications
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Applications

<> The s-concavity is closed under the supremal-convolution operation.
<> Functional space equipped with supermal-convolution: (I, &, /(+)).
* F: the set of all integrable functions on R".
< K,LCR" te][0,1]:
((T—1t) xs xk) s (t X5 XL) = X(1—t)K+¢L-
<> The BBL inequality: for any s > —1/n,
H((1 =) x5 ) @ (£ x5 8)) = ME_"O(I(F), (g)):

1+ns

Assistive Robotics and Manipulation Lab 11 /28



Applications

<> The s-concavity is closed under the supremal-convolution operation.
<> Functional space equipped with supermal-convolution: (I, &, /(+)).
* F: the set of all integrable functions on R".
< K,LCR" te][0,1]:
((T—1t) xs xk) s (t X5 XL) = X(1—t)K+¢L-
<> The BBL inequality: for any s > —1/n,
H((1 =) x5 ) @ (£ x5 8)) = ME_"O(I(F), (g)):
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4+ f=xk, KCR" I(f) = vol,(K).
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Applications

<> The s-concavity is closed under the supremal-convolution operation.
<> Functional space equipped with supermal-convolution: (I, &, /(+)).
* F: the set of all integrable functions on R".
< K,LCR" te][0,1]:
((T—1t) xs xk) s (t X5 XL) = X(1—t)K+¢L-
<> The BBL inequality: for any s > —1/n,
H((1 =) x5 ) @ (£ x5 8)) = ME_"O(I(F), (g)):

1+ns

4+ f=xk, KCR" I(f) = vol,(K).

1 )
+ > 1+sns fors > —1/n:

V((1 - t)K + tL) > M5 (V(K), V(L)).

s
14ns
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Applications

<> The s-concavity is closed under the supremal-convolution operation.
<> Functional space equipped with supermal-convolution: (I, &, /(+)).
* F: the set of all integrable functions on R".
< K,LCR" te][0,1]:
(1 —t) xs xk) Ds (t Xs XL) = X(1—t)K+¢L-

<> The BBL inequality: for any s > —1/n,
H(((1 = 1) s ) @5 (£ x5 8)) > ME_“(I(F), 1(8)).

1+ns

4+ f=xk, KCR" I(f) = vol,(K).
+ %> 1+sns fors > —1/n:
V((1 - t)K + tL) > M5 (V(K), V(L)).

s
14ns

4 s=0:
V((1—t)K +tL) > V(K)" V(L)'
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Infimal-convolution

4+ Cvx(R") := {u:R" — RU{+o0}, proper (non-empty domain), convex, |.s.c},
where |.s.c. denotes lower semi-continuous.
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4+ Cvx(R") := {u:R" — RU{+o0}, proper (non-empty domain), convex, |.s.c},
where |.s.c. denotes lower semi-continuous.

Infimal-convolution for u, v € Cvx(R")

(eBIvjibd) = 1wl — )< vl
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Infimal-convolution

4+ Cvx(R") := {u:R" — RU{+o0}, proper (non-empty domain), convex, |.s.c},
where |.s.c. denotes lower semi-continuous.

Infimal-convolution for u, v € Cvx(R")

(eBIvjibd) = 1wl — )< vl

> (a x u)(x) = au(x/a).
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Infimal-convolution
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4+ Cvx(R") := {u:R" — RU{+o0}, proper (non-empty domain), convex, |.s.c},
where |.s.c. denotes lower semi-continuous.

Infimal-convolution for u, v € Cvx(R")

(eBIvjibd) = 1wl — )< vl

> (a x u)(x) = au(x/a).
> u,v € Cvx(R") = uOv € Cvx(R").

>
epi(u0v) = epi(u) + epi(v),

where "+ " denotes the Minkowski sum in R” and

epi(u) = {(x,y) € R" x R: y > u(x)}.
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Legendre transformation

4 Legendre transformation: u*: Cvx(R") — Cvx(R")

ut(x) = f:ngnKX’ y) —u(y)]:
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Legendre transformation

4 Legendre transformation: u*: Cvx(R") — Cvx(R")

ut(x) = f:ngnKX’ y) —u(y)]:

*x u<v=u>v'.

+ (/;()>'< = hx for K € <%/(g)
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Legendre transformation

4 Legendre transformation: u*: Cvx(R") — Cvx(R")
u™(x) = sup [(x,y) — u(y)].
yeR?

* vt =u.
* u<v=u>v"
+ (/K)*:hK fOI’KG:%/(Z).

