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Abstract

For a prime p and a positive integer n, the standard zeta function
Lr(s) is considered, attached to an Hermitian modular form

F =3, A(H)g" on the Hermitian upper half plane 3(, of degree
n, where H runs through semi-integral positive definite Hermitian
matrices of degree n, i.e. H € A,(O) over the integers O of an
imaginary quadratic field K, where g" = exp(2wiTr(HZ)).
Analytic p-adic continuation of their zeta functions constructed by
A.Bouganis in the ordinary case (in [Boul6] is presently extended
to the admissible case via growing p-adic measures. Previously this
problem was solved for the Siegel modular forms, [CourPa], [BS00].
Present main result is stated in terms of the Hodge polygon

Pu(t) : [0,d] — R and the Newton polygon

Pn(t) = Pnp(t) : [0,d] — R of the zeta function Lg(s) of degree
d = 4n. Main theorem gives a p-adic analytic interpolation of the L
values in the form of certain integrals with respect to Mazur-type
measures.



p-adic zeta functions of modular forms

Since the p-adic zeta function of Kubota-Leopoldt was constructed
by p-adic interpolation of zeta-values ((1 — k) = —By/k(k > 1)
[KuLe64], also p-adic zeta functions of various modular forms were
constructed, such as p-adic interpolation of the special values

LA(57X) = ZX(R)T(H)H_S, (5 =12 711)7 A= ZT(n)qn7
n=1

n=1

for the Ramanujan function 7(n) twisted by Dirichlet characters

X : (Z/p"Z)* — C*. Interpolation done in the elliptic and Hilbert
modular cases by Yu.l.Manin and B.Mazur, via modular symbols

and p-adic integration, see [Ma73], [Ma76]).
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for the Ramanujan function 7(n) twisted by Dirichlet characters
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modular cases by Yu.l.Manin and B.Mazur, via modular symbols
and p-adic integration, see [Ma73], [Ma76]).

In the Siegel modular case Sp(2n,Z) the p-adic standard zeta
functions were constructed in [Pa88], [Pa91] via Rankin-Selberg
Andrianov’s identity (n even), and [BS00] via doubling method.
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= HZq(N(q)*s)’l(an Euler product over primes q C Ok,
q

with deg Zq(X) = 2n, the Satake parameters t;q,i =1,---,n),

1
D(s,f) =2(s — g + E’f) (Motivically normalized standard zeta function

with a functional equation s — £ —s; rk = 4n, and motivic weight £ — 1)

Main result: p-adic interpolation of all critical values D(s,f, x)
normalized by xTp(s)/S, in the critical strip n < s < £ — n for all
x mod p" in both bounded or unbounded case , i.e. when the

product af = (Hq|p I, tq,,-) p~"n*1) is not a p-adic unit.



The idea of motivic normalization: lkeda's lifting [Ike08]

The standard Gamma factor of lkeda’s lifting, denoted by f, of an
elliptic modular form f extends to a general (not necessarily lifted)
Hermitian modular form f of weight ¢, used as a pattern, namely

Sok41(Ta(D),0) 5 f ~> f = Lift(f) € Soktom(Tk,n), if n=2n"is even (E)
S3k(SL(Z)) 3  ~ f = Lift(f) € Spkyam(Tk.n), if n=2n"+ Lis odd (O)
the standard L — function of f = Lift{"(f) is Z(s,f) =

[ILls+k+n —i+1/2), (s +k+n" —i+(1/2),f,0) [lke08]

i=1
n—1

=[[Ls+e/2—i—1/2),F)L(s+ /2 i~ (1/2),f,0).

i=0



The idea of motivic normalization: lkeda's lifting [Ike08]

The standard Gamma factor of lkeda’s lifting, denoted by f, of an
elliptic modular form f extends to a general (not necessarily lifted)
Hermitian modular form f of weight ¢, used as a pattern, namely

Sok41(Ta(D),0) 5 f ~> f = Lift(f) € Soktom(Tk,n), if n=2n"is even (E)
S3k(SL(Z)) 3  ~ f = Lift(f) € Spkyam(Tk.n), if n=2n"+ Lis odd (O)
the standard L — function of f = Lift{"(f) is Z(s,f) =

f[ L(s+k+n" —i+(1/2),f)L(s+k+n" —i+(1/2),f,0) [ke08]
i=1

n—1
=[[Ls+e/2—i—1/2),F)L(s+ /2 i~ (1/2),f,0).

i=0

because in the lifted case k +n’ = ¢/2, and the Gamma factor of
the standard zeta function with the symmetry s — 1 — s becomes

(see p.58) I'o(s) = [17g (s + €/2 — i — (1/2))%



The idea of motivic normalization: lkeda's lifting [Ike08]

