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Alesker theory



Valuations on convex bodies

K = {convex bodies in R"}.
¢:K — Cis a valuation if (K U L) = ¢(K) + ¢(L) — (K N L).

Val = {continuous, translation-invariant valuations on K}.

Theorem (McMullen 1977)

Val = EBValk.
k=0

Example

K — V(K[k]7 Ck+17 5000 Cn) € Valg .

Proposition

Va|o = (C

Theorem (Hadwiger 1957)
Val, = C - vol,.



Irreducibility theorem

The GL(n) action on Val (g-¢ = ¢ o g™*) preserves Val, = Val£*®" @ Valg® .

Theorem (Alesker 2001)
The GL(n) representations Val are irreducible.

Corollary (McMullen’s conjecture)
Mixed volumes span a dense subset of Val.

Corollary (Smooth valuations)
¢ € Val® if and only if

¢>(K):CVOI,,(K)+/ w

N(K)

for some ¢ € C and w € Q" }(R" x §"71)¥.



Product of valuations

Theorem (Alesker 2004)
Val® is a commutative graded algebra.

Theorem (Alesker 2004, Bernig 2008)
The product pairing Val® x Val;® , — Val;° = C is non-degenerate.

Theorem (Bernig—Fu 2006)
There exists a unique bilinear, continuous product on Val™ s.t.

V(Ki, ..., K, -[n = k]) % V(L,..., Ly, -[n = 1])

= C,,’k_’/\/(Kl,...,Kk,Ll,...,L/,'[n— k — /])



Fourier transform

Theorem (Alesker 2011)
There is an isomorphism F : Val® — Val* s.t.

(a) F commutes with the action of SO(n),
(b) FValZ® = Val2®,,

(c) F(¢ - ¢) =Fo xFyp,

(d) (F*¢)(K) = ¢(=K).



Hard Lefschetz theorem and Hodge—Riemann relations

Conjecture (K. 2021)
Let 0 < k < [2] and ¢; = V(G;, -[n—1]) € ValyZ;. Then the following holds:

(a) Hard Lefschetz theorem. The map Val;> , — Vali® given by
G G (1 x - xPn_2x)

is an isomorphism.

(b) Hodge—Riemann relations. If ¢ € Val;° , satisfies
& # (1% % Yn_ok) * Yn_2ks1 = 0,
then

(—1) ¢ * @ * (1 % -+ * thp_2i) > O.

Proven in special cases:
Alesker 2003, Bernig—Brocker 2008,
K. 2021, K.-Wannerer 2021 (indep. Alesker), K.-Wannerer 2022.



Harmonic analysis




ABS theorem

Assume n = 2/.

Highest weights for SO(2/):  {(A1,..., \) €Z' | A1 > -+~ N1 > [A]}

Theorem (Alesker—Bernig—Schuster 2011)

Val, and Val,—, decompose into these irreducible representations of SO(2/):
(0,...,0);

(m,2,...,2,0,...,0), m>2 k<r
———

k=1
(m,2,...,2,-2), m>2 (onlyifr=1).

Moreover, each occurs with multiplicity one.



Double forms

Complex coordinates on R" x R":

7 = % (X2j—1 + \/leZj) , @@=

z; = % (ij—1 - ﬁx2j> ) C

(521 1+ Ffzj) :

%\

(521 1 F&J) o

%\

Double forms:  Q*(R"” x S 1) ® A.(R")".
For I C {1,1,...,/,1} we define

G=) G®dz, dG=) dG®dz, dz=Y dz@dz.
i€l i€l i€l

We will consider

K=1{1,2,....,k} and J=KE.



Highest weight vectors ...

Denote
Wrk @ (dzidzg - - - dzjdz) = ¢(d¢y)" " H(dzy) ™ (dzx )"
and

_ m=2
Wr k,m = CT Wr k-

Theorem (K.—Wannerer 2022)
The valuation

brk.m(K) = Cn,r,kﬁm/ Wr,k,m

N(K)
is a non-trivial highest weight vector in Val, of weight

(m,2,...,2,0,...,0).
N——

k—1



...and fundamental operations on them

Theorem (K.—Wannerer 2022)
(a) Alesker—Poincaré pairing.

rtem * Gn—riem = (=1) anrsem.
(b) Fourier transform.
Form = (=1) " (V=1)"bn—r -
(c) Lefschetz operator.

bnrk,m Pr—1,6,m if k<1,
V(B,-[n—1]) * ¢rsm =
0 if k=r.



Geometric consequences

Theorem (K.—Wannerer 2022)
If ¢ € Val®, satisfies ¢ x V (B[n — 2k + 1], [2k — 1]) = 0, then

(—1)*¢ * & * V(B[n — 2k], -[2]) > 0.

Corollary (Van Handel)
(HR) holds for n < 4.

Corollary (Alesker 2021)
If Ki,...,Kn,L1,...,Ly,M € KT and a1,...,any € R satisfy

N
> aiV(Ki, Li,M, ) =0,

=
then
N
0< ) iy V(Ki, K, Li, Lj).
ij=1
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Thank you!
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Pullback and pushforward

Definition (Alesker 2011)
Let ¢ € Val(R") and K € K(R"1). We define
(a) pullback along the inclusion ¢ : R"™' = R™ '@ R: (1" ¢)(K) = ¢(tK);

(b) pushforward along the projection 7 : R ' @R — R™ %

(md)(K) = 2| o(K+[0,1]).

dt|,_,
Theorem (Alesker 2011)
Fou =meoF.
Theorem (K.—Wannerer 2022)
qb(r"k_;) ifr<n—1land k<n-—r,
CDrkm = L 1)
5Phk—1,m if k=3.
" if k <r,
7T»<¢’r,k,m -

—1 .
7%¢E<21,3<71,m if k= 3.
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