+ ap>0:
((a x )O(B x v))" = au™ + pv*.
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Families of functions

4 Super-coercive function:

G(R™) := {u € Cvx(R") : u(o) =0, lim utx) _ —|—oo} C Cvx(R™).
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4 Super-coercive function:

G(R™) := {u € Cvx(R") : u(o) =0, lim ulx) = —|—oo} C Cvx(R™).

lxll—oo ||x]]

4 s-concave functions:

F(R") ={f : R" = Ry, f is s-concave,us.c, f € L'(R"), f(0) = |f||c > 0}.

<> u.s.c.: upper semi-continuous.
< Fo(R"): the class of all such log-concave functions.

&> F_(R"): the class of all such quasi-concave functions.
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Asplund summation

4 Base function: .Z(R") — C,(R"). For f € %#,(IR"), the base function
ur € Cs(R") satisfies

Fx) = (1 — sur(x))’
where a; = max{a,0}.
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Asplund summation

4 Base function: .Z(R") — C,(R"). For f € %#,(IR"), the base function
ur € Cs(R") satisfies

Fx) = (1 - sur(x))"
where a; = max{a,0}.
* L. Rotem, ADV, 2013.
4+ 5=0: f(x)=e X,
+ f=xk, Kef%/(g): ur = k.
4 Asplund summation: f,g € .Z;(R") and a > 0:

¢ fxs g
Ureg(x) = (urbug)(x),

$ a-sf:
Uo-.r(X) = aur (2) .

* Functional space equipped with Asplund summation: (F,xs,/(-)).
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Properties for Asplund summation

<> Forany t € [0,1] and f, g € #,(R"), the supremal-convolution coincides
with the Asplund summation with coefficients ((1 — t), t):

(L= )5 F)xs (t58)] = [((1— 1) x5 F) @ (£ %5 8)];
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Properties for Asplund summation

<> Forany t € [0,1] and f, g € #,(R"), the supremal-convolution coincides
with the Asplund summation with coefficients ((1 — t), t):

(L= )5 F)xs (t58)] = [((1— 1) x5 F) @ (£ %5 8)];

[((1— ) xs F) @ (¢ x5 &) = [1 = s((1 — t)uf + tu})"]

1
s

:.
< For u € C5(R"), consider the integral operator Js: C(R") — R,

Ji(u) = /R 1 su)]} o

< The BBL inequality:

Js(((1 =) x u)O(t x v)) > Mgt)’t)(Js(u),Js(v)).

16 / 28
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L, s supremal-convolution

L, s supremal-convolution for p > 1!
For f :R" R, and g :R" >R, fors >0, p>1,and 1/p+1/g=1,
M((l—)\)%,A%)

[f ©ps8](z) == sup sup s (f(x). &(y))
0<A<1 1 1
z=(1-X)9x+Xdy

= sup ([(1 — M) X, f] @5 [ xsg](Z)) :

IM. Roysdon and S. Xing, On Lp-Brunn-Minkowski type and Ly-isoperimetric type
inequalities for measures, Trans. Amer. Math. Soc., 374 (2021), 5003-5036.
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[f ©ps8](z) == sup sup s (f(x). &(y))
0<A<1 1 1
z=(1-X)9x+Xdy

= sup ([(1 — M) X, f] @5 [ xsg](Z)) :

¢ a> 0 (axps f)(x) =a¥/Pf(25).

«

IM. Roysdon and S. Xing, On Lp-Brunn-Minkowski type and Ly-isoperimetric type
inequalities for measures, Trans. Amer. Math. Soc., 374 (2021), 5003-5036.

Assistive Robotics and Manipulation Lab 17 / 28



L, s supremal-convolution

L, s supremal-convolution for p > 1!
For f :R" R, and g :R" >R, fors >0, p>1,and 1/p+1/g=1,

[f Gpe £l(2) = sup ]

0<X<1 1 1
- = z=(1-X)9x+Xdy

— sup ([(1 — M) X, f] @5 [ xsg](Z))~

0<A<1

S a>0: (o xps F)(x) = a/PF (35) .
¢ f=xk g=xu K,Le%:

((]— - t) Xp,s f) Dp,s (t Xp,s g) = X(1—t)pK+t-pL-

IM. Roysdon and S. Xing, On Lp-Brunn-Minkowski type and Ly-isoperimetric type
inequalities for measures, Trans. Amer. Math. Soc., 374 (2021), 5003-5036.
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L, s supremal-convolution

L, s supremal-convolution for p > 1!
For f :R" R, and g :R" >R, fors >0, p>1,and 1/p+1/g=1,
M((l—)\)%,/\%)

[f ©ps8](z) == sup sup s (f(x). &(y))
0<A<1 1 1
z=(1-X)9x+Xdy

= sup ([(1 — M) X, f] @5 [ xsg](Z)) :

S a>0: (o xps F)(x) = a/PF (35) .
¢ f=xk g=xu K,Le%:

((]— - t) Xp,s f) Dp,s (t Xp,s g) = X(1—t)pK+t-pL-

<> Functional space equipped with L, ¢ supremal-convolution: (I, @, s, /(-)).