The standard Gamma factor of lkeda’s lifting, denoted by f, of an
elliptic modular form f extends to a general (not necessarily lifted)
Hermitian modular form f of weight ¢, used as a pattern, namely

Sok41(Ta(D),0) 5 f ~> f = Lift(f) € Soktom(Tk,n), if n=2n"is even (E)
S3k(SL(Z)) 3  ~ f = Lift(f) € Spkyam(Tk.n), if n=2n"+ Lis odd (O)
the standard L — function of f = Lift{"(f) is Z(s,f) =

f[ L(s+k+n" —i+(1/2),f)L(s+k+n" —i+(1/2),f,0) [ke08]
i=1

n—1
=[[Ls+e/2—i—1/2),F)L(s+ /2 i~ (1/2),f,0).

i=0

because in the lifted case k +n’ = ¢/2, and the Gamma factor of
the standard zeta function with the symmetry s — 1 — s becomes
(see p.58) I'4(s) = [17g (s + £/2 — i — (1/2))% This Gamma
factor suggests the following motivic normalization

D(s) = Z(s — (£/2) + (1/2)) with the Gamma factor

Fp(s) = Fz(s — (£/2) + (1/2)) Hrcsfl

and the L-function D(s) satisfies the symmetry s — ¢ — s of
motivic weight £ — 1 with the slopes 2-0,2-1,...2-(n—1),
2-(t—n), - ,2-(€—1), so that Deligne’s critical values are at
s=n,...,s={0—n.



General zeta functions: critical values and coefficients
More general zeta functions are Euler products of degree d
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where deg D, (X) = d for all but finitely many p, and D,(0) = 1.
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More general zeta functions are Euler products of degree d

oo L 1 -
D(&X) = ;X(n)ann = 1;[ QP(X(p)p_S), AD(S?X) = er(S)'D(S,X)7

where deg D, (X) = d for all but finitely many p, and D,(0) = 1.
In many cases algebraicity of the zeta values was proven as

D*
% € Q({x(n), an}n), where D*(s, x) is normalized by I'p,
D
at critical points sy € Z+ as linear combinations of coefficients a,
dividing out periods Q%, where D*(sg, x) = Ap(so, x) if K¢ = 0.

In p-adic analysis, the Tate field is used C, = Qp, the completion

of an algebraic closure Qp, in place of C. Let us fix embeddings
ih:Q—=C , )
P Q P and try to continue analytically these zeta values
o : Q= C,

to s € Zp, x mod p.
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p-adic Mazur-type measures. These measures are constructed from
the Fourier coefficients of Hermitian modular forms, and from
eigenvalues of Hecke operators on the unitary group.
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D*(s,x) = Mp(s)D(s, x) as a Rankin-Selberg type integral at
critical points s = m. Coefficients of modular forms in this integral
satisfy Kummer-type congruences and produce certain bounded
measures pp from integral representations and Petersson product,
[CourPa]. For the case of p inert in K, see [Boul6].
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the Fourier coefficients of Hermitian modular forms, and from
eigenvalues of Hecke operators on the unitary group.

Pre-ordinary case: Py (t) = Py ,(t) at t = ¢ The integrality of
measures is proven by T.Bouganis [Boul6], representing

D*(s,x) = Mp(s)D(s, x) as a Rankin-Selberg type integral at
critical points s = m. Coefficients of modular forms in this integral
satisfy Kummer-type congruences and produce certain bounded
measures pp from integral representations and Petersson product,
[CourPa]. For the case of p inert in K, see [Boul6].

Admissible case: h = PN(g) PH( ) > 0 The zeta distributions
are unbounded, but their sequence produce h-admissible (growing)
measures of Amice-Vélu-type, allowing to integrate any continuous
characters y € Hom(Zj, Cy) = Y. A general result is used on the
existence of h-admissible (growmg) measures from binomial

congruences for the coefﬁcients of Hermitian modular forms. Their
p-adic Mellin transforms Lo (y fz* x)dpp(x), Lp :Yp = Cp

give p-adic analytic mterpolatlon of growth Iogp( ) of the L-values:

D*(mi,x)) cC
Z LX) .

the values Lp(xx,") are integrals given by i, ( o



A Hermitian modular form of weight ¢ with character o

is a holomorphic function f on 3, (n > 2) such that
f(g(Z2)) = o(g)f(2)j(g, Z)" for any g € T, k. Here o be a
character of Fsg), trivial on {(10" 1'3")} ,and for Z € H,, put

g(Z) = (AZ+ B)(CZ + D)7, j(g,Z) = det(CZ + D).
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is a holomorphic function f on 3, (n > 2) such that
f(g(Z2)) = o(g)f(2)j(g, Z)" for any g € T, k. Here o be a

character of Fsg) 10"1Bn } ,and for Z € H,, put

g(Z) = (AZ+ B)(CZ + D)7, j(g,Z) = det(CZ + D).
Fourier expansions: a semi-integral Hermitian matrix is a Hermitian
matrix H € (v/—Dk)~tM,(O) whose diagonal entries are integral.

