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Cichon's Diagram

cov(N) — non(M) —— @ —— cof (N) — 2%o

f

b———0

Ny — add(N) —>-—>cov(TM) — non(N\)
» bg, = add(N), dg, = cof(N).
» xRyy iff x is a code for a null set Ny, and y ¢ N,.
Then br, = cov(N') and dg, = non(N'). well, more or less.
» Rs3is the relation <*. Clearly bg, = b and 0g, = 0.

» xRay iff y is a code for a meager set M, and x € M,,. Then
br, = non(N) and dg, = cov(N).
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All entries on the left side will be “unbounding numbers” bg for
some relation R, and on the right side “dominating numbers” for
the same relation 0.

sz —>bR4 —>o—>DR1 —>0R0

t

bR3 —0R,

b

N1—>5R1—>-—>0R4—>0R2

(Exercise: Define Ry and Ry.)
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Additivity and Cofinality

For any set S and relation R C S x S we define
» br = the minimal size of an “unbounded” set:

br :=min{|X|: X CS,Vs€ S Ix € X: ~(xRs}
> 0r = the minimal size of a "dominating” set:
g :=min{|Y|: Y CS,VseS3dyeY: :~(sRY}

(In all cases we consider, this numbers will be well-defined, and
usually between ¥; and 2%0. )

If R is a partial order, and moreover directed without a last
element, then br may be called the unbounding number, the
directedness, the completeness or the additivity of R; the cardinal
Or is the dominating number or cofinality of R.

If R is moreover linear, then bg = dg. (trivial but useful)
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An example: Small b, large 0

After adding Cohen reals (¢, : @ < 7) (7 regular) we have
Vgda<t:ca &' g

hence the Cohen reals are unbounded. They “witness” b < 7.
But in fact
VgV a<T1:cn£" g

(i.e., the set {ov < 7: ¢ <* g} is bounded in 7.)
The Cohen reals are a “strong witness” for b < 7 and ? > 7.

Definition (The LCU spectrum (linear cofinal unbounded))
T € LCUR(P) iff I(co : v < 7) Vg : Vi =(ca Rg).
Note: This implies bg < 7 and 0g > 7.
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An example: Large b, small 0

Let S C 6, (wa : @ € S) be cofinal in [§]<*, with w, C a.
Consider an iteration (P, Qu : av < §), where for all « € S
Q. adds a real g, dominating the universe VP T
e
set S is naturally ordered by o C 3 < w, C wg. Then (5,C) is
<\-directed; let i := cof (S,C).
Then Ps forces b > X and 0 < p.

Definition (Cone of bounds)

COBRg(P,S) or COB(P; A\, u) or COBR(P,S; A\, 1) means: S is a
partial order with additivity A, cofinality u, and there are names
(cs : s € S) such that for all names x there is sp € S:

P IFVs > sy : xRcs.

Note: This implies PIF-bg > A, 0g < p.
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Four relations to describe cardinals in Cichon's Diagram

» br, = add(N), 0g, = cof(N).
» xRyy iff x is a code for a null set Ny, and y ¢ N,.
Then bRZ — COV(N) and DR2 == non(N). Well, more or less.

» R is the relation <*. Clearly bg, = b and 0r, = 0.
» xRay iff y is a code for a meager set M, and x € M,,. Then
br, = non(N) and dg, = cov(N).
Will find an iteration Py such that Vi € {0,1,2,3,4}:
> Ti,T9_; € LCU,’(Pg) (SO bR,. <7, O, > 7’9_,')
» COB;(Po, Si; i, T9—i) for some S;. (so bg > 7, Og < T9_;)
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What we want

Writing b; for bg., 0; for dg,,

[‘)R2—>bR4—>.—>DR1—>DR0 T2—>T4—>.—>T8—>T9
b b
bR3_>0R3 ?39?6
T T T —>=—>T5 —>1T7

le —>-—>OR4 —>DR2

We want to construct a forcing notion P such that:
> 7i,79—;j € LCU;(Ps) (so b; < 77, 0; > 79;)
» COB;(P, S;; i, 79—;) for some S;. (so b; > 7j, 9; < T9_;)

: :
Cichort’'s Maximum




What we have

We have: Left side with strong witnesses.
Assume GCH and ¥y <7y < 7 <73 <73 < 75. Then thereis a
forcing notion Ps such that Ps forces not only this diagram:

7'2%-7'4%.%-7’5%-7’5

b

T3 —>Ts

P

1—>T1—> ' —>T5 — Ty

but moreover has strong witnesses:
» LCURg,(Ps) D [7i, 75] Nregular.
> COB R,'(P57 Sv Tiy 7—5)
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Boolean ultrapowers

» Let B be an atomless cBA (complete Boolean algebra),
kT-cc, < k-distributive.

» A BUP-name is a pair (A, x), where A is a maximal antichain,
x : A— V a function. (Write x instead of (A, x).)
In other words: x is a nice forcing name for an element of V.

» Define Boolean values [x = y], [x € y], [¢(x)] naturally. b

» For any <k-complete ultrafilter U, define
x~yyex=y]leU.

> Let M_ the set of equivalence classes, €_ the natural relation.

(M_,e_) is well-founded; collapse it to (M, €).

> tos: (M, e) = piff ] € U.

v
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Boolean ultrapowers, continued

>

v

vvyyvyy

A BUP-name is a pair (A, x), where A is a maximal antichain,
x : A — V a function. (Write x instead of (A, x).)

In other words: x is a forcing name for an element of V.

Let U be a <k-complete ultrafilter U; define
x~yy&ex=y]eU.

(M_, €_) (equiv. classes) is WF; collapse it to (M, €).