IM. Roysdon and S. Xing, On Lp-Brunn-Minkowski type and Ly-isoperimetric type
inequalities for measures, Trans. Amer. Math. Soc., 374 (2021), 5003-5036.
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Properties of L, s supremal-convolution

Let f,g,h: R” — R be arbitrary, not identically zero, functions defined on R”,
and let s € [-o0,00], p>1, and «, 8,7 > 0.
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Properties of L, s supremal-convolution

Let f,g,h: R” — R be arbitrary, not identically zero, functions defined on R”,
and let s € [-o0,00], p>1, and «, 8,7 > 0.

* Homogeneity:

(aXp,sF)®ps(BxXps8) = (atB)Xps {(aj—ﬂ Xp,s f) Dp,s (af—ﬁ Xp,s g)]

for s # +oo.

* Measurability: (o xpsf) @ps (8 Xps &) is measurable whenever both f and
g are Borel measurable.

* Commutativity: (@ Xps ) @ps (8 Xps &) = (8 Xps &) Bp,s (@ Xp,s ).
< Associativity:
[(axpsF)Dps(BXp.s8)Pps(VXpsh) # (axpsF)Ops[(B%p,s8)Dp,s(VXpsh)]-

Remark: For p = 1, the first three rules recover the result of S. G. Bobkov, A.
Colesanti, I. Fragala, MM, 2014. The last Associativity rule only works for

e



L, s inf-sup convolution

$p:0<p<l,1/p+1l/g=1,
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L, s inf-sup convolution

$p:0<p<l,1/p+1l/g=1,
& s € [—o0, 0],

< f,g: R" — R, Borel measurable functions with o € int(supp(f)),
o € int(supp(g)),

< a, 8> 0.

Lp,s inf-sup-convolution

[a xps fDps B xps gl(2)

= inf sup Ms<(14)aﬂ> (aif(x),ﬂig()/))

0<A<1 1 111
z=aP (1-XN)Ix+BPAdy
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L,-Borell-Brascamp-Lieb inequality

S p:p>1l,1/p+1/g=1,
$*s5:5>0,
<> f,g,h: R" — R, bounded integrable functions,

& For A € [0,1] and t € [0, 1], denote L, coefficients

Cone = (L= t)p(1 = A)7, Dpryi=trAs.

M. Roysdon and S. Xing, Trans. Amer. Math. Soc., 2021
If

oI

h(Cox,ex + Dpxty) > [Contf (x)° + Dpaeg(y)°]
for every x € supp(f), y € supp(g) and every X € [0,1], then

1(h) > M99 (1(F), I(g)) -
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L,-Borell-Brascamp-Lieb inequality

S p:p>1l,1/p+1/g=1,
$*s5:5>0,
<> f,g,h: R" — R, bounded integrable functions,

& For A € [0,1] and t € [0, 1], denote L, coefficients

Cone = (L= t)p(1 = A)7, Dpryi=trAs.

M. Roysdon and S. Xing, Trans. Amer. Math. Soc., 2021
If

oI

h(Cox,ex + Dpxty) > [Contf (x)° + Dpaeg(y)°]
for every x € supp(f), y € supp(g) and every X € [0,1], then

1(h) > M99 (1(F), I(g)) -

1+ns

» Method: Revolution bodies & L, Brunn-Minkowski inequality.
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L,-Borell-Brascamp-Lieb inequality

L,-Borell-Brascamp-Lieb inequality for s € (—o0, c0)

lletp>1, —co<s<oo, and t € (0,1). Let f, g, h: R” = R, be a triple of
bounded integrable functions and

=

h(Cpx,ex + Dpaey) = [Coref (x)° + Dpa eg(y)°]

for every x € supp(f), y € supp(g) and every A € [0,1]. Then for v = -°--,

)= {Mé%“)’”(/({),«g)), 1 if s> —1.
= min{[pr,\’t]?l(f),[D M]?/(g)), ifs < 1.