Denote the set of semi-integral Hermitian matrices by A,(O),
the subset of its positive definite elements is A,(O)™, with O = O.

, trivial on {(

A Hermitian modular form f is called a cusp form if it has a Fourier

expansion of the form f(Z) = Z A(H)q". Denote the space
HeA,(0)*

of cusp forms of weight ¢ with character o by 8,(I', k, o).



The standard zeta function of a Hermitian modular form
For all integral ideals a C O let T(a) denotes the Hecke operator
associated to it as in [Shi00], page 162, using the action of double
cosets €M with € = diag(D, D), (det(D)) = (), D = (D*)71,

a € a.
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For all integral ideals a C O let T(a) denotes the Hecke operator
associated to it as in [Shi00], page 162, using the action of double
cosets &M with € = diag(D, D), (det(D)) = (), D = (D*)!

a € a.

Consider a non-zero Hermitian modular form f € M,(I"), for a
(congruence) subgroup I' C ', k, and assume f|T(a) = A(a)f with
A(a) € C for all integral ideals a C O. Then

2(s,f) = (HL (2s —i+1,071) >Z)\(a)Na_

i=1

the sum is over all integral ideals of Ok.

This series has an Euler product representation

Z2(s,f) = Hq(Zq(N(q)*s)*l, where the product is over all prime
ideals of Ok, Z4(X) is the numerator of the series

> >0 A(@")X" € C(X), computed by Shimura as follows.
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The Euler factors Z4(X) in the Hermitian modular case at the
prime ideal q of Ok are

n 1
(i) 240X) = TT (@ = M@ X)(1 = N(@)";1X))
i=1
if ¢° =q and q [, (the inert case outside level c),
2n _1
(i1) Zqy (X1)Zgy(X2) = H ((1 - N(q1)2ntc;1(2,ixl)(1 - N(q2)71tq1qz,ix2)) )
i=1
if 41 # 92,97 = q2 and q; [ ¢ for i = 1,2 (the split case outside level) ,
(iii) Zq(X) = H (1- N(q)"fll“q,,-X)f1 , if ¢° = q and q|c (inert level divisors ),
i=1

-1
(iv) Zq: (X1)20(%2) = [ | ((1 — N(q1)" e, X0 (L — /V(Q2)"71tq1q2,fX2)) ,
i=1
if q1 # q2, qjc for i = 1,2 (split level divisors).

where the t; ; above for 7 = g, q1q, are the Satake parameters of
the eigenform f.



The standard motivic-normalized zeta D(s, f, x)

The standard zeta function of f is defined by means of the
p-parameters as the following Euler product:

Ds.f.x) = HH {( x(p)a,(m)( x(p)a;sn_;(p)>}17

p i=1

where x is an arbitrary Dirichlet character. The p—parameters
a1(p), - - ., aan(p) of D(s,f,x) for p not dividing the level C of the
form f are related to the the 4n characteristic numbers

a1(p), -+, a2n(p), a2nt1(p), -+, can(p)

of the product of all g-factors Z4(Nq(“~1)/2X)~1 for all q|p, which
is a polynomial of degree 4n of the variable X = p~* (for almost all
p) with coefficients in a number field T = T(f) .

There is a relation between the two normalizations

Z(s — 5 + 2 f) = D(s,f) explained in [Ha97] for general zeta
functions.
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Description of the Main theorem

Let Qf be a period attached to an Hermitian cusp eigenform f,
D(s,f) = Z(s — 5 + 5,f) the standard zeta function, and

n
af = afp = H H tq,i prD = ord(a,p),
alp i=1

The number af turns out to be an eigenvalue of Atkin’s type
operator Up : >4y Angh — >oH AquH on some fy, and
h=Pn(§) = Pu(§).

Definition. Let M be a O-module of finite rank where © C Cp. For
h > 1, consider the following Cp,-vector spaces of functions on Zy
eh c ele=an  @. Then
- a continuous homomorphism p : € — M is called a (bounded)
measure M-valued measure on Zj.

- p: €M — Mis called an h admissible measure M-valued measure
on Zj;, measure if the following growth condition is satisfied

/ (x—aYdp
a+(p¥)

for j=0,1,...,h—1, and et Y, = Homcont(Z},, C};) be the space of
definition of p-adic Mellin transform

Theorem ([Am-V], [MTT]) For an h-admissible measure ., the
Mellin transform £, : Y, — C, exists and has growth o(log") (with
infinitely many zeros).