Los: (M, €) = ¢ iff [¢] € U.

Jj: V — M, using standard names: j(x) := X/~.

Let A= {a, : @ < Kk} be a maximal antichain, disjoint from
U.

Letting x(aq) == a: VB < k1 j(B) = B < x < j(K). cp(j) = k.
Every element of M can be seen as the “U-average” of «
many elements of V.

Hence: If (S, é) is <r-directed, then j"S is cofinal in J(S).
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Stretching with ultrapowers

Jj V. — M with critical point «. Using an appropriate Boolean
algebra, we can make j(x) have arbitrary large cofinality.
(Hint: partial functions from 7 to &, of size < k.)
Moreover, M will be o-closed; so statements about reals (and even
about names for reals, by ccc) will be absolute between M and V.
If M= j(P)IF ¢(x), then also V = j(P) IF ¢(x).
» If A € LCU(P) has cofinality # &, then also A € LCU(j(P)).
» If k € LCU(P), then j(x) € LCU(j(P)).
» If COB(P,S; A\, 1), and A < &, then COB(j(P),(S); A, j(x)).
» If COB(P,S; A\, 1), and A > &, then COB(j(P),/"S; A, ).
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Embeddings Ps 5 P 2 Py B py 2 py

Let jo be a BUP, 73 < ke = cp(Js) < 74, cf(j(K)) = 76.
» From 74,75 € LCU4(P) we conclude 74,75 € LCU(j(P)).
So _j(P) IF by < 74,04 > 75.
» From COB4(P; 74, 75) we conclude COB4(j(P); 74, 75). (We
use kg < T4 here.) So j(P)IF bs > 74,04 < Ts.
» From 73, %, 74 € LCU3(Ps) we conclude
T3,7T4,T6 € LCU3(j(P)) So j(P) IF b3 < 74,03 > 76.
» From COB3(P; 73,75) we conclude COB3(j(P); 73, 76).
Side computation: |j(75)| = [j(x)| = 76. So
J(P)IF b3 > 73,03 < 76. (We use ke > 73 here.)
» Similarly for Ry, Ry.
Next step: Apply j7 to je(Ps), with critical point k7 between 7,
and 73. Then jg and finally jo with critical point kg < 71.
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Recall: we want to go from the first diagram to the second one:

T2—>T4€-.—>T5—>T5

b

T3 —> Ty

b1

’7'1—)--%7’5%7’5

—

A first step:

T2—>T4€-.—>T5—>T5

b

T3 —> Ty

b1

’7'1—)--%7’5%7’5

—

7'2—>T4€-.—>T8—>T9

b

T3 —>Tp

b1

7'1—>--—>’T5—>’T7

7'2—>T4€-.—>T6—>T6

b

T3 —>Tp

b1

7'1—>--—>’T5—>’T6
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The LCU table: P5

RO <M< MC<RT <M< Re< T < T5 <+
j(K;):Ti fori:6,7,8,9.

P6

P2

P8 Py

< 79.

Recall: A € LCUR(P) iff X € LCUR(j(P)), as long as cf(A\) # k
But x € LCU(P) implies j(r) € LCU(j(P)).

R R Rs3 Ry
Ps || [r1,7s] | [m2,75] | [73,75] | [74,7s]
Ps || T1,K8,Ts | T2,K7,Ts5 | T3,K6,T5 | T4, Ts
Pe || T1,k8,Ts | T2, k7,75 | T3, T6 T4, Ts
P7 || 71,K8,T5 | T2, 77 T3, T6, T4, Ts
Ps || 1,78 T2, T7 73, T6 T4, Ts
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The COB table: P5 P6 P7 Ps Py

RO <TI <K< M <RI <3< kg <Tg <75 < -+ <Tog.

J(ki) =1i for i =6,7,8,09.

Recall: COBRg(P; A, 1) implies COBg(j(P); A\, ) whenever k < A.
But for k > X\ we get only COBRr(j(P); A, [j(1)])-

In the following table, an entry A\/u in two P; and column R;
means that P, forces COBg,(P; A, 1) (i.e., there is an S witnessing
COB with additivity A and cofinality .

|Re |Re  |Rs | Ra
Ps | 71/ms5 | 2/75 | T3/Ts | Ta/Ts
Ps || 71/75 | T2/, 75 | T3/76 | Ta/Ts
Pz || 71/7s5 | T2/T7 | T3/T6, | Ta/Ts
Pg || m1/78 | 2/77 | T3/7T6 | Ta/Ts
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Recall LCU and COB




The plan

We start with a forcing notion P giving “inflated” values to
Cichoni's diagram; all different on the left side, and a single (larger)
value on the right side.

Then we cleverly construct a model N. The forcing notion PN N
will force “quite arbitrary” values (smaller than the inflated values)
on both sides.

» We use {Tieft, Tright } € LCUR(P N N) to show br < 7iege and
OR 2 Tright-

» We use COB(P, S; Tictt, Tright) to show br > 7ieg and
Or < Tright-

To achieve this aim, we have to compute/estimate how the values
of LCU and COB change when we replace P by PN N.
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Additivity and Cofinality

add(S) = bs = additivity of a (directed) partial order = smallest
size of an unbounded (linearly ordered)
(S) = 05 = cofinality = smallest size of a dominating set.

Definition

A 0-model is an elementary submodel of “the universe” of
cardinality 0, containing 6 U {6} as a subset, and <6-closed. (Also
containining “everything mentioned so far”.)

A (X, 0)-model N is the union of an increasing sequence

(Ng @ a < X) of §-models, each containing the sequence of all
previous ones.

We will typically have A < 6; thus, a (A, 8)-model is usually only
<A-closed.
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