M. Roysdon and S. Xing, On the framework of L, summations for functions, 2021.
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L,-Borell-Brascamp-Lieb inequality

L,-Borell-Brascamp-Lieb inequality for s € (—o0, c0)

lletp>1, —co<s<oo, and t € (0,1). Let f, g, h: R” = R, be a triple of
bounded integrable functions and

=

h(Coex+ Dpaey) 2 [Conef(X)° + Dpox,e8(y)’]

for every x € supp(f), y € supp(g) and every A € [0,1]. Then for v =

s
1+ns’

Mg~ 90 (1(F), 1(g)) ifs>—7,
(k) 2 {mm {[Goad7 (), 1Dp 1) 1(8)) , i s < —L.

> p=1s> f%: the classical BBL inequality.

> p=1s< —%: the case solved by S. Dancs and B. Uhrin, JMAA, 1980.

» Method: Optimal transportation & Classic BBL inequality.
1

M. Roysdon and S. Xing, On the framework of L, summations for functions, 2021.
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L, s concavity definitions

> pp>11/p+1/g=1,
> s € [—o0,+o0],

L, s-concave measures

A non-negative measure p on R” is L, s-concave if, for any pair of Borel
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L, s concavity definitions

> pp>11/p+1/g=1,
> s € [—o0,+o0],

L, s-concave measures

A non-negative measure p on R” is L, s-concave if, for any pair of Borel
measurable sets A, B C R”, one has

1 (CortA+ Dot B) > ML P2 4) 1(B))

for every A € [0,1] and t € [0,1].

s = —oo: L, s-quasi-concave measure,
p,s
s = 0: L, s-log-concave measure,

p = 1. the classical s-concave measure,

vV v. vy

If the measure 1 : R” — R is replaced by the function f : R” — R, then we
obtain L, s concavities definitions for functions.
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L, s concavities
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L, s concavities

» p:p>11/p+1/g=1,
> s, [3:€ [—00,+00] be such that s+ 3 > 0,

> f: L, s-concave,
g L, g-concave.

Then the convolution of f and g,

(F+e)z) = | Felz = xx

Q is L, (s-145-11n)-1-concave whenever sffﬁ € [-1,+0),

Q is L, (s-143-14n)-quasi-concave whenever % € (—oo7 —%)

» p = 1: Uhrin, JMAA, 1980.
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The L, s Asplund summation for p > 1

<& Given o, 8 > 0 and u,v € G5(R"), the L, additions of u, v (base functions):

[(@ R 0) By (B, v)](x) = {(a(u (x))P + BV (x))P) P},
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The L, s Asplund summation for p > 1

<& Given o, 8 > 0 and u,v € G5(R"), the L, additions of u, v (base functions):

(e 2, ) B, (8, V)](x) = {(a(u”(x)) + B(v" (x))P) /7).
The L, s Asplund summation for s-concave functions (M. Roysdon and S. Xing,

2021)

For p>1, s € (—o0,0), given f,g € Z;(R"), the L, s Asplund summation with
weights o, 6 > 0 is

1=
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[(@ R 0) By (B, v)](x) = {(a(u (x))P + BV (x))P) P},
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weights o, 6 > 0 is

(e psf)Hps (Bpsg)i= (1 - s[(a Xp ur) By (8 Xp “g)])i-

< p=1,s =0: Asplund summations for log-concave functions by A. Colesanti
and Fragala (2013), Cordero-Erausquin and Klartag (2015), etc.
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<& Given o, 8 > 0 and u,v € G5(R"), the L, additions of u, v (base functions):

[(@ R 0) By (B, v)](x) = {(a(u (x))P + BV (x))P) P},

The L, s Asplund summation for s-concave functions (M. Roysdon and S. Xing,
2021)

For p>1, s € (—o0,0), given f,g € Z;(R"), the L, s Asplund summation with
weights o, 6 > 0 is

s

(e psf)Hps (Bpsg)i= (1 - s[(a Xp ur) By (8 Xp “g)]>+

< p=1,s =0: Asplund summations for log-concave functions by A. Colesanti
and Fragala (2013), Cordero-Erausquin and Klartag (2015), etc.