< pib=i)

p

B



Main Theorem.

34|

Let f be a Hermitian cusp eigenform of degree n > 2 and of weight
€ > 4n+ 2. There exist distributions pup s for s = n,--- ,£ — n with
the properties:

i) for all pairs (s, x) such that s € Z with n <s < {¢—n,

D*(s,f,X)
/ Xdpn,s = Ap(s, xX) =g~
z £
(under the inclusion i), with elementary factors
Ap(s:X) = I Aq(s; X) including a finite Euler product, Satake
parameters t;;, gaussian sums, the conductor of x; the integral is a
finite sum.
(i) i ordp ((TTyp [T tar)™"*1)) = 0 then the above
distributions 1ip s are bounded measures, we set up = pp o+ and
the integral is defined for all continuous characters
y € Hom(Zy, Cy) =: Y.
Their Mellin transforms £,,,,(y) = fz; ydup, Ly Yp — Cp,
give bounded p-adic analytic interpolation of the above L-values to
on the Cp-analytic group Yp; and these distributions are related by:

/ xdpp,s = / XXS*_Sd,LﬁJ, X =17, where s* =¢ —n, s, = n.
X X



Main theorem (continued)

(iii) in the admissible case assume that
0<h< s*—s,+1 [£+1-—2n

h = ord, ((Hq‘p [T, tq7,-)p*”(n+1)) > 0, Then there exist

h-admissible measures pip whose integrals [, Xx;*_sd,u@ are given
P

D*(s,f, X
by ip (Ap(s,x)(;f’X)> € Cp with Ap(s, x) as in (i); their

Mellin transforms £p(y) = [. ydup, belong to the type o(log x/).
P

, where




Main theorem (continued)

(iii) in the admissible case assume that
0<h< s*—s,+1 [£+1-—2n

h = ord, ((Hq‘p I tq,,-)p*”(”“)) > 0, Then there exist
h—admissible measures ji) whose integrals fZ;; Xx;*_sd,u@ are given
) D*(s,f, %
by ip (AP(57X)(Q)
f
Mellin transforms £p(y) = [. ydup, belong to the type o(log x/).
P

, where

€ Cp with Ap(s, x) as in (i); their

(iv) the functions L are determined by (i)-(iii).
Remarks.
(a) Interpretation of s*: the smallest of the "big slopes" of Py
(b) Interpretation of s, — 1: the biggest of the "small slopes" of Py.



Eisenstein series and congruences (KEY POINT!)

The (Siegel-Hermite) Eisenstein series Exp , x(Z) of weight 24,

character det™, is defined in [Ike08] by

Exonk(Z) = Z (detg)*j(g, Z) "% (converges for £ > n).
&€l K,00\Tn,k

The normalized Eisenstein series is given by

824,,,,;((2) =2 H7:1 L(f — 26, 9’-71) . E2£,n,K(Z)-



Eisenstein series and congruences (KEY POINT!)

The (Siegel-Hermite) Eisenstein series Exp , x(Z) of weight 24,
character det™, is defined in [Ike08] by
Exonk(Z) = Z (detg)%j(g, Z) "2 (converges for £ > n).

&€MnK,00\Tn,k
The normalized Eisenstein series is given by

Sggy,,,K(Z) =27" H7:1 L(f — 26, 9’-71) . E2g7n’K(Z).

If He A,(O)T, then the H-th Fourier coefficient of Egz)(Z) is

polynomial over Z in variables {pef(”/2)}p, and equals

(H) DT Fo(H, p=72), y(H) = (— k)" det H.
plv(H)

Here, l::p(H7 X) is a certain Laurent polynomial in the variables
{Xp = p*S,Xl;l}p over Z. This polynomial is a key point in

proving congruences for the modular forms in a Rankin-Selberg
integral. Also, for a certain congruence subgroup C =T, s € C

and a Hecke ideal character 1) mod ¢, the series is defined

E(Z,s,6,0)= Y d(g)(detg)’j(g, Z)">|(detg)j(g, 2)| .
g€Cu\C



An integral representation of Rankin-Selberg type

The integral representation of Rankin-Selberg type in the Hermitian
modular case: is stated for the level ¢ moodular forms:

Theorem 4.1 (Shimura, Klosin), see [Bou16], p.13.

Let 0 # f € My(I¢,)) of scalar weight ¢, 1) mod ¢, such that
Va,f| T(a) = M(a)f, and assume that 2¢ > n, then there exists

T € 5. NGLy(K) and R € GL,(K) such that

F((s))¥(det(T))Z(s +3n/2,f,x) =
/\c(s + 3”/27 9¢X) : C0<f7 (93-()()8(5 + n)f - 697 Xpd)»C”a

where E(Z,s,0 —{y,1)cr is a normalized group theoretic (or adelic)
Eisenstein series with components as above of level ¢’ divisible by ¢,
and weight ¢ — ¢y. Here (-, )¢ is the normalized Petersson inner
product associated to the congruence subgroup C” of level ¢".

[((s)) = (4m) "+ (s 4 h), To(s) = 77 H M(s—j

where h=0o0r 1, Cy the index of a subgroup



Proof of the Main Theorem ( ”% Kummer congruences

f
Let us se the notation ’D"’g(m f,x) = Ap(s, x) —=—=~ Dr(m.f,)

The integrality of measures is proven representing ng(m, X) as
Rankin-Selberg type integral at critical points s = m. Coefficients
of modular forms in this integral satisfy Kummer-type congruences
and produce bounded measures pp whose construction reduces to
congruences of Kummer type between the Fourier coefficients of
modular forms, see also [Boul6].



Proof of the Main Theorem ”% Kummer congruences
f

Let us se the notation ’D"’g(m f.x) = (m, 7X
The integrality of measures is proven representing ng(m, X) as
Rankin-Selberg type integral at critical points s = m. Coefficients
of modular forms in this integral satisfy Kummer-type congruences
and produce bounded measures pp whose construction reduces to
congruences of Kummer type between the Fourier coefficients of
modular forms, see also [Boul6]. Suppose that we are given

infinitely many "critical pairs" (s;, x;) at which one has an integral
L hj

representation 'Df,lg(Sj,f,Xj) = Ap(s, x)—=- Q )) with all
f

hj=35bj7q" € Mina certain finite-dimensional space M
containing f and defined over Q. We prove the following
Kummer-type congruences:

Vx € Zp, ZBJXJ K =0 mod p" :>Z/3’J €(si,f.x)=0 mod pV

Bj € Q, kj = s* —s;, where s* ={ — nin our case.



Proof of the Main Theorem ( ”% Kummer congruences

Let us se the notation ’D"’g(m f,x) = Ap(s, x) —=—=~ (m. f7X
The integrality of measures is proven representing ng(m, X) as
Rankin-Selberg type integral at critical points s = m. Coefficients
of modular forms in this integral satisfy Kummer-type congruences
and produce bounded measures pp whose construction reduces to
congruences of Kummer type between the Fourier coefficients of
modular forms, see also [Boul6]. Suppose that we are given

infinitely many "critical pairs" (s;, x;) at which one has an integral
Jhj

representation 'Df,lg(Sj,f,Xj) = Ap(s, x)—=- Q )) with all
f

hj =35 bj7q” € M in a certain finite-dimensional space M

containing f and defined over Q. We prove the following
Kummer-type congruences:

Vx € Zp, ZBJXJXJ—O mod p" :>Z/J’J €(si,f.x)=0 mod pV

Bj e Q, kj = s* —s;, where s* ={ — n in our case.
Computing the Petersson products of a given modular
form f(Z) = 3" ang" € M.(Q) by another modular form

h(Z) =3, bug" € M. (Q) uses a linear form £ : h — %
defined over a subfield k C Q. ’



Admissible Hermitian case

Let f € 8¢(C, 1) be a Hecke eigenform for the congruence
subgroup C =T of level c. Let q be a prime of K over p, which is
inert over Q. Then we say that f is pre-ordinary at q if there exists
an eigenform 0 # fo € M,y C 8/(Cp, 1)) with Satake parameters
ty,i such that

:]_7

n
_n(n+1)
H (H tq7i> N(q) 2
i=1

p

where |||, the normalized absolute value at p.



Admissible Hermitian case

Let f € 8¢(C, 1) be a Hecke eigenform for the congruence
subgroup C =T of level c. Let q be a prime of K over p, which is
inert over Q. Then we say that f is pre-ordinary at q if there exists
an eigenform 0 # fo € M,y C 8/(Cp, 1)) with Satake parameters
ty,i such that

:17

n
_n(n+1)
H (H tq7i> N(q) 2
i=1

p

where |||, the normalized absolute value at p.

The admissible case corresponds to

n
H HH tq,i p~ "I = p=h for a positive h > 0.
dal

o
pi p

An interpretation of h as the difference h = Py ,(d/2) — Py(d/2)
comes from the above explicit relations.



Existence of h-admissible measures

of Amice—\fl'L%Iu—type gives an unbounded p-adic analytic
interpolation of the L-values of growth Iogg(-), using the Mellin
transform of the constructed measures. This condition says that
the product [, t,; is nonzero and divisible by a certain power of
pin O:

H (H ty, > —n(n+1) | _ h.
alp \i=1

We use an easy condition of admissibility of a sequence of modular
distributions ®; on X = Zj, with values in the semigroup algebra
Ol[ql] = Ol[g"lHen(o)+ as in Theorem 4.8 of [CourPa]. It suffices
to check congruences of the type (with 5 = 4)

j'=0

forall j=0,1,...,5ch—1. Here s =s* — j/, ®ys(a+(p*)) a
certain convolution of two Hermitian modular forms, i.e.