<+ p>1,5s=0: L, Asplund summations for log-concave functions by N. Fang,
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The L, s Asplund summation for p > 1

<& Given o, 8 > 0 and u,v € G5(R"), the L, additions of u, v (base functions):

[(@ R 0) By (B, v)](x) = {(a(u (x))P + BV (x))P) P},

The L, s Asplund summation for s-concave functions (M. Roysdon and S. Xing,
2021)

For p>1, s € (—o0,0), given f,g € Z;(R"), the L, s Asplund summation with
weights o, 6 > 0 is

s

(e psf)Hps (Bpsg)i= (1 - s[(a Xp ur) By (8 Xp “g)])+

< p=1,s =0: Asplund summations for log-concave functions by A. Colesanti
and Fragala (2013), Cordero-Erausquin and Klartag (2015), etc.

<+ p>1,5s=0: L, Asplund summations for log-concave functions by N. Fang,
S. Xing and D. Ye, 2020.

< Functional space equipped with L, ¢ Asplund summation: (F,,s,/(-)).

Assistive Robotics and Manipulation Lab 24 /28



The L, s Asplund summation for 0 < p <1

< Support function for f = (1 — suf)}/* € .F,(R"):

hf = (Uf)*.
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hf = (Uf)*.
<> s-Alexandrov Function:
Aluls = (1 - su*)i/s

for s € (—o0, ).
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The L, s Asplund summation for 0 < p <1

< Support function for f = (1 — suf)}/* € .F,(R"):

he = (uf)™.
<> s-Alexandrov Function:
Aluls = (1 — su*)M/*
for s € (—o0, ).

The L, s Asplund summation for 0 < p < 1
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The L, s Asplund summation for 0 < p <1

< Support function for f = (1 — suf)}/* € .F,(R"):

he = (uf)™.
<> s-Alexandrov Function:
Aluls = (1 — su*)M/*
for s € (—o0, ).

The L, s Asplund summation for 0 < p < 1

For 0 < p <1, s € (—00,00), given f,g € F,(R") with hg, hg >0, the L, ¢
Asplund summation « - s f *p s 5 -p s & With weights o, 8 > 0 is

apsfrpsfpsgi=A {(ah’f’ + 5h§)1/pL,

< s = 0: Asplund summations for log-concave functions by L. Rotem, JAA.
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Quermassintegral for functions

4 Projection function (Pyf)(z) := sup f(z+y), f e Z(R").
yeHL
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Quermassintegral for functions

4 Projection function (Pyf)(z) := sup f(z+y), f e Z(R").
yeH
Quermassintegral of function
For functions in .Z;(R") and j € {0,--- ,n— 1}, the j-th quermassintegral of
function f,
Wi(F) = e / /PHf(x)dxdy,,ﬁ,,_j(H).
Grnj H

S Wi(F) = [ Wi({x € R": F(x) > t})dt.

¢ f=xk: Wi(f) = Wi(K), for K € .

S ae [—1,n%j], v E [—a,0), f,g € Fu(R"), p>1:
_ pay

Wi((1 = 1) Xpa f Bpat Xpag) > (1 - )W(F)P + tW(g) V7, B =242
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L, s mixed quermassintegral

Variation formula of quermassintegral

The L, s mixed quermassintegral for s-concave functions f, g € .Z;(R") is

W;,J(f7g)
_ 1 lim VVJ(f *p,s € "p,s g) — VVJ(f)
' n—je—0 g

- L T
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L, s mixed quermassintegral

Variation formula of quermassintegral

The L, s mixed quermassintegral for s-concave functions f, g € .Z;(R") is

W;,(f.g)
1 Wi(f xpseps g) — Wif)

= - lim
n—je—0 £

= 7 ij e ||x(||72)H(v(uf)”(X))p(u:)H(V(uf)H(x))l—de.

4

s =0 W L f ST P o)

lIxI
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L, s mixed quermassintegral

Variation formula of quermassintegral

The L, s mixed quermassintegral for s-concave functions f, g € .Z;(R") is
Wsi(f.8)
— 1 lim Wi(f *p,s € ps &) — Wi(F)
' n—je—0 €
1
1 [L = s(ur)n ()5~ () (V(wr)u(x))? -
= . L (U7 )n(V(ur)n(x))'~Pdx.
= L |
—(up)p(x p 1—p
_ 0 ug )V (ur)n(x))°(uf Ju(V (ur)u(x))
4 s=0 W, — L e s T dx.
¢J:Qs:&

(i) L. Rotem’s work for 0 < p < 1;
(i) N. Fang, S. Xing and D. Ye's work for p > 1,
(iii)) £(x) = xk. & = xv for K, L € H(5):

Wio(F.g) = Vo(K.L) =+ [ M)A PaS(K.w).
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Thank you very much!!!
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