®y(x) =0(x) - E(s,x)

of a Hermitian theta series 6(x) and an Eisenstein series &(s, x)
with any Dirichlet character xy mod p”. We use a general sufficient
condition of admissibility of a sequence of modular distributions ®;
on X = Zj, with values in O[[q]] as in Theorem 4.8 of [CourPa].



Proof of the Main Theorem (iii): (admissible case)
Using a Rankin-Selberg integral representation for D#8(s, f, x) and
an eigenfunction fo of Atkin's operator U(p) of eigenvalue as on fy
the Rankin-Selberg integral of Fs, := 0(x) - £(s, x) gives

DE(s,f,x) = (fo,00) - (s, ) (the Petersson product on G = GU(7,))

(£.f)
_ v o, U)X - E(s. X)) _ v (o, U(P")(Ts0))
f (f.f) f (f.f) '



Proof of the Main Theorem (iii): (admissible case)
Using a Rankin-Selberg integral representation for D#8(s, f, x) and
an eigenfunction fo of Atkin's operator U(p) of eigenvalue as on fy
the Rankin-Selberg integral of Fs, := 0(x) - £(s, x) gives

DE(s,f,x) = (fo,00) - (s, ) (the Petersson product on G = GU(n,))

(£.f)
_ v o, U)X - E(s. X)) _ v (o, U(P")(Ts0))
f (f.f) f (f.f) '

Modification in the admissible case: instead of Kummer

congruences, to estimate p-adically the integrals of test functions:
M= p":

i .
/ (x — aydD = Z (})(fa)j_j// xI'dD?8, using
a+(M) j'=0 a+(M)

the orthogonality of characters and the sequence of zeta
distributions

) 1 B o
WD = gy O 3@ [ X,
x mod M X

= @a’g(s* —j,f,x) = fX X(X)deDa’g.

a+(M)
fx Xd@alg

s*—j



Congruences between the coefficients of the Hermitian

modular forms
In order to integrate any locally-analytic function on X, it suffices
to check the following binomial congruences for the coefficients of
the Hermitian modular form Fg_j\ =3 v({, 5" —J,x)q% : for
v > 0, and a constant C

</ > —ay 7 " xHav(p¥E st i X))

O/MO X mod M

€ Cp"jO[[q]] (This is a quasimodular form if j' # s*)



Congruences between the coefficients of the Hermitian
modular forms

In order to integrate any locally-analytic function on X, it suffices
to check the following binomial congruences for the coefficients of
the Hermitian modular form Fg_j\ =3 v({, 5" —j,x)g" : for
v > 0, and a constant C

O/I\/IO </ > —ay 7 " xHav(p¥E st i X))

X mod M
€ Cp"jO[[q]] (This is a quasimodular form if j* # s¥)

The resulting measure pq allows to integrate all continuous

characters in Y, = Homcone (X, (C;), including Hecke characters, as
they are always locally analytic.

Its p-adic Mellin transform £, is an analytic function on Y, of the
logarithmic growth O(log™), h = ord, ().



Proof of the main congruences

Thus the Petersson product in ¢ can be expressed through the
Fourier coeffcients of h in the case when there is a finite basis of
the dual space consisting of certain Fourier coeffcients:

by, - h— by, (i=1,...,n). It follows that ¢¢(h) = >, viby,, where
vi € k.

Using the expression for {¢(h;) = > ;i jb;j 7, the above
congruences reduce to

Z’W,jﬁjbjﬂ? =0 mod pN.
i

The last congruence is done by an elementary check on the Fourier
coefficients b; 7.

The abstract Kummer congruences are checked for a family of test
elements.

In the admissible case it suffices to check binomial congruences for
the Fourier coefficients as above in place of Kummer congruences.



Appendix A. Rewriting the local factor at p with character

Notice that if 6 is the quadratic character attached to K/Q then

(1—apX)?  if0(p) =1, pr = qia2, N(q;) =
(1—apX)(1—apf(p)X) = { (1 — a2X?), if O(p) = —1, pr = q, N(q )=
(1—apX)  ifO(p)=0,pr=q% N(q) =

Thus, if X = p~°, X2 = p~ %, N(q) = p, Z,q(X)_1

T172 (1 = N(a1)?"tgh, X)L = N(a2) P tgyq0,iX),  if 0(p) =
- H7:1 (1 - N(q)n 1tq,lX2)(1 - N(q)ntc;ilxz)’ if H(P) = _1a
TT7y (1= N(a)" i X)(1 = N(q)"t, 1 X), if 0(p) =

[T, (1 - ’Yp,iX)2 [T, (1 - 5p,iX)2 if 0(p) =1, i.e. pr = qiq2,
=I5 - O‘E;,iX2) [T, (1 - 5,3,/)(2)7 if 0(p) = —1, i.e. pr=gq,
[T, (1 - a;,iX) [T, (1 - BL,iX) if O(p) =0, i.e. pr= q?,

P DSV P B s L
where aip ;= p"“toi, B, Pty Vpi = P Mg i P a1t

follows that ], Zq(N(q)~ "~ (/2 X) = X4 4.



Appendix A (continued).Relations between a;(p) and t;

were studied and explained by M.Harris [Ha97] for general
Hermitian zeta functions Z(s, f) of type introduced in [Shi00],
using reprsentation theory of unitary groups and Deligne's approach
to L-functions, see [De79], in terms of a n-dimensional Galois
representations p) : Gal(K/K) — GL(Ms ») = GL,(Ey) over a
completion Ey of a number field E containing K and the Hecke
eigenvalues of a vector-valued Hermitian modular form f:

2(s—nl — %,f) — D(s, ) = L(s, My, & M())

for an algebraic Hecke ideal character v as above of the infinity
type my, see [GH16], p.20. Here the symbol L(s, Mg\ X M(v)))
denotes the Rankin-Selberg type convolution (it corresponds to
tensor product of Galois representations). Notice that L(s, Mg ) is
of degree 2n, and L(s, Mg 5 X M(1))) is of degree 4n because
L(s,v) = L(s, R(¢)) is of degree 2.

Moreover, M.Harris suggested a general description of D(s) with
given Gamma factors and analytic properties as some D(s,f) some
under natural conditions on Gamma factors, giving higher versions
of Shimura-Taniyama-Weil conjecture (i.e. higher Wiles' modularity
theorem). This can be stated also over a totally real field F
(instead of Q), and its quadratic totally imaginary extension K, see
[GH16], [Pa%4].



Appendix B. Shimura’s Theorem: algebraicity of critical
values in Cases Sp and UT, p.234 of [Shi00]

Let f € V(Q) be a non zero arithmetical automorphic form of type
Sp or UT. Let x be a Hecke character of K such that

Xa(x) = xt|xa| ¢ with £ € Z3, and let o € 271Z. Assume, in the
notations of Chapter 7 of [Shi00] on the weights k,, 11, ¢y, that

Case Sp 2n+1—k, + py <209 < ky — py,
where p, =0 if [k,] — I, € 2Z
and p, = 1if [ky] — I € 2Z; o9 — ky + v
for every v € a if g > n and
oo—1—k,+ p, € 27Z for every v € aif og < n.
Case UT  4n— (2ky, +¢y) <200 < my — |k, — kyp — £\]
and 20q9 — £, € 27 for every v € a.



Appendix B. Shimura's Theorem (continued)

Further exclude the following cases

(A) Case Sp oo=n+1,F=Qand x> =1,

(B) Case Sp 09 =n+(3/2),F =Q;x* =1and [k] - { € 2Z
(C)Case Sp og=0,c=gand x =1;

(D) Case Sp 0 < 09 < n,c=g,x°> =1 and the conductor of x is g;
(E
(F

) Case UT 200 =2n+1,F =Q,x1 =0, and k, — k,, = {y;

) Case UT 0 < 209 < 2n,¢ =g, x1 = 6?7 and the conductor of  is t
Then B

(00, f,X)/(F,f) € n"IMITEQ,

where d = [F : Q], [m| =3 ., my, and

(n+1)og —n?> —n, Case Sp,k € Z2, and o9 > np),
€ =< nog — n?, Case Sp, k € Z2,oroq < ng),

2nog — 2n® + n Case UT

Notice that 7"™+9¢ ¢ 7 in all cases; if k & 72, the above parity
54| condition on og shows that oo + k, € Z, so that n|m|+ de< Z.



Appendix C. Examples of Hermitian cusp forms
The Hermitian lkeda lift, [Ike08]. Assume n = 2n’ even.

Let (1) = Z a(N)qN € 82k+1(Mo(Dk), x) be a primitive form,
N=1
whose L-function is given by

L(f75):H(1,a( )P~ + 6(p)p?<2°) 1H173 -9)
p/rDK plDK
For each prime p f D, define the Satake parameter
{ap, Bp} = {a,,,&(p)a;l} by
(1= a(p)X +0(p)p*X?) = (1 — pXapX)(1 — p*B,X)
For p|Dk, we put a, = p~*a(p). Put

A(H) = |7(H)|k H I:_p(H;ap), H € Ay(0)*
plv(H)

f(2)= > AM)" Z e Hap
HeAn(0)+



Appendix C (continued).The first theorem (even case)

Theorem 5.1 (Case E) of [Ike08] Assume that n = 21’ is
even. Let f(7), A(H) and f(Z) be as above. Then we have

fe 52k+2n'(r(;g)7 det <),

In the case when n is odd, consider a similar lifting for a normalized
Hecke eigenform n=2n" + 1 is odd. Let f(7) = Z a(N)g"

N=1
€ 82k(SL2(Z)) be a primitive form, whose L-function is given by

L(f7 5) = H(l — a(p)p_S + P2k_1_25)_1.

For each prime p, define the Satake parameter {a,,,a;l} by
(1 —a(p)X + p?*1X2) = (1 — pk=(/2q, x)(1 — pk=1/2 1 X).
Put

A(H) = (H)* @2 T Fo(Hi ap), H € Aa(0)"
phy(H)

f(2)= > AM)¢" ZeH,
HeM,(0)*+



Appendix C (continued). The second theorem (odd case)

Theorem 5.2 (Case O) of [Ike08]. Assume that n=2n"+1
is odd. Let f(7), A(H) and f(Z) be as above. Then we have

fe 82k+2n’(r%)7 det™*=").

The lift Lift("(f) of f is a common Hecke eigenform of all Hecke

operators of the unitary group, if it is not identically zero (Theorem
13.6).

Theorem 18.1 of [Ike08]. Let n, n’, and f be as in Theorem
5.1 or as |n Theorem 5.2. Assume that Lift("(f) # 0. Let

L(s, Lift("(f), st) be the L-function of Lift(")(f) associated to
st : LG — GL4,(C). Then up to bad Euler factors,
L(s, Lift(")(f), st) is equal to

1
HLs+k+n —/+ F)(s+k+n —i+

5::0).
i=1

Moreover, the 4n charcteristic roots of L(s, Lift{")(f), st) given as
follows: for i=1,---,n

app—k n+l—— —1p—k n'+i— 2 e(p)app—k—n’-H o(p)a—l —k— n+l——



Functional equation of the lift (thanks to Sho Takemoril)
There are two cases [Ike08]: the even case (E) and the odd case

f € Sas1(To(D), 0),f = Lift")(f) € Soir2w(Tk,n)  (E)

(of even degree n = 2n’ and of weight 2k + 2n')

f € Sa(SL(Z)), f = Lift"")(f) € Sapram(Tk.n) (0)

(of odd degree n = 2n' + 1 and of weight 2k + 2n').

Then, up to bad Euler factors, the standard L-function of

f = Lift(")(f) is given by Z(s f)=

I L(s+k+n—i+ 3 AL(s+k+n—i+3i f0)

Let us denote t(s, i) = s+ k + n' —i+ % then

[ Ls+k+n—i+ L ALs+k+n—i+Lif0) (E)

[T L(t(s, 1), AL(t(s,n+1 = ), )

L(t(s, i), f,0)L(t(s,n+1—1),f,0)

H2"+1L(s+k+n —i+3,f)

xL(s+k+n —i+1f.0) (0)

=L(s+k—L f)L(s+k—3.f0)

T17, L(t(s, 1), F)L(t(s,n+ 1 — i), f)

L(t(s, i), f,0)L(t(s,n+1—1),f,0).

(0):




The Gamma factor ['4(s) of lkeda's lift

In the even case t(1 —s,n+1—i)=t(l—s,2n"+1—1i)

=(2k + 1) — t(s, ). The Hecke functional equation s+ 2k +1—s
in all symmetric terms of the product, gives the functional equation
of the standard L-function of the form s — 1 — s, and the gamma
factor is then

g 1
[Irc(s+k+n—i+1/2?= r@(s+n'+§).
i=1

In the odd case n = 2n" + 1 when f € Sy (SL2(Z)), the

Lift(f) € Sokton (Tk,n)- By 2k — t(s,i) = t(1 —s,n+ 1 — i), the
standard L functions has functional equation of the form s +— 1 —s
and the gamma factor is the same.

Hence the Gamma factor of lkeda’s lifting, denoted by f, of an
elliptic modular form f and used as a pattern, extends to a general
(not necessarily lifted) Hermitian modular form f of even weight ¢,
which equals in the lifted case to £ = 2k + 2n’, where
k=(—-2n")/2=14/2—n"=(/2 — n', when the Gamma factor of
the standard zeta function with the symmetry s — 1 — s becomes
(see p.58) [/ Tc(s+¢4/2—n' +n' —i+(1/2))? =

[T7 Fe(s +6/2 =i+ (1/2)) = T15 Tels + £/2 — i = (1/2))%



Thanks for your attention!
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